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The Deformation of Crystals of ^-Brass 
By Prof G I Tayior, FRS 
(lleceived December 23 1927 ) 

It i« shown that (1 brass, which has a crystal structure similar to that of ot-iron, behaves 
in a Bunilar, though not identical, manner when distorted 
Tho peculiar feature of the distortion of iron crystals, namely, the fact that shp does not 
occur on a deflmte oiystallographiu plane, is repeated in p-brass within a certain range of 
orientations of the crystal axes in tho specimen On the other hand, in another range of 
orientation slip occurs on a definite crystal plane of type {110} The conditions which 
determiae which of these types of distortion will occur in any given case arc mvestigated, 
and it is shown that the determining cause is the variation m resistance to shear which 
occurs as the plane of sbp rotates about the direction of slip This variation is calculated 
from the expenmental results within the range to which they apply, and it is shown that 
resistance to shear is least when the plane of slip coincides with a crystd plane of type 
{110} On either side of this position shear stress increases hnearly, there being a 
disoontinuity in the rate of change of shear strength with orientation of jdane of slip 
This peculiar property is also possessed by the model consisting of hexagonal rods pro 
posed by the author and Miss Elam, and by Mr Hume Botbery’s model, which, from 
this point ci view, is identical with the model of hexagonal rods 

The assumptions made in a recent paper by Mr Hume Bothery are discussed, and it is 
shown that in a body centred cubic structure like a-iron they lead, when analysed, to the 
oonolusion that slipping should always take place parallel to a crystal plane of type {110}, 
and not, as he stated, to the conclusion that slip should occur on the non crystallographic 
planes which were actually found 

It Is shown also that in brass rosistanoe to sbpplng in one direction on a given plane of 
slip is not the same as resistance offered to slipping in the oi^iosite direction. Such a 
diSerenee u to be expected from crystallographic symmetry, but was not observed in 
o-iron 

In a recent paper* it has been shown that the behaviour of single crystals 
of iron when deformed by external pressures or tension is different from that of 
single crystals of any other metal which had been examined up to that time 
In all other metals the material distorts in such a way that planes of particles 
• " The Distortion of Iron Crystals,” ‘ Boy Soo Proc ,’ A, vol 112, p 337 (1926) 
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parallel to definite crystal planes remain undistorted while they slip over one 
another parallel to some defimte crystallographic direction in that plane 

In the case of iron there is no such plane The particles of the material 
appear to cling together in lines or rods instead of in planes These rods, which 
are in the direction in which the atoms of the crystal arc closest together, are 
capable of sliding over one another In any uniform distortion due to sbpping 
of this type it is a geometrical necessity that there must be one set of parallel 
planes, contaming the direction of the axes of the rods, which remains un¬ 
stretched and undistorted, and in this sense the material has a plane of slipping, 
but it 18 not a definite crystal plane, being differently orientated with respect 
to the crystal axes in ibfferent specimens 

It seemed probable that this peculiarity in the nature of the distortion of 
iron IS connected with the crystal structure Metals which crystallise in face- 
centred cubes such us aluminium, copper, silver and gold all behave m the 
same way when distorted The question therefore naturally arises as to whether 
other metals besides iron which crystallise m body-u*ntred cubes would behave 
bke iron in distortion, or whether the peculiar behaviour of iron is connected 
with some peculiarity in the atom of iron itself The metals which crystallise 
in IxHiy-centred cubes are, however, mostly unsuitable for experiments of the 
kind previously carried out with face centred cubic metallic crystals Tungsten, 
for instance, seems at present to be unobtainable in the form of large ductile 
crystals, and its hardness would in any case make compression expenments 
difficult to carry out 

On the other hand it was jxiinted out to me by Miss Elam that the alloy 
p-brass which crystallises m a body centred lattice, has recently been obtaihed 
in the form of largo crystals by Dr Tamura working with Prof Carpenter 
This alloy consists of almost equal numbers of copper and zme atoms Its 
structure was determined rei^ently by Owen and Preston and independently 
by Phragmen and Westgren, who agreed in showing that the lattice of ^-brass 
IS a body-centred cube in which atoms of zinc are situated on one simple cube 
lattice while the atoms of copper are situated on an identical lattice which 
mterpenetrates the first The structure is therefore identical with that of iron 
except that in the one case the two interpenetrating lattices contain atoms of 
the same metal while m the other they contain different kinds of atoms 

It seemed desirable therefore to carry out distortion measurements with 
^brass, and I was able to do so through the kindness of Miss Elam who procured 
for me two strips of ^-brass containing about eight crystals large enough to cut 
luto specimens suitable for carrying out distortion measurements 
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These stnps were prepared by Dr Tamara who treated them by the method 
of Carpenter and Elam so that some of the crystals grew large The dimensions 
of the strips were 10 cm long x 11 mm wide x 3 mm thick and some of the 
larger crystals occupied as much as 6 cm of their length An analysis, for which 
I have to thank Miss Elam, showed that the brass used contained 51 3 per cent 
copper atoms and 48 7 per cent zinc atoms in some specimens and 63 per cent 
copper in others The method adopted was m most coses brat to determine 
by means of X-rays the orientation of the crystal axes of one of the crystals 
relative to the surface and edge of the strip Both compression and tensile 
tests wore earned out The compression specimens wore prepared by cutting 
out circular discs In some cases their flat surfaces were parallel to the two 
faces of the original stnp, but in others the flat faces were ground m definite 
onentations with respect to the crystal axes by means of a erystallographer’s 
tripod grinding machine kindly lent to me by Prof A Hutchinson, F R S 
The tensile specimens were rectangular, approximately square, in section, but 
they had enlarged ends which were bored to take a steel pm which fitted a holder 
arranged to give a central load They were arranged in such a way that the 
central portion was cut from a single crystal The relationship between the 
tensile specimens and the original strip is represented in fig 1 where the 
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boundaries of the cr 3 r 8 tals are represented by dotted lines Marks were made 
on the specimen before cutting and grinding in order to preserve a knowledge 
of the orientation of the crystal axes, but in every case this orientation was 
redetermined with reference to the marks used in making the distortion 
measurement 

In preparmg both types of specimen a layer about 0 7 mm thick was ground 
off each face of the original strip, and before ruling the scratches necessary for 
observing the distortion they were lightly etched to make sure that they con¬ 
tained no small crystals inserted in the main crystal 
The specimens were then marked with systems of marks previously described * 
The compression specimens were compressed between pohshed and greased 
* For oompresnon specimens nee Taylor and Farren, “ Distortion of Alnmimum Crystals 
under Compression,” ‘Boy 8oo Proo,’ A, vol 111, p 533 (1920) For tensde speri 
mens soe Taylor and Elum “ Diatortion of Iron Crystals," ‘ Boy Soc Proo A, voJ 112, 
p 337 (1926) 
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Bteol platea* till the thickness was reduced by 5 to 15 per cent, and the tension 
specimens were strcti'hed a corresponding amount It was found as in the case 
of alumimum and iron crystals that m general the distortion was uniform, ruled 
lines on the surface remaining straight after compression The specimen was 
then measured and the equation to the unstrctchcd cone calculated 

Ten cases in all were analysed, namely seven compression and three tensile 
twits In three of them, numbered ^4 1, p 2 1 and T ^ 1, the orientation of the 
crystal axes was determined only after distortion In those cases the second 
or distorted position of the unstretched conef was determined, while in the 
remainmg cases the orientation of the axes was determmed before distortion 
and the first position of the cone was calculated The unstretchod cones were 
marked on a stereographic figure in a manner previously descnbedj Two 
typical specimens of thisc diagrams ore shown in figs 2 and ‘1 It will be seen that 
in each case the cone very nearly coincides with the two great circles which are 
represented by two arcs of circles The distortion might be due to slipping 
parallel to either of the two planes represented by these two great circles 
The two possible directions of slip bemg represented by the points B and S' 
(fig 2) at right angles to the Imo of intersection of the two pianos 

Onentation of Crystal Axes 

In each case the orientation of the crystal axes with reference to the ruled 
scratches on the surface of the specimen was determmed by Mtiller's Method 
using a spectroscope previously described § The K, and Kp reflections from an 
iron anticathode were used Using the value of the lattice constant given by 
Owen and Frestou and also by Westgren and Fhragmen|| the reflecting angle 
for the El. radiation from planes of type (110} is 27° 40' For the E/i radiation 
It 18 24° 60' 

To determine the orientation of the crystal axes reflections were obtamed 
from two planes of type {110} which were perpendicular to one another, or from 
three planes mutually at 60° and not intersecting in one line In each case the 

* See “ Compression,” p 531 

t For defimtion of unstrotohed cone soe “ Distortion of an Alumimum Ciystal during a 
Tensile Test,” ‘ Roy Soo Proc A, vol 102, p 060 (1923) 

} “ IMstoition Alumimum CiystalB under Comprtesion," p 537, and “ Distortion of 
Iron Ciystals,” p 339 

1 /bid , p 640 

11 Owen and Preston using ^brass containing 48 3 per cent Zn give the side cf umt cube 
as 2 946 A Westgren and Pbragmen using p brass containing 40 9 per cent Zn give it 

2 945 A 
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positions of the directions actually determined by X-rays were marked m a 
stcreographio diagram on tracing paper and certain other directions deduced 
from them, such as those of type (111), were also marked on the diagrams 
The tracing paper containing the projt (tion of the crystal axes was then laid 
over the projection of the unextended cone It was found in each case that one 
of the two possible dnections of slip (whifh are either of them capable of pro¬ 
ducing the measured change in shape of the specimen) very nearly coincided 
with a direction of type (111) (i♦ , the normal to the plane {ill}) 

These directions arc markinl m figs 2 and 1 by the symbol A and the direction 
of slip determined by distortion measurements by a cross X Table I gives the 
CO ordinates of the direction of slip dettrminetl from external measurements 
and the nearest (111) direction It will be seen that the direction of slip is, 
as in the case of iron parallel to the normal to a plane of type (l 11} 


Table I - Results of Distortion Mojisurements 



Direetion of slip 

Normal to {111} piano 

6 

* 

B 

i 

1 

T^l 

W 

07 

30 

00 

T/J2 3 

471 

6 

471 

1 

T^2 4 

M 

224 

40 

224 

fii 1 

in 

3421 

58 

338 

fi4 1 

04 

781 

651 

701 

1 

01 

J43 

00 

347 

fiS 2 

5«1 

1 

60 

41 

fiO 3 

481 

7131 

40 

317 

p3 2 

48 

208 

no 

2081 

BO 2 

no 

1 

4 

52 

61 


The pole of the plane of slip determined by external measurements lies there¬ 
fore m a crystal plane of type {111} This plane contains three directions of 
type (110) and three of type (211) It was found that in some cases the polo 
of the plane of slip coincided with a direction of type (110) while in others it 
did not coincide with either of these crystals directions, but lay at some inter¬ 
mediate position which differed m different specimens In no case did it 
coincide with a direction of type (211) 

Cfmpanson wOh Iron Crystals 

It will bo seen that the results are similar to those obtained with iron crystals 
in that the direction of slip is a crystal direction of typo (111) while the plane 
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of dip vanes according to the orientation of the crystal axes relative to the 
direction of the pnncipal stress On the other hand, the relationship b<>twecn 
the onentation of the crystal axes relative to the direction of principal stress, 
and the onentation of the piano of slip among all the possible planes passing 
through the given direction of shp is quite different from that found for iron This 
difference was first noticed owing to the occurrence of specimens of (i-brass 
in which the plane of slip coincided with a plane of tyjie {110} The simplest 
way to represent the difference seems to be to mark on cai h stercographic dia¬ 
gram the point M, figs 2 and 3, where the pole of the plane of slip would lie if 
the resistance to shear on all possible planes passing through the given direction 
of slip were the same To do this it is only necessary to draw a straight line 
(dotted line RM, figs 2 and 1) through S and the centre of thi diagram The 
point M IS where this line cuts the circle whose pole is R In the case of iron 
crystals it was shown* that P, the (Mile of the observed plane of slip, was elosi 
to M, but that in compression specimens, at any rate, there was a small though 
distinct tendency to deviate towards the nearest direction of type (211) In 
the case of tension specimens there seemed to be a slight tendency the other 
way 

In the case of p-brass it was found that P deviatwl more from M than it did 
in the cose of iron crystals, but in the opposite direction, that is towards the 
nearest pole of type (110) This will be seen in figs 2 and 3 where the positions 
of the poles (101) and (112) are marked Those are the nearest poles of the 
required type to M, the position whore the pole of the slip plane would be if 
the resistance to shear on all planes passing through the direction of shp (111) 
were the same 

It was found that if the orientation of the crystal axes is such that M falls 
near the pole (101) then the plane of slip exnncides with the plane (101), but if 
it falls more than, say, 15 degrees away from (101), then P lies at some point 
intermediate between M and (101) It may safely be deduced therefore that 
among all possible planes through a given direction of slip of type (111), the 
resistance to shear is least when the piano of slip coincides with one of type 
(101), but this question will now bo examined systematically 

Choice of dtredton of slip 

In order to make a complete exploration of all possible orientations of the 
du^ction of principal stress m relation to the crystal axes the point representing 
the position of the normal to the flat surfaces of the compression disc was marked 
* " Disfortion of Iron Crystals,’ p 3f>2 
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m each case on a diagram representing the cubic axes of the crystal It has 
already been shown* that by a proper choice of one of the three cubic axes as 
the centre of the projection this point can always be made to lie m one 
particular spherical triangle The points representing the axes of all the 
specimens measured are shown in fig 4 It will be seen that they are fairly 


(Oil) 



well distnbuted over a greater part of the arcs of the triangle whose pomts are 
(111), (110), (100) One specimen, however, [16 1, is represented just outside 
this triangle Using another choice of axes it could have been made practically 
to comcide with ^5 2, but for reasons to be given later it is projected outside 
the triangle In every case where the pomt representing the axis was in the 
triangle whose points are (111), (110) and (100) it was found that the direction 
of slip was the line (111) which is represented by the point S in fig 4 

RepreserUalum of RetvUn 

It seems unnecessary to give the details of the X-ray measurements from which 
these pomts were found, but sufficient data are given m Table II to enable a 
reader to reconstruct the fig 4 In column 1 the number of the specunen is 
given, column 2 contains the angle ^ between the axis of specimenf and the 
direction of slip (III) 

* Taylor and Elam, “ Plastic Extension of Crystals," ‘ Rov Soo Proo,’ A, vol 108, 

p 28 (1»26) 

t Direction of pnncipio stress, i e , normal to plane face m case of oompreasinn dim or 
longitudinal axis in the case of tension speoimene 
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Table II 



r 


r 

ps 1 

69 

+ 18 

+11 

p* 1 

06 

122 

+ 17 

po 1 

68* 

+30 

+43 

po 11 

1 661 

+23 

1 17 

P6 3 

1 48* 

+17* 

+ 9 

P3 2 

1 60 

-11 

0 

86 2 

1 62* 

-16 

- 2 

T/J2 3 

1 47* 

+ 18 

1 3 

T^l 

1 36 

, 7 

0 

Tps 4 

1 » 

- 8 

* 


i u Inoliuation ol azu of ipooimen to direction oi ilip 

X u the angle between the normal to the oTTStal piano {lOi; and tho piano roiitaininK the 
direction of ihp and the axis of tho fpeoimen 
ifi U the angle hetwoon piano of ahp and crystal plane jlOli 

As a second co-ordmatc the azimath of the plane containing the axis of the 
specimen and the direction of slip is given in column 3 /is measured from the 
direction (101) (marked as A in fig 4) so that if M is the point of intersection of 
the azimuth circle SM with the plane {ill}, / is the arc AM / is reckoned as 
positive when M lies between (101) and (Oil) and negative when it lies between 
(101) and (2ll) The values of 5 and X given in Table II are sufficient for the 
construction of fig 4 The points M and S correspond with those similarly 
marked m figs 2 and 3 

Tho results of all the distortion measurements are given m column 4 of Table 
II which contains the angle <{/ between tho direction (101) and the polo of tho 
plane of slip (which lies in the plane (ill)) 

In previous work on aluminium for which the slipping is confined to a given 
crystal plane the orientation of the plane and direction of slip were defined by 
co-ordinates 0 and t) If the axis of the specimen is supposed vertical, 0 was 
tho slope of the sbp plane to the honzontal and whs the angle between the 
direction of slip and the line of greatest slope on the slip piano 6 and i; are 
connected with 5 and / — iji by the equations 

sin 0 cos Yj = cos 5 I 

and (1) 

cos 0 = sin ^ cos (x — iji) J 

If F IS the total pressure on a compression specimen of area a or the total pull 
m a tension specimen of cross section a, then the component of shearing force 
parallel to the direction of shp is F = (P/a) cos 0 sin 0 cos tj From (1) it will 
be seen that 


F = (P/a) COB 5 «n 5 cos (x — '}') 


(2) 
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Amlygta of Results 

The results of oil the distortion measurements and X-ray analysis which are 
summed up in Table II are illustrated graphically in fig 6 In that diagram 



Fig 6 —ReUtivt {KiNtionB of M (Q) *“>1 Pole of Slip Plane (X) 

the abscissa) represent directions on the plane {ill}, the point M being repre¬ 
sented by a circle (O), and the pole of the slip plane by a cross (x) The angle 
/ — (p 18 represented by the lino connecting the circle and the cross The 
vertical linos repre-sent 10° intervals, and the prmcipal crystal directions (Oil), 
(112), (101), (2li) which occur at intervals of 20° round the plane {ill} are 
marked at the bottom of the figure 

It will be seen that in all 10 cases, namely, 7 compression specimens, ^2 1, 
34 1, 3 1, ^ 5 2, ^ 5 3, ^ 3 2, p 6 2, and 3 tension specimens T ^ 1, T ^ 2 3, 

T ^ 2 4, the pole of the slip plane lies away from the point M in the direction 
of the nearest pole of t 3 rpe (iOl) From equation (2) it wiU be seen that if F, 
the resistance to shear, wore equal on all planes through the given direction of 
slip, then P would be least when x = so that the pole of the shp plane would 
coincide with M The fact that the pole of the plane of shp lies away from M 
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towards the npiirest polo of type (101) must therefore mean that of all possible 
planee through the direction of slip (111), the resistance to shear is least when it 
coincides with a crystal plane of type (110) Tor purposes of comparison the 
corresponding points for the iron crystals previously examined are put at the 
top of the diagram, fig 6 

ExpenmentH vnth Compression Discs ^51 and ^52 

Since the resistance to shear is a minimum when the plane of slip i oincidcs 
with a crystal plane of type {110} it seems probable that the resistance would 
bo a maximum when it coincides with one of the crj'stal planes of type (112) 
which lies midway between the planes of type (110) To test this, a crystal, 
P 6, was chosen for which the normal to its flat surface was close to a plane of 
type {110} Two compression discs p6 1 and p6 2 were ground from it in 
such a way that when the point rojirescntmg the normal to the flat fai e of 
P 5 2 a ns projected on to the diagram of hg 4, so as to be just inside the triangle 
whose vertices are (111), (110) and (JOO), then the point representing p 6 I fill 
just outside this triangle when the same cubic axis was turned into the centre 
of the figure By turning another cubic axis into the centre the point repre- 
sciiting ^51 could have lieen made to lie inside the triangle, but for the pur¬ 
pose of the present experiment it was more convenient to project it in the 
manner stated aliovc 

Referring to fig 5 it will be seen that for p 5 2, M was 7® to the right of the 
pole (112) while the pole of the piano of slip was 13° to the right, for ,3 5 1, 
M was 6® to the left of (112) while the pole of the plane of slip was 13° to the 
left of (112) This seems to indicate a maximum of resistance to shear in the 
neighbourhood of planes of type (112) 

Cahuhtwm of Resistance to Shear 

It has been shown m the case of aluminium and some other metal- that at 
any given temperature the resistance to shear dejiends only on the amount of 
distortion, and not on the component of force normal to the plane of slip, or on 
the component of shear parallel to the plane of shp and transverse to the 
direction of shp If it is assumed that this is a general law gcveriimg distortion 
of metallic crystals, then F, the resistance to shear, would be a function of the 
amount of distortion and of the angle (|/ It will be seen later that experimental 
evidence on this point is furnished by the results of these exjienments The 
actual value t{i for any given value of $ and x would be determined bj the 
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F 

condition that P is a minimum as d) vanes, thus from (2), — - - - -=-= 

^ co8(x — +)coB4sm5 

IS a minimum, so that if F is regarded as a known function of and independent 
of the equation for determining x may be written 




(3) 


Conversely if the relationship between x and is known (3) may be used for 
determining the relationship between F and ip Accordingly we proceed to 
examine how far these expenmenta give us the relationship between x and ij; 

In fig 6 the abscisses represent values of <]< and the ordinates the corresponding 
values of x 7hc numerical magnitudes only are set out, the signs being for 
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the moment disregarded, and the results of both tension and compression experi¬ 
ments are shown It will be seen that the points in fig 6 lie very nearly on the 
two smooth curves which are distinguished by the numbers I and II Both 
these curves out the axis of x so that for a range of x = 0 to x = 7° in one case 
and from x = 0 to x = 11° m the other the slip plane is actually the crystal 
plane (101) 

Influence of the Sense of the Direction of Slip 
The question naturally anscs what is the difference between the two curves ? 
It will be seen that the upper curve, II, contains the points corresponding to 
the tension specimen 1^23, and the compression specimens p 3 2 and 
^62 The lou er curve, I, contains the tension specimen T ^ 2 4 and the com¬ 
pression specimens p 5 1, p 8 2, p 6*3, B 4 1, p 2 1 The point corresponding 
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to Tp I might belong to either curve because it is on the axis ij/ = 0 and below 
both the pomts where those curves out this axis 
An inspection of fig 4 shows that the triangle WXO may be divided into two 
parts XUVAV and UOV by the great circle joiiung the direction of slip, (111), 
with (101) XUVW contains the points representing compression specimens 
which give points on curve T and tension specimens which give pomts on curve 
IT UOV contains all the points representing tension specimens which give 



Fio 7 —Diagram illustrating Ciystallographio Difference between Sheanng in Opposite 
Directions 

pomts on curve I and compression specimens which give pomts on curve II 
This 18 exactly what we should expect if the resistance to shear on a given plane 
differs according to the tense of the direction of slip Consider for mstance two 
compression specimens C^ and C, and suppose that the representative point 
for Cl bes in XUVW and that for C, hes in UOV Suppose further that the 
angle iji for Cj is 'F and that the value of for C 2 is — T From the point 
of view of crystallographic symmetry the dittortton m the case of Ci is identical 
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with that of Cj except that the sensei of the direction of slip arc opposite m 
the two cases On the other hand consider two tenston specimens and T„ 
the representative points for which he in XUVW and UOV respectively, 
the values of are 'F and — T The distortion for Tj is, from the point of 
view of crystallographic symmetry, identical with that for C, while that for 
T, 18 identical with that for Cj 

In order to illustrate the difference the diagrams shown m fig 7 have been 
prepared to represent a unit cube of the crystal structure viewed perpendicular 
to the direction of slip and with the eye looking along the plane of shp The 
arrows pointing in opposite directions above and below the plane of slip indicate 
the direction and sense of the slipping motion The three cubes on the left 
represent distortions correspondmg with points on curve I, fag 6, while the three 
cubes on the nght represent distortions corresponding with points on curve II 

VamUmn of Hesistance to Shea) uilh Onenitdum of Pla)ie of Shp 
One may infer from the fact that for a given value of ({/ curve II lies above 
curve I m fig 6, that the resistance to shear is greater for specimens corresponding 
with points on curve II than for points on curve I To calculate the resistance 
to shear for various onontationa of the plane of slip round the given direction 
of slip, equation (3) may be used , and here it may be remarked that the curves 
m fig 0 confirm the assumption made in deducing that equation, that the 
resistance to shear is independent of the component of force normal to the plane 
of slip The ratio of the c omponent normal to the plane of slip to the com¬ 
ponent of shearing force in the direction of slip is —r——r-and from 

sm 0 cos 6 cos yj 

equation (2) this is equal numerically to sec but it is positive for compression 
specimens and negative for tension specimens 
The value of 5 varies from to 65®, but in spite of this variation the curves 
of fig 6 show that the value of / depends only on i}i and not on 5, so that the 
assumption used in equation (3) seems to bo justified If Fq represents the 
value of the resistance to shear when the slipping is on the plane (101) then on 
integrating (3) it will be found that 

log.(F/F„)=£tan(x~4,)d,l; (4) 

Taking the values of x from curve I or II one can determme graphically the 
values of p tan (y — 'll) for the range of values of iji covered by the expcri- 
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ments The results of this operation are shown in fig 8 where the ratio F/F^ 
IB given for a senes of values of (ji It will be seen that as the plane of slip passes 



Fifl 8—Curve showing Vonations in Resistance to Shear m S brass as xnnes 

through the crystal plane «}»— 0, te, {101}, the resistance to slipping passes 
through a minimum and d¥ld<^ changes abruptly Ixith its sign and its magnitude 
The resistance increases linearly at a rate of 0 2 per cent for 1® change m ij; 
over the range = 0 to ij; = 17® In the range ij; = 0 to = — 3® the resist¬ 
ance increases linearly by 0 37 per cent per degree increase m — ij; 

Compamon wUh ResttUs of Direct Measurements of Force 
The consistency of the experimental results affords good evidence that wo 
are really measunng changes in resistance to shear w ith changes in the orienta¬ 
tion of the plane of sbp round the given crystallographic direction of slip 
Unfortunately it is not possible to verify the results by direct measurement of 
the sheanng force m several specimens, the crystal axes of which arc in different 
orientations Measurements of shearing force at different stages of the tests 
wore in fact made, and they are discussed below The shearing force depends 
to a small extent, as wc have seen, on ip, but it deiicnds very much more on the 
value of s, the amount of shear Each compression specimen gives us a curve 
connecting F the resistance to shear, and # for a given value of <{; At first 
sight one might suppose that if wc obtain a senes of such cuxves for different 
values of <}/, the variation of F with s might be found by companng the values of 
F for a given value of s This is not the case, however, for there is no reason 
to suppose when a senes of different crystals are compared after havmg sheared 
through the same amount, s, but parallel to planes having different values of 
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(J;, that they will have the same properties It will not be possible to discuss 
the meaning of direct observations of shearing force until some adequate theory 
can be advanced to explain quantitatively the “ hardening ” or strengthemng 
of a metal with increase in distortion On the other hand the consistency of 
the observations giving a “ one to one ” connci'tion between and x. among 
specimens covering a large range of values of s and seems to show that the 
variations of F with tj; is the same whether a large or a small amount of slip has 
taken place For this reason there seems some hope that it may be possible to 
account for the connection between F and ({»from a knowledge of the properties 
of the crystal lattice itself, apart from any knowledge of the way in which F 
depends on s 

Direct Measurement of Shearing Force 

Each of the seven compression discs here described was compressed m several 
stages The total compressive load was measurul at each stage and methods 
described in a previous jiaper were used to find S the component of shear stress 
parallel to the plane of slip, and s the amount of shear These results are given 
in Table III and are exhibited graphically in lig 9 Inspection of that figure 
shows that the curves for dilTcrent specimens are not the same The difference 
may be due to slight dilTcrences m the material There might, for instance, be 
small mcludal crystals in some specimi ns and not in others Tbs possibility, 
though always present, is unlikely to be the cause of the difference between 
specimens ^6 1, ^6 2 and p6 3, because they were all cut from the same 


Table III —Results of Measurements of Compressive Force S is shear strength 
parallel to slip plane in lbs per square inch 
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Fia 9 —Shear Strength S in lbs per square inch of the Shp Plane for different values of 
the amount of shear 

crystal p 6 1 and p 6 2 were cut so that their planes of slip were crystallo- 
graphically similar though their shapes and sues were not the same It will 
be seen that the corresponding curves in fig 8 are nearly coincident Spot imi n 
P 6 3 on the other hand was cut m a different orientation so that iji - 8}® 
It will be seen that its resistance to shear is very much less than that of p 6 1 
or p 6 2 It will be seen that specimens p6 1, p6 2, p4 1 and p 2 1 for which 
the planes of shp have the higher values of iji have also the higher resistance to 
shear Specimens p 3 2, p 6 2 and p 5 3 which have slipped on planes near 
the crystal plane of t)rpe {110} have a low resistance to shear The values of 
arc given m brackets in fig 9 

These direct force measurements arc given here because they appear fairly 
consistent, but it is necessary to state that the shearmg force was deduced from 
the total pressure on the specimen making the assumption that the friction of 
the specimen on the greased surfaces of the polished steel plates produced only 
a negligible effect on the shear stress In the case of alumimum specunens 
VOL oxvni—A 0 
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somewhat elaborate experiments were made to find out whether thu assumption 
18 true and it was found to be so The method used in the case of specimens of 
p-braas was the same as that used in the case of alumimum, but it must be 
remembered that pressures in the former case were considerably greater than 
they were m the latter On the other hand the observed uniformity of the 
distortion is strong evidence that the friction has no appreciable effect 

Slip Lines 

Though I made repeated efforts I was unable to see slip lines, so I cannot say 
whether they are of the same type as those of a iron or not Attempts by metal¬ 
lurgists skilled in polishing also failed to reveal them 

Connedton between Choice of Plane of Shp and Crystal Structure 
At the present time one of the models for representing crystal structure in pure 
metals, which is most m favour among metallurgists, seems to be that of a pile of 
similar ionised atoms mutually repelling one another but held together by a kind of 
“ glue ” of electrons moving about m the spaces between them This is the type 
of model used for instance by Frenkel in discussing the properties of metals 
Recently Mr Hume Rothery* has proposed alternatively that the electrons 
instead of moving about occupy definite positions between the atoms, though he 
does not explam how they can maintain those positions 
In seeking to predict from such a model which of the crystal planes would 
afford least resistance to slipping, the principle which has commonly been 
adopted is to imagme a close packed pile of spheres whose centres are at the 
lattice points of the crystal structure Slipping parallel to various crystal 
planes is then contemplated In order that the spheres may move over one 
another it is necessary for the two portions mto which the material is divided 
by the plane of slip to move apart, thus doing work against the attractions of 
the electrons moving between the atoms, and it is supposed that the condition 
which determmes which among the crystallographic planes shall be a plane of 
shp is that this distance of separation shall be a minimum 
Another method which has been used gives a similar result The spheres 
are imagmed to contract m radius, their centres re maining fixed At first it 
is not possible to place any plane m such a position that it misses all the spheres 
At a oertam stage of the contraction it becomes possible to place a sheet parallel 
to one of the crystallographic planes in such a position that it does not cut any 
• ‘ Phil Mag vol 4 , p 1017 (1027) 
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of the spheres As the contraction proceeds it becomes possible to place sheets 
parallel to other crystallographic planes, but the plane of slip is the first of 
those “ ways through ” to appear It is obvious that purely geometneal 
conceptions of this kind are not capable of explaimng distortion of metals, but, 
as has frequently been pointed out, they give the right result m the case of face- 
centred cubic metals bke aluminium 

In the case of a body-centred structure like iron the first “ ways through ’ 
which appear as the spheres are contracted towards their centrea are not a 
senes of parallel planes as they are m the case of face-centred cubic structures, 
but they are the faces of a pile of hexagonal rods The view looking down the 
lines of atoms which arc the centres of these hexagonal rods at the stage when the 
“ ways through ” first appear is shown in fig 10 The “ ways through ” are 



Trace of ploneflOl) 

Fia 10—Diagram illustrating Crystal Structure of body-oontre Cubic Crj-stals, when 
viewed along a cube diagonal 

shown dotted In our paper on the “ Distortion of Iron Crystals ” Miss Elam 
and I desenbed the deformation in terms of these hexagonal rods, but for reasons 
which will shortly bo explained we mode no reference to the piles of atoms 
lying along them Other metallurgists however, placed thi ions m position 
along our hexagonal rods, and concluded from data which were purely geo¬ 
metrical that the type of distortion which we observed for iron could be explamed 
Without any detailed reference to the forces between the atoms of the structure 
Shortly after our paper appeared, for instance, a distinguished metallurgist 
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wrote to me tbat he had been mclmed to doubt our experimental results till 
it had occurred to him that in a body-centred pile of spheres the first “ ways 
through ” seen as the spheres contract towards their centres consist of a network 
of hexagonal prisms instead of the set of parallel planes which first appear m 
the case of face-centred piles More recently a similar idea has been put forward 
by Mr HumeRothery* 

The reason why wc did not put forward ideas of this kind, though they were 
in our mmds when wo put forward the “ hexagonal rod ” description of dis¬ 
tortion, was that if pursued to their logical conclusion they led to the wrong 
result Assuming for the moment that the direction of slip is along the lines 
where the atoms are closest together, namely, one of the directions of type (111), 
the choice of the plane of slip must depend on the relative amounts of the 
resistances to shenr parallel to the various planes which pass through the given 
direction of slip In order to predict therefore which of these various planes 
will be the plane of shp we must first predict the way m which resistance to shear 
vanes os the plane of slip rotates round the direction of slip 
To do this it 18 necessary to make some assumption as to the cause of the 
resistance to shear, or, m other words, the cause of the dissipation of energy a hich 
occurs when a metal crystal is distorted The simplest assumption that can be 
made is that the energy is lost when one pile of atoms moves relative to its 
immediate neighbours If it is supposed that a certam defimte amount of 
energy is dissipated between ca< h pair of piles when the two move through a 
given distance relatively to one another, then the resistant c to shear will be the 
same as that of a pile of hexagonal rods when they are placed so that their 
sides are parallel to pianos of typo {112} provided that the friction at every 
interface is the same This assumption of equal friction between any neigh¬ 
bouring pair of piles of ions is necessarily implied, though it is not specifacally 
stated, in Mr Hume Rothery’s work, for in order to distinguish between different 
types of slipping he takes as his criterion that the resistance to shpping will 
bo least when the depth to which the ions of one pile penetrate during a shpping 
motion mto the spheres of repulsion of those m the neighbounng pile is least 
This necessanly implies that when the depths of penetration m two cases are 
the same, the resistance to slipping between the piles is the same 
Makmg this assumption we can now work out the resistance to shear of any 
plane of slip which passes through the direction of shp Let ({i be the angle 
between any plane of shp and the plane {101} 

Let F be the magnitude of the shear stress which will just cause shp on the 
• • Phil Magvol 4, p 1036 (1927) 
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plane (j/, and let / be the resistance to sbppmg oxponenccd by unit length of 
each pile of ions as it slips past its neighbour Lot a\/3 be the distance between 
the central hnes of two neighbouring piles of ions, so that a is the breadth of a 
face of one of the hexagonal rods It is required to find F in terms of/, a and 
4^ Consider a length I of the trace of the slip plane on a plane perpendicular 
to the direction of slip This trace, though a straight line from the pomt of 
view of an observer who cannot see the individual atoms, may be regarded as 
consisting of microscopic elements which are the sides of the heaxgons In 
fig 10 the section of a slip plane parallel to {101} is shown at AB The section 
of a slip plane parallel to {112} is shown at CD There are three types of these 
elements inclined at 30°, — 30° and 90° respectively to the plane {101} Suppose 
that 4^ bes m the range 0 to 30° and that in the breadth I of the slip plane there 
are Wj elements of the first type, n, of the second, and nj of the third 
■We then have the following relationships which can easily be venfied by 
looking at fig 10 

«i-«* = «3 'I 

(Wi + Wj) o cos 30° = 1 cos 4/ I 
(fii — ttj) a sin 30° + oMj = 1 sin 4* j 

(«iH n, + n,)/^Fl J 

Eliminating n^, n, and n, from these equations it is found that 

F = i-fcos(4(-30") 

3 a 

If Pfl 18 the value of F when 4^ = 0 

l'/Fo = iV3co8(4»-30°), (6) 

when the angle 4< is between 0 and — 30° 

F/Fo==i\/3co8(4i + 30°) 

Now let us apply the condition given in equation (3) which determmes the 
value of 4^ when x w given and the relationship between F/Fq and 4^ is known 
It IS 

differentiating (6) it will be found that 
1 dP 
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U hen X has any positive value less than 30® there is no possible positive value 
of less than 30® for which tan (x — ')')== — ^ ~ 'I') 

orientations of the ciystal axes except special symmetrical ones for which 
X = 30® (i e, ones for which the axis of the specimen lies in a crystal plane of 
type {110}) the plane of slip would bo a crystal plane of type {110} This 
conclusion follows directly from an anal 3 rsi 8 of the effect of Mr Hume Rothery’s 
hypothesis, no other hypothesis than that necessarily implied m his discussion 
being employed Since in the case of iron crystals the plane of shp is not m 
general a plane of type {110}, it follows that the hypothesis that the conditions 
of slipping are determined by the geometrical considerations put forward by 
Mr Hume Kothery is unsound 

Compamon between Shpptng in ^-brass and Model of Hexagonal Rods 

Though wo cannot hope to explain the choice of slip planes in metal cr 3 r 8 tals 
m the manner of Mr Hume Rothi ry, using only simple geometrical data, yet 
there is one very remarkable feature of the slip phenomena in crystals of p-brass 
which 18 reproduced m out motlel in whuh we represented piles of ions by 
hexagonal rods (and from this point of view our model complies with the 
requirements of Mr Hume Rothery a hypothesis) The rate of variation of 
resistance to shear with the angle <}( is discontinuous at the point = 0 both in 
the model and m fl-brass This can be seen by companng fig 11 which repre¬ 
sents F/Pfl for the model, with fig 8 which represents a limited range of values 
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Fia 11 —Theoretical Curve showing Variation in Shear Strength, aa Plane of Shp rotates 
about the Direction of Shp 


of the same quantity deduced from distortion and X-ray measurements of 
p-brass 

In view of this pomt of similanty it is of interest to enquire why the model 
shows this peculiar feature Referring to fig 10 it will bo seen that when the 
slip plane comcides with the crystal plane {101}, t e, when t]i = 0, all the 
elements composmg the plane of shp are at angles of 30° to its general 
direction A small change Siji in i{i introduces elements of the shp plane at 




DeformcUton of Ci-ystals of ^-Brass 23 

light angles to its general direction, the number of them being proportional to 
the absolute value of Siji irrespective of whether Siji is positive or negative 

On the other hand when the slip plane is at iji = 10° so that it comrades with 
the crystal plane {112} as in CD, fig 10, the three types of element composing 
the whole slip plane make angles of 0 and ± 60° with the general direction A 
small change Si{; m does not change the number of elements at angle 0° If 
is positive there is an increase proportional to Si}' in the number of elements at 
+ G0° together with an equal decrease in the number at — 60° Small changes 
m Si}i therefore leave the total number of elements unaltered so that the rate 
of change in resistance to shear is zero when the plane of slip comrades with a 
crystal plane of type {112} 

It will be seen that m the case of ^'brass there is not only a sudden change of 
sign m the rate of merense m F/F^ with tj; at <}; — 0, but there is also a sudden 
change in its absolute magmtude This corresponds presumably with a differ¬ 
ence in the resistance to slippmg betwetm neighbouring hexogonal pnsms or 
piles of atoms, according to the direction of motion That such a cbffcrence 
18 to be expected from the pomt of view of crystallographic symmetry has 
already been pointed out Fig 12 shows a pair of neighbourmg piles of ions 
AB and CD Regarding CD as fixed it will be soon that the motion of AB 
from A to B IS crystallographically different from that from B to A It should 
be noticed however that the hy|K)thosis that the resistance to relative motion 
between two piles of ions depends onlj on the direction of motion does not 
account for the asymmetry of the curve of r« distance as shown in fig 8, for it is 
a geometneal necessity that among the elements which make up the slip plane 
the direction of slip across half of them must be the type illustrated in fig 12 



Fio 12 — Atomic Spacing in neighbouring lanes of Atoms parallel to the Cube Diagonal 

when the pile AB moves from A to B while the other half is of the opposite 
kmd typified by a motion from B to A 
It seems to me that it is useless to put forward hypotheses about the manner 
m which sbp will occur in a metal crystal until some theory is put forward which 
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will account, m a quantitative manner, for tbe way m which energy is lost 
dunng the process of distortion So far no progress whatever has been made 
in this direction 

In conclusion 1 should like to express my thanks to Sir Ernest Rutherford 
for permission to carry out the work in the Cavendish Laboratory, and to 
Miss Elam, Prof Carpenter and Dr Tamura for the material with which these 
experiments wore earned out 


Wave Rmstanoe 
By T H Havelock, F R S 
(Received December 16, 1927 ) 

Introdudtan 

1 The object of this paper is to give more direct proofs of certain expressions 
for wave resistance which have been used in previous calculations, further, 
m view of other possible applications, the expressions are generalised so that one 
can obtain the wave resistance for any sot of doublets in any positions or 
(brections m a umform stream, or for any continuous distnbution of doublets 
or equivalent sources and smks The only limitation is the usual one that the 
additional velocities at the surface are small compared with the velocity of the 
stream One might take a simple source as the imit, but to avoid certam 
minor difficulties it w ould be necessary to assume an equal sink at some other 
point The possible applications are to bodies either wholly, or with certam 
limitations partially, submerged The imago system m such a case consists of 
a distribution of sources and smks of zero aggregate strength, and so may be 
replaced by an equivalent distribution of doublets Hence it is simpler to 
use the doublet as the unit from the beginning 
The wave resistance of a submerged sphere was obtained previously both by 
direct calculation of pressures on the sphere and by an analogy with the effect 
of a certam surface distribution of pressure The latter method was then 
generalised to give the wave resistance of any distribution of horizontal doublets 
m a vertical plane parallel to the direction of the stream In a recent paper 
Lamb* has supplied a method for calculatmg wave resistance which avoids the 
♦ H lAmb, ‘ Roy Hoc Proo A, vol 111, p 14 (1026) 
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comparison with an equivalent surface pressure, it consists m calculating the 
rate of dissipation of energy by a certain integral taken over the free surface 
when, as is usual in these problems, a small fnrtional force has been introduced 
into the equations of motion of the fluid Lamb, however, deals only with a 
single doublet, to which a submerged body is equivalent to a first approxima¬ 
tion, and so does not obtain the interference eflects which arise from an extended 
distnbution of doublets , further, ho carries out the necessary calculation by 
analysmg first the surface distnbution of velocity potential, or m effect analysing 
the wave pattern In the following paper it is shown that this intermediate 
analysis may lie avoided by a direct application of the Fourier double integral 
theorem m two dimensions This step simplifies the extension of the calcula¬ 
tion to any distnbution of doublets m any positions and directions, vanoiis 
cases, which it is hoped to use later, are given in some detail for deep water, 
and one case of a single doublet m a stream of finite depth 


Two-dtmenmomil Motion 


2 The results for a two-dimensional doublet are well-known, but there arc 
one or two points of interest m the calculation We shall suppose the liquid 
to be at rest, and the doublet to be moving with umfonn velocity c Let the 
doublet be of moment M, with its axis horizontal, at a depth f Take the origin 
m the free surface, with Ox mthe direction of motion and Oz vertically upwards 
If C IB the Hurfac-e elevation, and if there is a frictional force proportional to 
velocity, the pressure condition at the free surface gives 

= constant, (1) 


<fi being the velocity potential Since, at the free surfaie = — 0^/3z, 
we have for the steady motion relative to the moving axes, 


H , 9^ n 


( 2 ) 


to be satisfied at z = 0, with <c„ = gl<^ and p = p'/c conditions of the 
problem are satisfied by 


* + * (* + /) 




-KO + tp 


where the real part is to be taken 



T H. Havelock 


If R 18 the equivalent wave resistance, Be is equal to the rate of dissipation 
of energy, this gives, following Lamb, 


R =- 



( 4 ) 


taken over the free surface Thus in the two-dimensional case we have 

R — Lini up f dx, (5) 

M ->0 J~a> oz 

with 2 = 0 

The surface values of ^ and d^/dz can be obtained from (3), after applying 
well-known transformations we obtain, at 2 = 0, 


J, = >kM [*11") >»/+ ifQ cosj^ 


8^ _ 4Mr/ 

■ 3 ^ +/*)* 


“ Jo (m+{i)*-fV 


dm, 


for a: > 0, and 

^ = 4KKoMe'^ cos (koJ + 11 /) 

_ IkJA f* (>» - {^) 

g # 

■j2 = 47:KoMc^*“'*/{Koto8(Koa:-l- (i/) -|- p sin {koJ: + \i/)} 


_iM£L . 


2if„M 


f* (w — y.) cos mf—K 

Jo {m-ix)»-l-ic, 


Bin mf 


dm, 


( 6 ) 


for 3" < 0 

These expressions are continuous at j = 0 It is easily scon that the only 
terms which give any contribution to (5) m the limit are the first terms m the 
expressions for and d<f>ldz ^^hen x is negative These are the terms which 
anse from the tram of regular waves established in the rear of the moving doublet 
and HO this method is connected with the alternative calculation of wave 
resistance by nuans of group velocity The dissipation of energy when there 
is a frictional term is represented in the limit, when (i is made zero, by the propa¬ 
gation of energy away from the system in the tram of regular waves To com¬ 
plete the calculation from (5) and (6) we have 


R = Lim 


167r*iCo*M*6*^*“®*'-^coB®ifg® dx 




( 7 ) 
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We may obtam this reeult without anal}r8iiig the expressions for ^ and dif>‘dt 
We obtam from (3) the following complete expressions in real terms, at z — 0, 

r “ r ~ ^ («) 

Jb (if — Xfl)* + [1* 

— = 2M — {<f (k — Ifn) + M.*) am ica: 


To carry out the integration of the product over the surface, we use the follow¬ 
ing theorem if 

/■ (j) = j* (Aj cos KX -}- Bj sin ifx) dx, 

tj) (*) = I (Aj cos KX -4- Bj sm kx) dx, 
where Aj, Aj, Bj, Bj are functions of x, then 

I /(x)^(x)dx^ 7t£(A,A, + BiB,)dif (10) 


This theorem is derived from the Fourier double integral 


^ (i) = i I rfff I ^ (a) cos k(x — %) da., 


and IS subject to the same conditions 
In the present case, comparing (8) and (11) wc have 


Hence we have 


j ^ (a) cos 
j (a) sin I 


da = 


da - 


270C|)M[JU’~'^ 

(k — Ko)* + [i* ’ 

__ 27ricn M (k — icn)e~*^ 

(if-if„)» i |i* 


R = Lim 47WfuM*p(ji I —-- dx 

Jo (k — Kp)* + I** 

= 47t*pifo*M^“^*^ 


( 11 ) 


( 12 ) 


(13) 
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HonzoivUd Doublet 


3 To consider three-dimensional fluid motion, take first a horizontal doublet 
of moment M at the pomt (0,0, — /) Assume that the velocity potential can 
be expressed in the form 

^ j* £ ^e-.(*+/)+l.(*co.»+Mlneco8 6 dQ dK 

+ 1* J (0, If) cos 0(i6 die, (14) 


where real parts are to be taken, and where the first term is the velocity potential 
of the given doublet in a form valid for z +/ > 

The surface condition is equation (2) as before , applying this, we obtam 


F (0 k) = — ^ Q f *[x sec 0 

’ ' 27t/f — ifpsec* 0-f t(iscc 0 


(16) 


Hence from (14) and (16) the surface values of <l> and dif>jdz are 

«/.H« (* co« «+» iln ♦) 




a^_»M 

dz 


f(, sec* 0 -f ip sec 0 

(<«•»+» sin ») 


K sec 0 dO (Ik, 


sec* 0 -f- tp sec 0 


K* (if -}- tp sec 0) cos 0 d 


(16) 

(17) 


Taking real parts of these expressions we obtain 

^ = 1 j {Fi(0, if)co8(>fa:cos 0)cos(/fysin 0) 

-f Fj (0, If) sin {kx cos 0 ) cos (ify sm 0)} k dK d0, (18) 
and a similar form for 0^/3z with G instead of F, with 
Fj — Mifope"*^ sec* 0 /D 
Fj — — Mifo (k — ifg sec* 0) e"*^ sec 0 /D 
Gj — Mp/fo#f(’"'^8ec* 0 /D 

Gj = — M {if (if — ifo sec* 0) -1- p* sec* 0} kb'*^ cos 0 /D 
D = r {(if — iffl sec* 6)* -f p* sec* 0} (19) 

Wc now apply a theorem in two dimensions corresponding to that given in (10), 
The Fourier integral theorem is 

P(»,y) = I cos tt(i —«)co8t>(y — Od«d< 
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Putting « = K cos 0, V = ic Bin 0, this may be written 
P (*, y) = I (Z 6 j {Fi cos (if® cos 0) cos {ay sm 6 ) 

t- Pg sin (kx cos 0 ) cos (icy sm 0 ) + Pj cos {kx cos 0 ) sin (icy sin 0 ) 

+ Pg sin (kx cos 0) Bin (icy sin 6 )} k dK, (20) 

where 

Pj = ^ j j P («, 0 cos (ks cos 0 ) cos (kI sm 0 ) ds di, ( 21 ) 


with similar expressions for Pj, Pj, P 4 

If G (x, y) 18 another function given as a double integral in the form (20), it 
follows as m the one-dimcnsional case that 


j" I* P(»,y)G(®,y)(&;dy-^4K»j' f/0pFiGi+PjGg+FaGs+PiG*) icdif 


( 22 ) 

It IS assumed that the various integrals are convergent 
Por the particular case given in (18) and (19), we find that P^Oj -j- Fg^s 
reduces to a simple expression, and wo obtain 


R —Limppj* j ^-^dxdy 

-- Lun 16pifoMV ff*- 

(i -»0 Jo Jo (k — KqW 


0 sec® 0 )® + p® sec* 0 
-- IGrrpifo^M* j'^^sec* 'd0 

= 4npifo‘M*6-^ (Ko(ko/) + (i+^)k,(<o/)}, 
where Ka is the Bessel Punction defined by 


(23) 


K,(x) 


=i:« 


• cosh nu du 


Homontal Doublets in Tertuxtl Plane 

4 This method allows easily an extension to any distribution of doublets 
Consider first two honaontal doublets M and M' at the points (h, 0, — f) and 
(V, 0 , —/') respectively The surface value of ^ is now given by (16) with 
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x — h instead of x, together with a sumlar expression in M' and x — K Taking 
the real part we have 


fsor 


P = (ji sec 0 [Me cos (k (x — h) cos 0} -j- MV cos {«{x — K) cos 0}] 

— (if—Kg SCO* 0) [Me~*^ sm {it (x—h) cos 0}-f-MV~'^ sm {k (x—h') cos 0}] 

(24) 


There is a similar expression for the surface value of 3^/3* We now wnte both 
these m the form (18), omitting terms which from symmetry give zero when 
integrated with respect to 0 We hnd again that we have only to form the 
quantity FjGj -f- 1*202 and that this simphfies considerably, the wave resist¬ 
ance, after this reduction, is given by 


! Lim IBpiCop j ' d 0 j** 


+2 MMV->coa (k (h-V) cos 8} ^^ 
(k-k^ sea* 0)* f ( 1 * see* 0 


= Kkpico* LM* «o* » i-M'* e-’“Z « 

-f 2MMV-«‘</'Z)^‘eto8(ic„(A-A')see 0}]soc® 0d0 (25) 


The first two terms give the resistance due to the two doublets separately, 
while the third term represents the interference effects This expression was 
obtained formerly from the analogy between the waves produced by a sub¬ 
merged sphere and those due to a certain surface distribution of pressure , it 
was then generalised for any distribution of horizontal doublets m the vortical 
plane y — 0 * The method given here can also obviously be extended by 
integration for any such continuous distribution, and confirms the general 
expression used m previous calculations, if M (h,J) is the moment per umt 
area at the point (h, 0, — /), then (26) generalises to give 

R = lh;rpK„« I’ df j“ dr (’ j* dh’ j"'M (A,/) M (V ,/') X 

g-*.(/+/)"w** pog (kj (h — A') sec 0} sec”* 0 d0 (26) 


General Lhanbutton 

5 We can use the same method for doublets with their axes m any directions, 
for we can always obtain the surface values of ^ and d^/3z in the form (20) 
and so can integrate over the surface by means of (24) Beginning with a single 
* ‘ Roy Soo ProoA, vol 06, p 363 (1018), also A, yol 108, p 78 (1086) 
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doublet at the point (0,0, —/), let the direction cosines of its axis be ({, m, n) 
By the same process as for the horizontal doublet in (16) and (17), the surface 
values of ^ and d^/dz are found to be 




(i/ cos 0 -{- tw Bin 8 — a) scc^ 6 
It —K„ sec* 0 + tp sec 0 

K (tl cos Q 1 tin sin 0 — n) (<f H- ««*c 0) 
K — Kf, sec* 6 + ip sec 0 


()Kdx, 


(27) 


with g = 

With the same notation as before, 

Fi = »fo {|i^ ~ » ('f ■” Xo ®)} ®» 

Fj = — kq {pn sec 0 + 1 {»< — 'fo ^ 

F, = — {k — Kg sec* 6 ) D sm 0 sec* 9, 

F 4 — — /CopmD sm 0 sec® 0 , 

Qi — K [pKo i sec* 0 — «{« (k — Kq 8®®* 0) (i* SCO* 0}] D, 

Gj = — ic [/ {k — Kg sec* 0) -|- p* sec* 0) cos 0 + piMf^ sec* 0] D, 

Gj = — wn {<# {k — Kg sec* 0) + p* sec* 0} D sm 0, 

G 4 = “ - pwiKo^D sm 0 sec® 0 , 

D = (M/n) c"*'^/{(>c — Kg SCO* 0)* + p* see* 0} (28) 

We find that B FG simpbfies very much oven if we take the expressions as they 
stand , since we are only concerned ultimately with p zero, we could further 
simplify the work by omitting superfluous terms The expression for R 
reduces to the limit of an mtegral of the same type as in (23), and the result is 

R = 16npKo*M*j^ (P cos* 0 f m* sm* 0 + n*) <;~**'^"“** sec' Od0 

== 4:rpir„*M*«-[p {Ko(«) + (h- 1 )k 4 («)} 

+ g{K.(.)+(l+^U.(.)} 

+»-{(.+i)K.(.)+{if^+A)K.w}], m 

where « = #fo/ =t g//c® 

6 The only further stage to which wo need carry the calculation is for two 
doublets m any positions M at the pomt {h, k,—f) with its axis m the direction 
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{/, m, n), and M' at {V, k', —/') m tho direction {V, m', n') We have simply 
to put the surface values of ^ and dtftjdz in the standard form, and evaluate 
the quantity S FG The reduction need not be reproduced here , omitting 
terms in |a which make no contribution in the limit, we obtain 
7t*S FQ {(k — Kq sec* 0)® + |i^sec* 0}/ito»f* sec* 0 

= [(1 cos 0 sm P cos Q -|- m sin 0 cos P sin Q — n cos P cos Q) 

+ (V cos 0 sm P' cos Q' f »»' sm 0 cos F sm Q' — n cos P' cos Q') 

+ [(Zcos 0 cos P cos Q — m sm 0 sm P sin Q n sm P cos Q) 

+ {I' cos 0 cos P' cos Q'— m' sin 0 sm P' sm Q' + n' sm P' cos Q') M'e~ ]• 
+ [{I cos 0 sm P sm Q — w sm 0 sm 0 cos P cos Q — n cos P sm Q) 

+ (I'cos GamP'smQ'—m'smOcosP'cosQ'— n' cosP'smQ'JM'e"*^* 
f [(Z cos 0 cos P sm Q + m sm 0 sm P cos Q j- n sm P sm Q) Mc"*^ 

4 (Z' cos 0 cos P' smQ'-j- m' sm 0 smFcos Q'4- n' sm F sm Q') P, 

(30) 

where P = kA cos 0, Q = kL sm 0, and similarly P' and Q' Carrying out the 
rest of the calculation tor R, tho wave resistance is given by 

R= IGrcpKo* I j^(Z*co8* 0 -f- m*8m* 0 -}- «*) M*c • 

+ (Z'* COB* 0 4- W* sm* 0 4 n'*) •“** 

4- 2 {(ZZ' COS* 0 4- ww' sm* 0 4-«»') cos A cos B 

— (Zot' + Z'fn) sm 0 tos 0 sm A sm B 4- (nm' — n'm) sm 0 cos A sm B 

4- (nZ' — n'Z)co8 08mAco8B}MMV“‘*</+^>'*®’*j sec’' 0(Z0, (31) 

where A = Kq (A — A') sec 0, B = (A — A') sin 0 sec* 0 The various terms 
represent the contnbutions of the throe components of each doublet and their 
mutual interference m pairs 

Water of Finite Depth 

7 For water of hnite depth A, wc shall consider only the simplest case of a 
honzontal doublet of moment M at depth / It is clear that the same surface 
mtegral can be used for evaluating the wave resistance 
We now assume the velocity potential in the form 

^=---^1' cos 0<Z0| 

4-^1 cosOtZ0| F (0, a) cosh #c (* 4-A) 


( 32 ) 
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This satisfies the condition 0^/3z = 0 at z = — ft, wo note that the first ttrin 
represents the original doublet and its image in the bed in an aualjtical form 
valid for z +/ > 0i and therefore suitable for applying the boundarj con¬ 
dition (2) at the free surface This pclds 

rfO 2e-** coahK(ft-/) k- f k,, sec^ 0 + t[i sec 0 

’ ' cosh kA If — 1^0 acc® 0 tanh kA |- ‘ii sue 0 ’ ^ 


consequently the required surface values are given by the real parts of 

sec Omf 

Jo K — ifo «■<' tanli ifAip sec 0 

= *1 (' cos 0 d(lr I taiih>rft)(K I luseeO) 

0? 7c J Jo K — ito '*ec* (J tanh »fft -f ?(x set 0 




(34) 


where m = i cos 0 (- y sm 0 

Comparing these with the corresponding values for deep water given m (](>) 
and (17), we can write down the expression for tin wavt nsistance as 


n-»o Jo (>c — Kosec^ 0 tanh sft)*-f ( 1 * sec^ 0 

(35) 


There are two points to notice m evaluating this limit The result is only 
different from zero when 

K — Ko sec* 6 tanh kA = 0 (36) 

has a real positive root, and this occurs only for sec* 0 > 1 Further we 
must introduce in the denominator d {k — kq sec* 0 tanh kA) /(ft< We may sum 
up the result in this form 

B = f-'V.-‘-».«.hn«(i-/))t.nh d (1 +U1J. .1)^ ,3, 

J^, i—ifji sec* 0 scLh“ left 

where k is the positive root of (38), further, the lower limit 6oi given b) 

Oa = 0, for »c 5 A> 1, or f? Kqh, 

Ofl = arc cos y/( kJi), for <?'> gh 

We may note that the change in the lower limit occurs at the so-called critical 
velocity y/ (gh) for the given depth From (37), R may bo graphed as a function 
of the velocity for various ratios of / to A, the calculations may be earned 
out by numerical and graphical methods A similar expression in the case of 
a certam distribution of surface pressure was examined in detail m a pru^ lous 
paper,* and it may be anticipated that (37) would give somewhat similar 
corves 

*‘Rc)y Soo Proa,'A.Tol lOO.p 603(1928) 
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The Arc Spectrum of Carbon. 

By A PowLBB, D Sc , F R S , Yarrow Research Professor of the Royal Society, 
and E W H Splwyn, B Sc , Impenal College, South Kensington 

(Received January 4, 1928 ) 

Introductory 

It IB well known that m the region of observation extending from the red to 
X 2000 the spectrum of an ordinary carbon arc shows only a single line, X 2478 
Merton and Johnson, hoi^cvcr, have observed a considerable number of lines 
which they have attributed to the neutral atom of carbon m the spectrum of a 
vacuum tube contammg a trace of an oxide of carbon in helium at 20 to 30 mm 
pressure • Another method of developing the lines of C I, m this case almost 
perfectly free from lines of CII, has recently been described by J W Ryde f 
In these experiments, a carbon arc was fed with currents up to 250 amperes, 
the potential drop across the arc being 60 to 80 volts Many of the lines 
assigned to CI by Merton and Johnson then ajipeared with groat intensity, 
together with lines of N I, O I, and AI from the atmospheric gases, the lines 
m question being localised in a region near the negative pole of the arc 

With additional observations made during the present investigation, the 
spectrum of neutral carbon is now sufficiently well known to justify an attempt 
tq extend the analysis of the spectrum, which has already been partially 
elucidated by BowenJ from lines observed in the extreme ultra-violet 

Expmmenial 

Photographs of the spectrum of an oxide of carbon in helium, as m Merton 
and Johnson’s experiments, have been taken with the vacuum grating spectro¬ 
graph, covering the region X 1250 to X 2760 in the first order and X1260 to 
X1380 in the second order Some of the Imes have also been photographed 
m higher orders with other sources The effect of admixture with helium is 
to emphasise the known Imes of CI with respect to those of C II which appear 
in company with them, and to introduce additional Imes, of which many are 
probably due to CI The lines which remain after eliminating bands of 

• ‘ Roy Soo Proo A, vol 103, p 184 (1923), vol 108, p 343 (1925) 
t Roy Soc Proo,’A, vol 117, p 164(1927) 
i ‘ Phys Rev ’ vol 29, p 238 (1927) 
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carbon* and lines of oxygen, mercury, mtrogen, and ionised carbon, and 
omitting those which appear m the hat of classified lines (Tabic VI), are shown in 
Table I 


Table I —Unclassified Lines m Hclium-Carbon 


Merton 

and 

Johnson 

A 


A V 




2666 24 (On) 

37609 

2385 86 (1) 

41901 

1161 27(1) 

73461 


2664 48 (On) 

37820 

2268 50 12) 

44068 

1359 42 (1) 

71561 


2663 04 (1) 

17640 

2042 24 (2) 

48660 

1157 21 (1) 

73081 

2661 7 (0) 

2661 90 (1) 

37666 

2005 0 (Oj 

49859 

1331 83(1) 

76085 

2660 7 (1) 

2660 33 (1) 

17678 

A vac 


1321 77 (1) 

76656 


2668 60 (0) 

37604 

1991 65(2) 

60159 

1311 50(1) 

76132 


2639 42 (0) 

37876 

1766 4 (0) 

66644 

1311 36(2) 

76267 


2602 90 (0) 

38407 

1764 0 (0) 

66686 

1283 11 (1) 

77936 


2692 30 (On) 

38664 

1481 76(6) 

67487 

1280 75(2) 

78079 

2582 9 (2) 

2682 86 (1) 

18705 

1472 3 (0) 

67920 

1280 13 (1) 

78106 

2667 7 (0) 

2667 78 (0) 

38032 

1470 20(1) 

68018 

1279 86(1) 

78134 

2616 16(1) 


39747 

1468 5 (0) 

08097 

1279 17(2) 

78176 

2419 6 (0) 


40978 

1467 48 (1) 

68144 



2413 9 (0) 


41414 

1364 20 (2) 

73303 




Several of the brighter lines of CI m Merton and Johnson’s list were noted as 
rather feeble lines in the spectra of ordinary carbon dioxide vacuum tubes 
photographed some years ago It has since been found that these lines can 
be obtained quite prominently, and comparable in intensity with many of the 
lines of C II, by merely raismg the pressure of the gas to about 20 mm All but 
the very faint lines of Merton and Johnson’s list m the region X 4740-> 6600 
have been observed by this method The C I spectrum under these con¬ 
ditions would seem to resemble that obtained by Rydo’s high-current arc more 
closely than that given by the helium-carbon vacuum tube, as, for example, 
in the absence of the lines XX 4768 78 and 4767 59 
Results similar to those of Ryde, but cxclud ng some of the fainter lines, 
have been obtained with currents much smaller than those employed by him 
Thus, it was found that while the lines m question could not be seen at all 
with the ordinary currents of 6 to 10 amperes on a 110-volt circuit, they appeared 
with considerable intensity in the neighbourhood of the negative pole when the 
current was increased to 16 or 20 amperes The hues so obtained are in excellent 
agreement with those tabulated by Rydc By the use of the valuable neo- 
cyamne plates of the Eastman-Kodak Company, this method has been utilised 

* Some of these carbon bands ooald only be distingniahed from lines by comparison with 
other plates in which the band spoctrum was more strongly developed (f/ Jevuns, 

‘ Phil Mag ,’ vol 47, p 686 (1924)) 

D 2 
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to extend the obeervations as lar as X10120 in the near infrs-red, and the lines 
which have been observed, other than those listed by Ryde, are shown m 
Table II As the dispersion employed was about 100 A per miUunetro, no 
great accuracy can be claimed for the tabulated wave-lengths 


Table II -Infra-Red Lines of Carbon Arc 


X 


Remarka 

1 

10119 (0) 

0880 

Possibly C I bee Table V 

0661 (0) 

9623 (0) 

10J48 

10380 

Xav snggeata C I See Table IV 

0407 (J) 

10627 

Probably! 1 See Table V 

0304 (0) 

10642 

0264 7 (0) 

10790 7 

OI (Paaohen) 

0100 0 

10877 7 

0170 2 

0142 1 

10901 0 

10935 4 

>Av auggoeta N I 

0111 4 

10072 2 

1 

0004 6 

10992 7 


0088 r> 

10900 0 

v( 1 multiplet See Table IV 

9078 1 

11012 5 

0061 8 

11032 3 

1 

•8336 4 

11002 3 

Carbon line 


* Ooenn in Rydci’n of lines of unknown ongm Other hnea of nitrogen and oxygen tall 
between X 9061 and X 63JO 


The conspicuous multiplet bcgiiming with X9111 and the singlet X8336 
have been proved to be duo to carbon by their observation m tho spectrum of 
carbon dioxide and their absence from the spectrum of oxygen The origins 
of other lines are somewhat uncertain, as the vacuum-tube observations were 
not successful beyond X9111 It is jiossible, however, that the pair of Imes 
XX 9661, 9623 and the lines XX10119, 9407 are duo to C I, as they yield values 
of the order expected for terms of this spectrum 

The poles used m the experiments on the arc spectrum were rods of Acheson 
graphite, and were practically free from impurities It was found convement 
to use thin or sharply pointed carbon poles m order to localise the stream in 
which the CI lines appeared 

In conneclaon with the foregoing observations, it is important to note that the 
spectrum of the ordinary carbon arc, with small current, m so far as it is repre¬ 
sented by an arc in an atmosphere of nitrogen, has been found to show tho 
pnncipal lines of CI in the region more refrangible than X 2000, mcludmg the 
strong Ime at X1931 These lines also occur, together with lines of CII, m 
the spectra of tho carbon vacuum arc, vacuum tubes containing carbon com¬ 
pounds, and the “ hot spark ” of carbon investigated by Millikan and Bowen 
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It thus appears that all the ordinary sources 3 rield linos of C1 which arise from 
combinations of the deeper tenns of the spectrum, and that special methods 
only become necessary for the excitation of lines due to combinations of terms 
representing higher energy levels The observations of the are recall those of 
A S King,* who similarly found that in metallic arcs with currents of about 
1000 amperes there was an increased development of lines of the neutral atom 
due to higher terms, whde hues due to ionised atoms were not notably modified 

Predicted Term 

The terms of GI predicted by the Heisenberg-Hund theory are similar t<> 
those for N Ilf and 0 III| and are shown in Table III The notation is on 
the system adopted for 0 III, terms in each row being prefixed by the 
designation of the corresponding orbit of the senes electron Under ordinary 
circumstances, combinations between terms on different rows are regulated by 
the familiar rules, applicable in this notation to the electron symbols, and by the 
rule lor inner quantum numliers as applied to the term symbols Dashes are 
applicable to the electron symbols alone, and only become necessary when 
there is more than one family of terms In the case of CI the need for dis¬ 
tinguishing terms of similar type on the same row does not arise Other singlet, 
triplet and qmntet terms appear when one of the three 2, electrons represented 
in the last row of the table is removed to successively higher orbits 


Table III —Predicted Terms of CI 


K 

L 


! ^ 

SleutronB 

unclosed 

group* 

Terms 

1, 

2i 2, 

3, 3, 3, 

4i 4, 4, 

2 

2 2 




2p 

*P 'D, 'S, 

2 

2 1 

1 


< 

3< 

»P ‘P, 

2 

2 1 

1 


p 

3p 

•D "P *8 »D, >P, 'S, 

2 

2 1 

1 


d 

32 

•F ‘D >P ‘F, ‘D, ‘P, 

2 

2 1 


1 

«*p » 

4« 

ip ip 

2 

2 1 


1 

P 


»]) ‘P *8 >11, ip, *8, 

2 

2 1 


1 

If p d 

4d 

•F "D ‘P >F >P 

2 

1 3 




"2/ 

•S *0 ‘P *8 ‘D, >P, 


♦ ‘ Astrophjs J ,’ \ol 02 p 238 (1025) 

tA Fowler and L J Frooinuu, ‘ Rt^ Soc Proo ,’A, vol 114, p 672 (1027) 
t 4 Fowler, ‘ Roy Soo Proo ,’ A, vol 117, p 317 (1928) 
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Combinatjons involving Bome of the deeper terms have already been identified 
by Bowen, namely, 2p ‘P — 2j»' *P, 2p “P — 2p' “D, 2p ‘P — 3* *P In 
addition, he has suggested that a partially resolved line at X1277 represents 
2p »P — 3d®D, and, by assuming that 3d»D has one-quarter of its value for 
NII, finds a probable value of 91300 for 2p ‘P Bowen has found confirmation 
of the two pp' combinations in the fact that they follow the irregular doublet 
law when compared \iith corresponding combinations of N11, 0 III and FIV 
Comparison with 0 III and N TI (Table VII) also shows that the magmtudes 
of the p' terms are inappropriate for the mam family of terms 

Tn^ Combinaltons 

The four tnplet combmations identified by Bowen, with one addition, are 
shown in the first part of Table IV The 2p ®P — 3d *D multiplct has been 
resolved mto two components, and the table indicates a provisional attempt 
to show the structure of this group, the separation *0^ — being merely 
estimated A similar attempt has been made to represent the structure of the 
other multiplets 

The second part of Table IV shows the probable combinations with the second 
deepest triplet term, 3s *P These include all the 3p and 4p triplet terms except 
3p ®D, which probably gives a group of lines in the infra-red just beyond the 
limit of the present photographs Two lines observed m this region at X 9661 
and X 9623, approximately, have been taken to represent the first two lines of 
the tnplet 3s *P — 3p ®S, they have only been photographed m the high- 
current arc m air, and there is no independent evidence of their carbon ongm 
The resulting value of Zp *S, however, is of the magnitude expected 

It 18 of interest to note that the 3d *P term is mverted, exactly as the corre¬ 
sponding terms of 0 III and NII It may also bo remarked that Merton and 
Johnson’s lines, XX 4758 and 4767, which were not found by Ryde, do not form 
part of the multiplet 3s *P — 4p *P 

Three p ^P terms are availablo for the calculation of tnplet term values The 
computed formula for these is 

p *Po = R/[m + 0 719266 - 0 616474/m]* R = 109737 , m =• 1, 2, 3, 

giving 2p "Po = 90230, 3p ‘P# = 18878, 4p *Po = 8888 The correcting term, 
however, is so large that the formula cannot be relied upon to give closely 
approximate values The formula for the sequence of three singlet p *D terms, 
on the other hand, mvolves a very small correcting term, and the calculated 
values are much more likely to be near the true values A similar result was 
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Table IV —Tnplet CombinationB 




2p*P, 


2p»P. 


2p 



00976 0 

27 5 

01002 6 

14 8 

91017 3 

3«*P, 

=. 30686 0 



60316 6 (2) 

20 1 




20 0 





3#*P, 

= 30666 0 

60308 0 (2) 

27 7 

60336 6 (2) 

13 1 

*60349 7 (3) 


40 t 

40 8 


iO 0 


8#*P, 

» 30626 0 

*60349 7 (3) 

26 9 

60376 6(2) 



2p'*D, 

= 26020 1 

64046 0(6) 





-2 1 





2p' 'O, 

=. 26027 0 

[64048 OJ 


64075 6 (4) 




-/ 3 




2j>'*D, 

- 26025 7 

[64040 3] 


[64076 8] 


64091 6(3) 

2p' »P„ 

, == 16763 6 

76211 6(4) 

27 3 

76238 0 (4) 

14 a 

76263 7 (3) 

WD, 

- [12714 6] 

[78260] 


[78288] 


[78303] 


[5 0] 






M»D, 

12700 6 

[78266] 


78293(1) 




9 6 





3<f*D, 

12700 0 

78276 (2) 





M*P, 

= 11700 

79266 (2) 


[70203] 




-10 






3<f*P, 

= 11600 

[79270] 


79303(1) 

IS 

70318 (0) 


[-5] 






3<i»P, 

= [116041 



[79308] 





3**Pg 


3**P, 


3# ‘P, 



30626 0 

40 0 

30666 0 

20 0 

30686 0 



Out of range 





3j>»S, 

20278? 

10348 

41 

10380 



3p'P, 

- 10666 1 



10990 0(1) 




12 6 



12 6 



3p’Pi 

- 10663 6 

10072 2 (1) 

40 3 

11012 6 (1) 

19 8 

*11032 3 (4) 

20 4 

20 S 


19 8 



3p*P, 

= 10633 2 

10992 7 (4) 

40 1 

•11032 3 (4) 




- 10833 6 

[19792 6] 


[10832 6] 


10862 6(0) 


7 0 






4j»*D, 

- 10826 6 

[10700 6] 


19830 6 (3) 




29 8 





4j>»D, 

10706 7 

10829 2 (3) 





4j,*S, 

- 0013 7 

20712 2(1) 

40 4 

20762 6 (1) 

19 4 

t20772 0(1) 

4j)»P, 

- 0707 6 



20068 6 (2) 



14 & 



14 8 



4p»P, 

0693 0 

20082 7 (3) 

40 6 

20073 3 (2) 

18 e 

*20001 0(4) 

18 0 

18 2 


18 6 



4p»P, 

-- 0675 0 

20060 0(4) 

41 0 

*20001 0(4) 




• Vucd twice t Occur# tn Rydc’« lut of unknown line# 
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found for the corresponding terms of O III, and the calculated smglet terms 
have accordingly been adopted Smco no mtercombinations of singlets and 
triplets have yet been recognised, the tnplet terms have lieen adjusted so as to 
give triplet and smglet terms in the same order as in 0 III and NII From 
the comparative list of term values m Table VII, it will be seen that the 3d 
terms of each tyxio show only small variations m the three spectra, and the value 
12700 assigned to (or 12714 5 to 3d*Di) cannot be greatly in error 

It IS to bo understood, however, that the triplet and singlet terms have not yet 
lieen brought into exact relation with each other 
Numbers enclosed in square brackets represent calculated wave-numbers 
of lines forming parts of multiplcts, or term values which have merely been 
estimated 

SmjliJls 

The classification of singlets m C I jiri sents considerable difficulties, because 
there are no extended series and many of the expected Unca must occur cither 
in the nc-ar infra-red or m tin Schumann region Some of the Imes, however, 
can be classified with considerable certainty from a general consideration of the 
prixliotcd terms m relation to the abcady known terms of N H and 0 III 
Thus, there can bo no doubt that the strong Imes X 2478 and X 1931* represent 
2p — 3« and 2p ‘Dj - 3.«( ’P, respectively, since these combinations 
should give the strongest of all the smglets The three brightest Imes in the 
visible spectrum, XX 5380, ')052, 4932, can also bo classified with almost equal 
certainty Again, the interval between the lines X1761 and X1469 appears 
to be the same as that between 2p*Dj and 2p and would seem to justify 
the identification of the common combining term as 3d 
The terms 2p^D2 and 4pn)j having been determined from some of these 
Imes, an approximate value for 3p ‘D, could be donved by interpolation This 
suggested the bne X9407 (v = 10627) as 3p^Dg — 3diPi, and assuming this 
to be correct, a sequence of three p’D, terms became available for a more 
precise determination of singlet term values, to replace those which bad been 
provisionally adopted The calculated formula is 
j)iD, = R/[wi -1- 0 168835 - 0 007117/m]» R = 109737 , m = 1, 2. 3 
This gives ~ ^1311 5, and other smglet terms have been determined, 

* Millikan and Bowen have assigned \ 1931 to CUl (' Phys Rev ,’ vol 20, p 316(1920)), 
but this IS altogether in contradiction with the expenmontal eridonco, since this line oocnis 
in the ordinary arc in air, where neither 0II nor G III linos are present There is another 
line, however, at X 1923 which appears under strong discharges, and is doubtless the 0 111 
line anticipated by MiDilcan and Bowen 
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with this as a basis, from the combinations shown m Table V The more 
doubtful term identifications arc distingushed by a ^ mark 


Table V-Singlets of Cl 



2p‘D, 

81312 

imz 

2p»S, 

89860 

3»‘P, 

29326 


3p‘Pi 
19640 ^ 

3j«P, 

^ 29626 

61786(10) 

nm 

40334 (10) 



*9830 » 

Sd'f, 

3d‘P, 

3<f*D, 

^ 12970T 
12779 
11414? 

68333 (6) 
08633 (3) 

11452 

67081 (6) 


1 10627 (3) • ‘ 

$11992(3) 










4p'I*, 

- 1094B 

- 9738 
9266 




18581 (8) 
19788 (6) 
20270 (6) 



4d>l'. 

4d>T), 

- 7476? 

73837(1) 


62379 (1) 


1 



t Uiied for ralooUtion of 3j> ‘D, 
i Used for o&toulstion of 3p ‘P, 
i lifted for oaloalatioii of 3d ‘D, 

• * Out of range 
-Not expected 

As Will appear from the blank spaces where bncs might be expected, further 
progress m the identification of terms must depend largely upon the possibility 
of extendmg the observations farther into the infra-red, and of obtammg more 
complete development of the CI lines in the Schumann region 

List of Classifiei Lines 

The lines which have been classified, m some cases merely tentatively, arc 
included in Table VT In view of the disturbances of wave-lengths in the high- 
current arc, Merton and Johnson’s vacuum-tube wave-lengths have been 
adopted in preference to those of Ryde for the region X 5380 to X 2478 The 
wave lengths for which no authonties are quoted in the footnotes have been 
detenmned in the course of the present investigation 
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Tabic VI —Claaaified Lines of CI 


A air 

* 

ClamiflLation 

Avne 


ClasMfication 

1 

10119 

9880 

3l'P,-3p‘P,t 




9661 

10348 

3a*P,-3p*S,! 

}ie31 027 (10) 

61786 0 

2p>D,-3**P, 

9023 

10389 

3a»P,-3p*S,’ 

1761 90 (6) 

67080 9 

2p‘8,- 3rf'P, 

9407 

10027 

3p>D,-3<l>Pi 




9111 4(2) 

10972 2 

3«*P,-3i)*P, 

{loss 13(2) 

60308 9 

2p*P,-3<'Pi 

9094 S(5) 

10992 7 

3**P,-3p'P, 

{1667 92(2) 

00316 6 

3p*P,-3<*P, 

9088 S(1) 

10999 9 

3«*l>,-3p*Pj 

{1667 37(2) 

00336 6 

2p'P,-3*«Pi 

9078 1 (1) 

11012 6 

3»*P,-3p‘P, 

{1667 01 (3) 

60340 7/ 

2p»P,-3»*P, 

2p'P,-3i*Pj 

9001 8(4) 

11032 3| 

S«*P,-3p*P, 

3<*P, 3p*P, 

{1656 27(2) 

60376 6 ^ 

2p'P,-3^'P, 

8336 4 (S) 

11992 3 

lp*D,~3>l'l),* 

1603 10(3) 

62379 1 

2p'S,-4d'Pi? 

*5380 242 (8) 

18581 37 

3«>P,-4p‘D, 


*5002 122 (6) 

19788 16 

3a'Pi-4p>8, 

{1561 381 (6) 

64046 0 

2p'P,-2p'»D, 

*5041 66(3) 

19829 2 

3«»P,-4p»D, 

{1560 660(4) 

64075 6 

2p'Pj-2p''D, 

*5039 08 (3) 

19839 8 

3-i>P,-4p'D, 

{1660 267(3) 

64091 6 

2p*P,-2p''D, 

•5035 78(0) 

19852 5 

3-<M‘,-4p»D, 


*4932 00(8) 

20270 1 

3«‘l\-«p*P, 

1483 43(6) 

68332 6 

2p'D,-3d>F,» 


1469 15(3) 

68633 0 

2p>D,-3(i>P, 

*4826 73(1) 

20712 2 

3»'P,-4/)*ht 

1364 34(1) 

73836 7 

2p'D,-4d»PjT 

*4817 33(1) 

20752 0 

3«*P,- 4p*S, 



14813 84 (1) 

20772 0 

34*P,-4p'H, 

{1329 683 (4) 

76211 6 

2p'P,-2p'*P 


{1329 100(4) 

76238 9 

2p»P,-2p'‘P 

*4776 87 (3) 

20932 7 

1«»P,-4p‘P, 

{1328 839(3) 

76263 7 

2p‘P,-2p'»P 

*4771 72 (4) 

20950 9 

3«'P, 4p'P, 



*4770 00 (2) 
*4766 62(2) 

20958 8 

ii'P,-4p»P. 

1277 64(3) 

78278 

2p*P,-3d'D, 

20973 3 

3a«P,-4p*P, 

1277 26(2) 

78293 

2p»Pi-3i*D, 

*4762 41( 4 ) 

20991 9| 

3«'P,- 4p‘Pj 
3«'P,-4p*P, 

1261 67(2) 

79266 

2p'P,-3i‘P, 



1260 99 (1) 

79303 

2p'P,-3<l*P, 

*2478 628(10) 

40334 39 

2p‘S,-3s'P, 

1260 76 (0) 

79318 

2p»P,-3(l*P, 


• A Mertnn and Fohiuon 
t A Ryde, not in Merton and Jnhnaon «Iwt 
i A Roiven and Ingram (‘ Fhya Revvol 28, p 4i6 (1826)) 
f A Bowen (• Phj-a Re\vol 29, p 238 (1927)) 


Compamm with NII ond 0 III 

A close similanty between the spectra of C I, NII and 0 III is to be expected 
from the general theory, since the three atoms are similarly constituted Each 
has BIX external electrons, but the nuclear charge is 6 for C I, 7 for NII and 8 
for 0 III A general comparison of the terms of the three spectra is given in 
Table VII, those of 0 III havmg been divided by 9 and those of NII by 4 
The tnplet separations of 0 III and NII have been similarly reduced for easier 
comparison with those of CI 
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Table VII —Tenns of O III, NII and C I 



0III/9 Jy/0 

Nll/4 Jy/4 

01 4, 


49406 8 

60712 25 

01017 3 


12 7 

12 66 

14 8 

•1*1 

49393 9 

60600 7 

01002 6 


21 8 

21 0 

27 5 


49372 1 

60678 7 

00076 0 

2p>D, 

47163 9 

56882 7 

81312 


44008 0 

•[30779 7J 

00800 

ii*p, 

19704 0 

22484 3 

30080 0 


13 1 

7 9 

20 0 

*1*1 

10690 9 

22476 4 

30660 0 


28 6 

34 1 

40 1 

•Pi 

10602 3 

22442 3 

30025 0 

3«‘P, 

10067 0 

22414 6 

20326 

3pWj 

17070 8 

18668 8 

23400 

3p*D, 

16747 6 

18081 0 ') 



15 2 

15 4 


•D, 

16732 4 

18066 6 

Out of range 


24 4 

23 8 


*Ui 

16708 U 

18041 8 J 


3p*8x 

10337 3 

17489 

20740 7 

3piS, 

16253 1 

•[15143 1] 


3p*Po 

10040 6 

17068 3 

10660 1 


0 1 

8 8 

12 5 

•Pi 

10071 6 

17069 5 

10063 0 


14 3 

14 0 

20 4 

•Pi 

10017 0 

17044 9 

19633 2 

3p‘Pi 

13421 4 7 

16168 4 


W»F, 

13348 0 

13042 0 

12970 7 

3<J*K, 

13347 9 

13083 6 



21 8 

14 0 


•F, 

13326 1 

13068 7 



10 8 

20 4 


•Pi 

13306 3 

13048 3 


3<<*P, 

13317 7 

I293S 6 

12779 

3d»Di 

13040 0 

12862 1 

t[12716] 


6 5 

6 0 

[5 0] 

•U. 

13036 1 

12846 1 

12710 


8 1 

• 7 6 

10 0 

•Di 

13027 0 

12638 5 

12700 


* Identifloationii nomewhat doubtfni 
t Krtimatcd by probable Jy 
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Table VII—(continued) 



OIII/9 d,/9 

NII/4 J1./4 

Cl Jr 

3<i*P, 

12701 7 

12407 2 

11709 


-12 6 

-13 0 

-10 0 

*Pi 

12779 1 

12484 2 

11600 


-8 0 

-7 0 

[-8 0] 

*P. 

12772 2 

12477 2 

•[11694] 

3d>D, 

12424 0 

12181 4 

11414 7 

4e*P, 

t 

10876 4 




12 9 


•Pi 


10863 8 




20 0 


•I’o 


10833 6 


4i‘P, 

10100 2 ? 

10246 0 


4^)'D, 

8763 3 

0261 7 

10948 

4p*l>i 

8678 0 

9032 0 

10833 8 


11 0 

12 7 

7 0 

*n. 

8666 6 

0020 2 

10826 6 


23 0 

24 0 

29 8 


8643 6 

8096 2 

10706 7 

4p»H, 

8818 7 

8828 8 

0913 7 

4p‘S. 

8332 8? 


0738 

4p’P, 

8281 9 

8288 0 

9707 6 


9 0 

7 7 

14 8 

•Pi 

8242 0 

8281 2 

0603 0 


12. 1 

12 0 

18 0 

•Pi 

8229 9 

8239 2 

9078 0 

4p‘P, 

8109 7 


9266 

2p'»Dt 

30070 

36682 

26731 

2p'*P,i 

33886 

32408 

15868 

2p'‘Pi 




Ka 




2p'*I>i 




2p'*S, 

20030 

27808 



* Rstimated by probable dy 
t Prenoua identi^oation m O III ooniidered doubtful 


A perfect correlation of tbo terms is scarcely possible, because for each 
spectrum the values have been obtamed by the use of a formula which is only 
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approximate The term values for 0 TII and CI have Vioon determined from 
a sequence of three smglet p 'D terms m each case, and those for NII from a 
sequence of three »®P terms A recoroputation for N IT, using a third p’D 
term which has smeo been identified, merely increases all the term values by 
about 18 umts, which may be considered negligible In all those fonnulaB, 
however, the correctmg terms to the Rydberg formula are very small, so that 
the tabulated values for the three spectra arc unlikely to be much in error 
relatively to each other 

A regular progression m most of the term values in passing from O III to CI 
18 clearly shown m the table In particular it will be observed that the 3d 
terms vary very slightly m the three spectra and that this fact justifies the 
adoption of 12700 as an approximate value for Sd^Dj in f' I, on which the 
values of the remainmg tnplet terms of this spectrum have bw n based This 
value clearly cannot be much m error, but smee mtercombinations of triplets 
and singlets have not been identified in C I, the triplet and singlet term values 
arc not necessarily correct with respect to each other in this spectrum The 
adoption of this value, however, results in giving the terms of CI in the same 
order of magmtude as those of the other two spectra 
The terms of Nil, as already noted in a previous comparison ivith 
0 III,* are very discordant Interpolation of 2p *Sg between 0 III and C I, 
with the aid of the “ irregular doublet ” law, suggests a value of about 206000 
(= 51500 when divided by 4), but no support for this can be found m the 
observations of Nil This term should combine strongly with 3«’Pi, and 
produce a Ime near k 862, but no line has been observcfl m this position At the 
same tune, the 3s ^Pj term may be considered to bo well established, because it 
oombmes with 2p ^D,, as deduced from the nebular spectrum, to give a line at 
X746 9, and the adopted value of 2^*0, is itself supported by an observed 
combmation with 3d ^Dj, as determined from the laboratory spectrum Thus, 
adopting Bowen’s suggestion that the separation of two red nebular lines is 
identical with 2p'^P, — 2p *P, of N II, and identifjung these lines as 2p •’Pjj — 
2p^Dj| we have 

From laboratory observations Nebular lines Supposed combinations 
X V 

2p»Po = 238849 

2p »Pj = 238799 6548-1 16267 4 2p «P, - 2p Ul, 

2p •?, = 238715 6586 6 16184 -8 2p *P, - 2p 

therefore 2p*D, = 223531 

* ‘ Roy Soe ProcA, vol 117, p 317 (1928) 
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The value of 2p^Dj thus detertnmed is strongly supported by the following 
combinations — 

2piD, = 223631 2piDa = 223631 

(Lab)3«ip, = 89668 (Lab) = 61754 

Calc line = 133873 Calc hue = 171777 

= X746 98 = X682 16 

Obs line = X746 97 Obs line = X582 16 

Thus, there can be little doubt that the ^Pj term of NII has been correctly 
determined, and, for the present, the 2p and \p ‘Sq terms of this spectrum 
must be regarded us anomalous The corresponding terms of OIII and C I, 
however, appear to be normal 

Another way of comparing the terms of the three spectra, which Is more 
useful in some reaiiects, is by the application of the “ irregular doublet ” law, 
which has been so successfully utilised by Alilhkan and Bowen for the identifica¬ 
tion of lines observed by them in the extreme ultra-violet For similarly 
(onstituted atoms this law takes the form, for sjiectroscopic terms, 

(Z-s), 

n 

where T represents a term, R the Rydberg constant, n the principal quantum 
number, Z the atomic number, and «the screening constant, which is not very 
different for corresponding terms of the three spectra It follows that VT/R 
and Z should show an approximately linear relationship for terms of the same 
type which have the same principal quantum number The Imear law accord¬ 
ingly provides a valuable test of the identifications of the three seta of terms 
In the first place it will be instructive to compare the tnplct terms, for the 
reason that these have been identified with greater certamty than the aingleta, 
and the nature of the regulanty to bo expected in the singlets will be more 

clearly indicated _ 

Table VIII shows the values of VT/R for the three sets of terms and the 
differences between them The near equality of the differences on the same 
row may be taken as an mdication that the terms have been correctly identified 
The three CI terms which have not yet been identified yield Imea m the infra¬ 
red, but approximate values for them may be found by mterpolation if desired 
The screemng constants may bo derived from the tabulated values of VT/R 
by multiplying these values by the appropriate prmcipal quantum numbers 
and subtracting the results from the atomic numbers Thus, for the 2p ’Pg 
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Table VIII —^Values of VT/R for Triplet Terms 



OUT 

Difference 

Nil 

Difference 

Cl 

2p*P. 

2 oil 

0 &3S 

1 475 

0 364 

0 011 

3«*Pb 

1 272 

0 366 

0 900 

0 377 

0 620 


1 172 

0 360 

0 812 



3/»*S, 

1 1«7 

0 350 

0 708 

0 363 

0 4357 

3p‘P, 

1 147 

0 356 

0 780 

0 366 

0 123 

3d*F, 

1 040 

0 336 

0 090 



3d'D, 

1 034 

0 330 

0 684 

0 344 

0 340 

3d*P, 

1 021 

0 349 

0 675 

0 346 

0 327 

4j*P, 

0 028 

0 307 

0 021 



4p*D, 

0 844 

0 270 

0 574 

0 360 

0 314 

4p*S, 

U 830 

0 369 

0 567 

a 366 

0 301 

4p'P« 

0 823 

0 37i 

0 510* 

0 231 

0 208 


* Identified Bintio pajwr on N II waa published 


terms the screeninji constants are 3 97 (0111), 4 00 (N II) and 4 18 (Cl) 
The reduction in scrcemng with increase of atomic number is presumably 
accounted for by the greater relative distant e of the orbit from the core of the 
atom 

The values of VT/R for the singlet tt'rras am shown m Table IX 


Table IX —^Values of VT/H for Singlet Terms 



om 

Difft retioo 

MI 

Difference 

Cl 

2;)>D, 

1 OhO 

0 539 

1 427 

0 566 

0 801 

2p'S, 

1 013 




0 708 

3s'P, 

1 250 

0 346 

0 004 

0 345 

0 519 

3p«D, 

1 183 

0 361 

0 822 

0 360 

0 102 

3p>.S, 

1 167 





3i>‘Pi 

1 049 7 

0 '363 ■> 

0 707 

0 34/ 

0 423 7 

3d‘F, 

1 040 

0 356 

0 OHO 

0 346 

0 344 

3d'P, 

1 045 

0 366 

0 087 

0 346 

0 341 

3d>D, 

1 009 

0 343 

0 000 

0 31/ 

0 322 » 

4S‘P, 

0 911 

0 303 

0 011 



4pU), 

0 848 

0 367 

*0 581 

0 265 

0 no 

4j>‘S, 

0 827 





4p‘Pi 

0 810’ 

0 2721 

0 514 

0 233 

0 201 


* Identified since paper on NII was pubhsbod 


Apart firom the p‘So terms, which have already been consulered, most of the 
identifications of the singlet terms appear to be justified by the progressive 
values of the differences shown in the table The Sp and 4p *P, terras were 
already considered doubtful in O III, and the above comparison suggests that 
the provisional identification of 3p^P|, at least, is improbable 
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The above equation for VT/K may be extended to combinations between 
terms with principal quantum numbers and b*, as follows — 

Ti T, _ V _ (Z -- ^,)« (X - 

R R R wi^ Bj2 

= [(«2* — «!*) Z* — 2 (»,•«! — ni\) Z + HjV - 

which shows that an approximately Imear relationship is to be expected between 
Z and the wave-numbers of lines, when both terms involved have the same 
pnncipal quantum numbers This is illustrated in Table X 


Table X —Linear Relations between Correspondmg Lines 


Ime 

Cl 

Tiifforente 

Nil 

Diflercnce 

Olil 

Diffcienre 

FIV 


KIIKIJ 

10597 

21600 

11218 

32808 



-3rf>P, 

10027 

inu 

224S1 

11297 

33778 




Mens 

29072 

92120 

27627 

119747 

27487 

147234 

J!;i*P,-2p'*P, 

75212 

31876 

10087 

32988 

142076 

32652 

174027 


MiUikan and Bowen have shown* that although a hnear relationship should 
not exist for hnes whose terms have different principal quantum numbers, such 
a relation is to bo expected for numbers obtained by reducing the wave-numbers 
of these Imes by the formula 

v' = v-(Z-A)M»a*-V)/«iV, 

whore A is a number whoso value is chosen convement for calculation Assign¬ 
ing a value of 6 to A, this procedure has been adopted for corresponding hnes 
of the three spectra, as shown in Table XT 
It will bo seen that the approximate Imear relations shown in Tables X and 
XI justify the classification of the hnes in question, with the possible exception 
of 2p The identifications of these hnes in the three spectra, 

however, app« ar to lie well founded 


Phy* Rev vol 2«, p 314 (1926) 
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Table XI —Further Luuar Relations Intwetu CortespondinK Lines 


Lini 



( 1 

';i7s(. 

36545 

2p‘D,-3«>P, 

\11 

I23S7I 

7200Q 


OIII 

272hS2 

115067 


CT 

(lOS'iO 

l>100 

2p»l> -i 'Pj 

NIT 

11SH4S 

87980 


O III 

267165 

I3(XK)0 


Cl 

68523 

53292 

2;)'D -W'Pj 

N 11 

171778 

110813 


OIII 

WlK.i 

167107 


(. I 

7S275 

i».3034 

2/)»P,--W»n3 

N II 

187431 

126467 


OUT 

1271 IS 

180053 


C I 

702(.6 

01025 

2;(>P,-3</’P, 

Ml 

♦[18H716J 

127752 


OIII 

120272 

102107 


Ihffcrenoe 


'lfl3«4 

42768 


57621 

57684 


(»4S3 

(13488 

63727 

64365 


• ( akulatrd line 


Tripkt Hf'paratwH'i 

As regards,the separations of the triplet tenns indicated in Table VII, it will 
be observed that Av/9 for 0 III and Av/4 for NII are nearly equal f»r most 
of the corresponding terms In Nil the dsT separations are somewhat 
anomalous, but the sum of the two separations is practically identical with the 
corresponding sum in 0 III The 3(i*F separations m the two spectra are also 
shghtly discordant 

The most notable feature of the separations in C I is that they are generally 
greater than the reduced separations in the other two spectra 
Sommerfeld’s “ regular doublet ” law, which Millikan and Bowen have found 
to be applicable to many ojitical spectra of similarly constituted atoms, does 
VOL. OXVin —A. K 
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not appear to hold for the spectra under consideration, with the exception of 
the 2p •? terms This law takes the form 


RaMZ - s) 
n»it (^ ~ 1) 


where R 18 the Rydberg constant, a the rclativit> constant (a* ~ 5 31 X 10"®), 
Z the atomic number, a a screening constant, n the principal quantum number, 
and k has its usual values, 2 for P, 3 for D terms, and so on Ra* = 5 83, and 
it 18 thus found that Ra*/n® ^ (ifc — 1) is 0 "66 for 2P, 0 108 for 3P and 0 045(i 
for 4P Some of the results for the spectra in question arc as follows — 



2ii»P,-2p*P, 

Jk 360 » 

3/)»P, -3p*P, 

A» i/AvlQ 108 » 

4p»P,-4p*P, 

A* v/jf/O 0450 » 

Cl 

42 3 275 2 726 

33 4 Ifll 1 819 

33 6 166 0 834 

MU 

134 4 377 2 H2‘) 

94 6 433 1 067 

78 6 431 0 669 

OIII 

FIV 

300 5 304 2 600 
637* 6 404 2 030 

213 0 665 1 330 

197 8 108 -0 108 


• I 8 Bowon, ‘ Phyit Bev ’ vol 20, p 242 (1927) 


It Will be observed that while the calculated \alues of« are consistent m each 
case, they show a diminution, in place of the expected increase, towards a 
maximum of 5, in passing from 2p ®P to 4p ®P 
Land6’s modified formulaf also leads to unexpected results This may be 
written in the form 


Av = 


R««C«(Z-s)« 
(n*)» k(k-iy 


where n* is the Rydberg denominator [C*R/(n*)* = vl, C = 1 for neutral 
atoms, 2 for singly lomsed atoms, and so on, and s is a screemng constant The 
formula may also be written 


An* = 


a« 

2k{k-l) 




The apphcation of this formula gives the following results for some of the terms 
in question — 


t ■ Z f Physik,’ vol 26, p 40 (1924) 
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-2p ‘Pj 

-2/»»P, 


3;.»P,-3p>P, 


Ay 

Z-« 

* 

Ay Jii'xlO* L a 

<'I 

42 2S3 

4 366 

1 634 

33 1979 12 21 

Nil 

134 381 

5 337 

1 643 

W 1738 11 44 

om 

309 324 

6 283 

1 717 

21 1 1925 12 04 


'I’he results for 2p ®P arc m close agreement, but for 3s ®P, ip •*!’ and ip ®P 
the calculated values of Z — s are greater than Z itself, and the formula is 
clearly not applicable to the determination of s from those spicctra 


Summary 

Further observations of the arc spectrum of carbon (C I) have liecn made, 
and the classification of the lines has been considerably evtemied The deepest 
term is a triplet Pq, the value of which is estimated at 91017, corresponding to 
an ionisation jiotential of 11 2 volts Comparisons are made with the si>e<tra 
of Nil and OTTT, the atoms of which are similarly (onstituted, but differ m 
nuclear charge 

The authors desire to express their thanks to the Department of Scientific 
and Industrial Research for a grant which has enabled one of them (B W H S) 
to take part in the foregoing investigation 
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The Chemical Comtant of Hydtogen Vapour and the Failure of 
Nemst’is Heat Theorem 
By R H Fowlkb, F R S 
(Rect»i\od Janmuv 10 1928) 

§ 1 Introduction -The recent successful explanstiou of the specific heats of 
hydrogen gas at low temperatures by Dennison'*' haves little doubt that at all 
low and ordinary temperatures hydrogen must be regarded as a mixture of two 
sets of molecules, effectively distmct One of these sets may be called the anti- 
symmetrical molecules, because for these the rotational quantum number is 
odd and the rotational wave function anttsymmetneal m the nucki The other 
set may lie called the symmetneal molecules because for these the rotational 
quantum number is even and the wave function symmetneal in the nuclei When 
account is taken of the orientations of the nuclei the comphde wave function 
18 antisymmetncal in the nuclei m all cases At the temperatures mentioned 
the rate of change from one of these forms to the other is very slowf though 
not zero, and any changes that actually occur in any expenment as ordinarily 
conducted will be so few that they can be neglected altogether 

In view of what we have said it is natural to discuss the results of any experi¬ 
ment at these temperatures as if the hydrogen gas were a mixture of two 
absolutely distmct sets of molecules In this cusi* the lavrs of classical thermo¬ 
dynamics of course apply and control the cquihbnum properties of the mixture 
From the point of view of the actual hydrogen gas this equilibrium is a false or 
metastable one Provided however, that the false equihbnum is attained 
rapidly compared with the neglected rate of change the thcrmoilynamic pro¬ 
perties of the ideal mixture must be true of the actual gas, and we shall assume 
this in the following discussion 

It 18 natural to follow up D« nmson’s work by applying it to a study of the 
vapour-pressure equation of hydrogen and of its chemical constant as deter- 
mmed by gaseous equihbna Wc shall find that the vapour-pressure equa¬ 
tion can be satisfactorily accounted for if both antisymmetncal and symmetneal 
molecules are present indifferently m the vapour and condensed phases As a 

* Dennison, ‘ Roy Soc Proo ,’ A, vol 115, p 483 (1927) 

t The rate cf change can be ostimatod theoietically, though with considerable uncer- 
tamty at present I understand that it might be so great that the mean life of a mdecule 
of either set before changing into one of the other set could be abont 10 days, bnt that this 
is ui upper limit for the rate and lower limit for the mean life 
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result of this it follows, however, that the weight of the h} drogcu molecule m 
the crystal form cannot be umty (with the usual convention) but must be 
9 and 1 for the lowest states of the antisymmetrical and symmetrical molecules 
respectively The constant in the vapour-jiressure equation is therefore not 
the chemical constant of gaseous hydrogen but is smaller than that constant by 
} log 3 This result fits m quabtatively with a suggestion made by Euelci n* 
as long ago as 1924, after an exhaustive analysis of all the observational material 
It appears to be a defimte example of a failure of Nemst’s heat thcomm even 
in its most restnetod enunciation, but a failure due, of course, to th< fact that 
the theory and observations arc concerned rather with a metastable ('qinbbrmm 
than with the true equilibnum state of the hydrogen concerned 
§ 2 Knovon Propertiea of Hydrogen —We must now record what wc may 
regard os known with certainty about hydrogen gas As taken over from higher 
temperatures it is a mixture of anti 83 rmmetncal and symmetrical molecules 
m the ratio 3 1 [This particular ratio arises from the weights of the nuclear 
orientations There are three symmetrical onontations and one antisym- 
metncal] The rotational partition functions are respectively 

/,(&) = 3 + 

f, {i) = S {2i + 1) 

2 4 

The external factor 3 is for the nuclear onentations The moment of inertia 
A IB 4 67 X 10"^^ gm cm ‘ The specific heat curve at low temperatures is 
oharactenstic of a constant 3 1 mixture of two sets of molecules with these 
partition functions 

At very low temperatures hydrogen vapour m equihbnum with the con* 
densed form has a well defined vapour pressure, and the constant m the vapour 
pressure equation is that chaiactensiac of a monatomic gas whose structural 
umts have the same weight in the crystal and vapour phases 
These facts must bo carefully analysed, for if they were based on siifliciently 
voned expenments they would have important consequences Suppose we 
start with the 3 1 mixture, cool it down and condense it (the normal process) 
If the remaining vapour is not m the constant 3 1 proportion at all tempera¬ 
tures we could remove it at any convement stage, and on heating it up should 
find that it had no longer the usual specific heat This experiment has probably 
never been performed For this discussion we shall assume that it shows no 

• Enoken, ‘ Z f Physik,’ toI 29, p 12 (1924) and the next following paper (with 
ooUaboraton) 
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change m the Bpeoifio heat curve, and therefore that in the vaponr-sohd eqtuli- 
bnum the two components are always present in either phase m the constant 
3 1 proportion On general grounds this seems to be the most probable state 
of aHaus 

We can now carry this analysis a little further It is evident without calou* 
lation that the constant 3 1 proportion can only be preserved if the work of 
removing one molecule of either sort from the condensed form to the gas is 
exactly the same at all temperatures It follows that molecules of either sort 
must be mdifierently present in the condensed phase with the same rotational 
partition function as they possess in the vapour phase, and a work of evapora¬ 
tion at the absolute zero the same for both types Only the absolute values of 
the weights can differ in the two phases, and as we shall see this last difference 
18 ruled out by the observed value of the chemical constant Of course at the 
low temperatures at which the condensed forms actually can exist we are really 
only concerned with molecules of either type m their respective lowest rotational 
states 

We now pass on to a formal presentation of this argument It is in this 
connection a matter of indifference whether we use classical statistics or the 
modified form required by the new quantum mechames • We shall, therefore, 
oast the discussion into the classical form, to avoid an appearance of un- 
famibanty in non-essentials 

§ 3 Aftxed CrystaU —It is necessary to contemplate a rather more general 
assembly than any commonly discussed,t which contains a mixed crystal of 
two components and the corresponding vapours This is easy enough in a 
formal way in the general case If icp p. (z) is the partition function for all possible 
states of the crystal composed of P molecules of one type and P' of the other, 
we have then only to form the function 

K {*,*', s = S r-fz), (1) 

r.rwo 

and the total number C of weighted complexions of the assembly is, m the 
usual notation, 

C = jjj K (®. 2) exp {xg (*) + x'g’{z)) (2) 

* For the etetiatica of hydrogen raoleonka (or any neutral atom or moleonie) the modified 
form is probably that of Boae and Einatein which may only uae wave funotiona aymmetrioal 
in all the molaailet If the wave fnnationa are to be aniuymmetneal m all the elootrona 
and all the jwotona they will neoeaaanly be lymmetneal m nentral combinations. This 
la pointed ont by Bom and Heisenberg in their report to the Solvay Conference (1927) 

t See, for example, Darwin and Fowler,' Proo Camb Phil Soc ,’ vd 21, p 730 (1923) 



55 


Chemical CmstaiU of Hydrogen Vapour 

In this expression X and X' are the total numbers of molecules of the two types 
£ IB the total energy of the assembly and g (z) and g" (z) ate the partition functions 
for the two t]rpes of molecule m the vapour phase From equation (2) all the 
usual mean values of importance can be denved formally, but the formal 
expressions are of httle value unless K (x, z', z) can be evalnated at least 
approximately 

The form of K has hitherto only been evaluated properly for a crystal of one 
component (P' = 0) But there is another case, sufficiently representative of 
what we require here, in which expbcit evaluation is possible, the cose in which 
the two components are so much alike that the partition functions xp p> are 
practically independent of the relative arrangements of the molecules of the two 
components The number of suih arrangements is (P + P') i /P i F *, so that 
in this case Kp p (z) takes the approximate form 

i/(z)r [/'(*)r(p + F)'[K(z)F'»'/(P'F') (3) 

The factor8/(z),/'(z) are retained to represent the rotational partition functions 
of the two components m the crystal, and [k(z)F ^ is the ordinary approximate 
partition function for the crystal of P + P' units constructed by analysis of 
the normal modes With the use of (3) m (1) wo now find 

K(x,x,.) j ^ ^ (4) 

We can now use all the ordinary arguments If N, ??' arc ttie average numbers 
of molecules of the two types in the vapour, 

= = (5) 

The average numbers P, P'm the crystal are 

P_ _ , _ p., _ C/'W .'-B- (6) 

i-R/w + ET (»))«(») i-{E/(s)+rm)«(») 

The parameters and the partial potentials and the temperature, are 
determined by the umque position of the saddle-point of the mtegrand of C, 
given by the vamshmg of its three partial differential coefficients In addition 
to these equations we have, of coume, 

N -f P = X, N' + F = X' (7) 

finally smee most of the molecules of both sorts will be m the crystal F and P' 
must both be very large, so that 


(8) 
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In our problem we have a given relation between X and X' of the type 

X =. «X', (9) 

and we assert that we know that we must have N — nN' for all temperatures 
Therefore P = «F also These conditions are satished if and only if 


ST 1 


( 10 ) 


The equality gig" = ///' means (i) that the work of evaporation at the absolute 
zero IS the same for both types of molecule, (u) that the ratio of the ordinary 
rotational partition functions is the same in both phases , (iii) as a consequence 
of (ii) the only reasonable difference remaimng m the separate partition functions 
IS that all the weights m both functions in the vapour phase should differ by a 
constant factor a from those in the solid phase On general grounds any value 
of a other than umty is inadmissible 
From (8) and (10) it follows that 


Therefore 


5 = 


1 


1 


n + l/(&)K(^)’ 

= _!L_ , 

n+l 7(%(3)' 


N 4- N' — _ 

/'(&)k(&) 


-n + l/'(^),c(3) 

- ^ / P)> 

■n + ir(&)K(&)’ 

£LL 


( 11 ) 


( 12 ) 


§ 4 Appheatum to Hydrogen at Low Temperatures —The application to hydro¬ 
gen at low temperatures is immediate Let x be the work of evaporation of one 
molecule of either type at'the absolute zero If the energy zeros are suitably 
chosen, then 

k (^)^ k ( 0)===1 ( 5 - 0 ), 


and K (5) IB a partition function which may be chosen to reproduce exactly the 
specific heat of the condensed phase Further, retaming only (for these tempera¬ 
tures) the first terms in and /, we have 


m 


93^, /'(5) = 1, 






(27Cw)^V5« 

h*aogl/^)» 


«/(^). 


where V is the volume acoessfble to the vapour phase If v is the vapour density 
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of the hydrogen ae a whole at temperature T (^ = e we find on ignoring 
the specific heat of the crystal that 

(13J 

or 

l»gP = -^, + ll»8T + log{a2!^j (U) 

This 18 the standard result for monatomic vapours of the same weight m both 
phases, and agrees with the observed result for hydrogen at very low tempera¬ 
tures, if « = 1 

This analysis of the known facts seems reasonable m itself and cames the 
facts without strain There seems to be no other obvious alternative 
Wo must observe, however, that this success requires a solid phase for which 
the complete partition function cannot have unit weight for its lowest possible 
state For the complete partition function for the normal crystal, a 3 1 
mixture of the two types, will be 

(P = SF), 

and as ^ 0 the asymptotic form of this is 
[9i3lTF+^ 

If therefore we treat all the hydrogen together we have a crystal partition 
function K* (3) satisfying 

(16) 

The various factors contributing to this result should be distmguished It 
has long been recogmsedt that supercooled liquids and mixed crystals need not 
obey Nemst’s Heat Theorem m the form which asserts that these entropy difier- 
enoes necessarily tend to zero with the temperature Though wo are formalh 
dealing with a mixed crystal of two sorts of hydrogen the case here dealt with 
IS not an example of this recognised exception, for we should assign the sami' 
value to [k* (S)]^+^if the two sorts of hydrogen wore present permanently as 
distinct crystals, the antisymmetncal and the symmetneal Agam the 9 itself 
IS really built up of two separate factors 3 arising from distmct sources Om 
comes from the pair of orientations of each nucleus, and the other from the 
three antisymmetncal rotational wave functions for the molecule as a whole 
The former of these factors 3 is due to a source which must persist through all 
combinations into which the hydrogen atom eaters, and m\gU equally affect 
t See portioolarly Lewu aod Randall, ‘ Thermodynamioa ’ (1924), eepeoially chap 31 
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them all, though thu ib not likely The other factor 3, due to the non-inter- 
r hanging property of the two sorts of the hydrogen molecule itself, might be 
pecuhar to this combmation 

The same result is, of course, true of the vapour If we treat the vapour 
mixture as a whole then its energy and specific heat correspond exactly to the 
partition function 

= (16) 
and the equation for the cquibbnum density of the vapour is now 

+ (17) 

K (C) 

The only effect on these formulm due to the evanescent rate of change between 
the anti8)mmietrical and the symmetrical molecules is that wc have to use 
{/«>(&)/,(&)}* instead of {/.(S) +/.{3)} 

§ 6 Hydrogen at Ordinary Temperatures - -Once we have accounted for the 
value of the chemical lonatant at low temperatures, there is nothing more to 
do For thermodynamical arguments give us the relation (if the vapour phase 
IS a perfect gas) 

log? = {(C,)™, -(C.)„)JT"+A, (18) 

where Xo and A arc constants, R is the orduiary gram-molecular gas constant 
and C the specific heat of the specified phase (Cp),„, must include the latent 
heats of melting or any other transition of form Any form of the quantum 
theory allows us to particulanse this to 

log? = -^+ ! + “ (O.W)'lT''+> (19) 

In (19) (Cp')t*p ui the specific heat of the internal motions (vibrations and rota¬ 
tions) of the molecules in the vapour phase and »the chemical constant which we 
have ]ust been studying If, as is constantly done for convemence in a suitable 
range of temperatures, we break up (Cp')^ into nR -f (Cp")?,# with n con¬ 
stant, equation (19) can be replaced by 

i'>g?“-^+(4+»)i«g'f+£^f’((c.")™-(c.W'n'"+»'. (20) 

where »' is another constant, also called the chemical constant for this range 
The difference of » and t' depends only on the specific heat of the vapour 
molecules A theory which gives • correctly and oorreot specific heats, will 



Chemical Constant of Hydrogen Vapour 59 

automatically give the correct value of which need not therefore be further 
discussed 

§ 6 The PosUton of Nemst'a Heat Theorem —In its most restncted and least 
exceptionable form Ncmst’s Heat Theorem asserts that the entropy change in 
any reaction between pure crystallme substances tends to zero as the tempera¬ 
ture tends to zero No question arises as to the validity of the assertion that 
such an entropy change tends to a fimte limit as T > 0 , the only question is 
whether this fimte limit is always zero General statistical theory mdicates 
that this finite limit is always zero if and only if the weights of the lowest states 
of all the crystallme forms conoerned can be taken to be umty It is, of cours«‘, 
not necessary that they should be so taken, any weight whatever ran lie 
assigned to the lowest state of any atom provided that it carries that weight 
with it as a factor into every combination For example, the oneutations 
of the hydrogen nuclei add a weight factor 2 to all the states of the hydrogen 
atom and 4 to all the states of the molecule (apart from questions of the possi¬ 
bility of mtcrcombmation) If they also aild 2 to the weight of the normal HCl 
molecule, they will bo without effect on the eqmlibrium constant of the reaction 
Hi -[- f’l. 2HC1, 

and so on m general 

The foregoing investigation of hydrogen throw's grave doubts, however, on 
this persistence of the weight factors Once it is clear that the simple convention 
of umt weight for any state of a simple non-degenerate system obe 3 nng the laws 
of quantum mechames does not lead naturally to umt weight for the normal 
state of a crystal built up out of the particular systems, hydrogen molecules, 
the whole argument from simphcity falls to the ground and we have no longer 
any theoretical reason to expect Nemst’s theorem to be true Whether it 
fails or not m actual cases we are not yet m a position to predict from the theory 
of molecular structure alone We should reqmre for this a knowledge of all 
the normal molecules concerned in any gas reaction as precise as we possess for 
hydrogen. It is therefore hardly possible at present to do more than note that 
the evidence collected by Eucken already mentioned is very difficult to reconcile 
with the general validity of Nemst’s Heat Theorem In fact, Eucken makes the 
interesting observation that apparently the hydrogen molecule is the worst 
culprit, and that the greater part of the discrepancies can be removed by 
increasing its chemical constant by 0 3 (logu 2) above the value derived from 
the vapour-pressure equation on the assumption k* (■&) ~ 1 If we might ignore 
the nuclear weights and simply take hydrogen os a mixture m which | of the 
molecules have a lowest state of weight 3 we could suggest that the chemical 
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constant of hydrogen ought to be increased bylJ logm 3 or 0 36 which fits Eucken’s 
figures still better than 0 3 There is, howe^e^, no proper justification for such 
a procedure We can only conclude, but this is amply justified, that both theory 
and observation suggest that Nemst’s Heat Theorem should not hold for 
reactions in which hydrogen plays a part 
It IS of some importance to note that the theoretical reasons for exjiecting 
this failure depend cventuaUy on the fact that hydrogen must be treated as a 
metastable mixture If the whole process is conducted so slowly that the 
hydrogen is m its true cquilibnum state then the exact theory gives a umt 
weight for the lowest state of the normal molecule both in the vapour and the 
solid, and all basis for suspecting fadure disappears It may therefore be pre¬ 
ferred to say that N’ernat’s Heat Theorem is inapplicable to hydrogen reactions 
as ordinarily conducted, though it nught be true, or probably is true, of such 
reactions if they were conducted at extravagantly slow rates But the quasi- 
oqudibnum properties of hydrogen onlinary recorded, its vapour pressure, 
reaction constants and specific heats, do not refer (or at least do not all refer) 
to this true senes of equilibrium states at all 


Oacillatiom m a Budqe earned by the Passage of a Locomotive 

By Prof 0 E I\ous 

(Communicated by Sir Alfred Ewing, F R S —Received October 11, 1927 ) 
(Plat* 1] 

For purposes of bndge design it is all important to be able to predict with a 
reasonable degree of accuracy the state of oscillation which will be set up when 
a given locomotive crosses a bndge at any specified speed A large amount of 
experimental data relating to impact effects on bridges has been accumulated, 
but in default of an underlying theory sufficiently comprehensive in character 
to account for the phenomena observed, the conclusions emerging from experi¬ 
mental results have been somewhat disappointing and vague 
The problem is one which most essentially calls for the closest possible co¬ 
operation between mathematical analysis and practical experiment At the 
present stage experiment has outrun theory, and it was with the object of 
redressing, m some measure, this lack of balance that the following theoretical 
investigation was undertaken 




Oscillattms tn Bridge earned hy Locomotive 01 

In March, 1923, a Committee under the chairmanship of Sir Alfred Kwiiig, 
K C B, F B S, was appointed by the Department for Scientific and Industrial 
Research to mvestigate stresses m railway bridges with special reference to 
impact effects The author of this paper has been pnvileged to servo on this 
Committee, and m the process of evolving the following mathi matu al analysis 
he has consequently enjoyed the exceptional advantage of having th( guidance 
of practical experiment to point the way and to check predictions dcduei d by 
theory 

Through the courtesy of the Bridge Stress Committee it has been possiblo 
to reproduce some of their experimental records, and to give thereby an indica¬ 
tion of the degree of accuracy which can be attained in predicting proofleal 
results by means of the m ithematical methods developed m this pajicr 

Fundamental Atmmjtliom 

Locomotives and bridges are complicated structures, and to reduce the 
problem to manageable proportions some proceas of simplification and idealisa¬ 
tion 18 a necessity This preliminary procuss demands careful consideration 
guided by experiment, otherwise there is a danger that, in seeking for simplicity, 
factors which are of first-rate importance may be idealised out of existence 
As an example of the necessity of experimental guidance to prevent mathi matical 
analysis runnmg off the rails, it may be mentioned that the experiments of the 
Bridge Stress Committee ha<l reached an advanced stage before it was fully 
realised that the friction m the spring movements of locomotives played a most 
important part m hmiting the oscillations in bridges of moderate hpan A 
mathematical analysis which leaves this factor out of account, though applicable 
to certom types of bndges, will in other cases lead to results which have no 
resemblance to reality 

For a bridge of fairly long span whose natural period of vibration is com¬ 
paratively sluggish, the oscillations set up by the passage of a locomotive are not 
sufficiently largo or rapid to overcome spring friction In such a -aso the 
whole mass of the locomotive behaves as though it was unsprung and damping 
action due to spring friction does not occur This is the state of affairs to which 
mathematical analysis will be directed in the first mstance, and the locomotive 
will be idealised as a concentrated mass moving across the bridge Associated 
wnth this concentrated mass a pulsating force will be taken into account This 
force has its ongm in the weights attached to the drivmg wheels, to neutrahse 
the mertia forces sot up by reciprocating parts of the locomotive These 
balance weights give nse to an alternating pressure between the wheels and the 
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rails which varies as the square of the speed, and it is this action which is mainly 
responsible for the oscillations generated m a bridge by the passage of a 
locomotive 

In the case of electric locomotives, where such balance weights are not requited, 
their jiassage across a bridge sets up little or no oscillation, and the deflection 
at all speeds is practically identical with the “ crawl deflection,” that is, the 
deflection produced by the locomotive moving at a very slow speed 

The most important bridge tharactenstics which have to be taken into 
account are its total mass and its natural period of vibration Provided that 
these two factors are left unchanged, then for purpotw'Ji of calculating bridge 
oscillations the structure can, without serious loss of accuracy, lie treated as 
uniform in mass and section 

Damping influences m the bridge itself must lie taken into account The efiect 
of damping when residual vibrations are djing out may appear insignificant, 
but in checking the growth of a synchronous oscillation it plays a most important 
part, and a theory which fails to take account of this influence will predict m 
certain cases a state of oscillation far m excess of that actually observed This 
damping arises partly from a lack of perfect elasticity in the structure, aug¬ 
mented by the somewhat inelastic character of the permanent way, and partly 
from faction m the supports at the piers 

In bridges of long span no great error is introduced if the locomotive is treated 
as a concentrated mass, and, provided that the oscillations do not become 
sufficiently violent to induce spring movement, their general character can be 
ascertamed by a mathematical investigation of the comparatively simple 
case depicted in fig 1, the moving mass there shown being the total mass of the 
locomotive 

Throughout the analysis it will be assumed that the speed v is constant and 
that the supports do not m any way constrain the directions of the ends of the 
girder 
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Deflection of a Oirder expressed in the form of a Harmonic Senes 
Consider the case shown m fig 2, in which a girder AB of uniform section, 
freely supported at its extremities, is deflected by a load W concentrated at a 
section defined by x = o The concentrated load can be represented by the 
harmonic senes 

2W r Tca rx , ‘iiw 27 tj: . . I 

— I^sin — sin y + sin — sm — + etc |, 


and the deflection (v) at any point (or) on the centre line of the girder is given 


KI ^ H 12 sin " + MB 2™ + ,tc 1 

dx* I L I I I I J 


where I is the moment of inertia of its cross section 
Hence 


2Wt* r no 


gives the deflection expressed in a harmonic series 
The form of this senes indicates that the first harmonic component of the 
load IB the predominant cause of deflection, and, unless a high degree of accuracy 
IS reqiurod, contnbutions made by the other harmonic components can be 
Ignored This is particularly true if the calculations relate to the determina¬ 
tion of the central deflection, since the contribution made by the second 
harmomc component is then neccssanly zero Before extending this treatment 
to the case of moving and pulsating loads, it is desirable to study the natural 
period of vibration of a girder when unloaded and also when it is canying a 
concentrated mass 


Natural Periods of Vibration for an Unloaded Girder freely supported at 
its Ends 

Let m be the mass of the girder per umt length 

For a free undamped oscillation, the equation of motion is 



64 


C E Inglis. 


A solution of this whirh satisfies the condition that y = 0 and ePy/da^ = 0 
ut both ends is 


where 


_ T-® /KT _ /Ell 

“""o /iV m M, 


(A) 


This 18 the fundamental mode of vibration 
Higher frequency moflcs are given by 

1/ = Aj sin ^ sin HtchJ, 

y - 43 sin sin IHtwi,/, 
etc, etc 


It should be noted that a close approximation to the central deflection D pro- 
tluccd by a steady central load 4V is given by 


D--= 


W 

27Aio*Mo 


(B) 


yalitral Petmh of Vibration for a Girder carrying a Mass M concentrated at 
Section X —a 


Let h be the deflection at a The mass M concentrated at this section 
applies to the girder a downward force — M (iPhldfi) 

Keplacmg this concentrated force by its equivalent senes of sinusoidal load 
distnbutions, the equation of motion for a free undamped vibration take the 
form 


'^dx* dP I dt^l 


2na 27ta: , , "1 


(’oiisider a solution 111 th« form 


y — A sin 2nitt 


sin — sip — Bin — sm — 


I , 


94 »»* 
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This will satisfy tho equation provided that 

-i—1 +- + 

‘ 2.-!^ 

L no* Mo* -I 

~ na nx 
am —Bin Y 

— 47c*n%» H 

1--* 

L «o* 


nx 2iza „ ^ 27a; 
— sm -j- Bin -j- 




[ Tta Ttj , 27ta 27tx , ^ 

sin — sm — -f sm -j- sm -p | etc 

That 18 , if 

Mo^Mq l^sin y Bin ~ + sm ^ sm ^ + etc J 


1 lii: 

Mo «o* 


f Tta Tzx . 'liza 27 u: . , I 

X1^ *iM Y T ~~r 1—®*® J 


--^+etc 

1 - 2« - 


From this condition a sones of values of n can be determined specifying tho 
various frequencies and modes of vibration 

The fundamental froquenuy (H]) is given approximately by 


2 2M ^ _1_ 

Mo «,* 


voi ozvni—A 
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Afi previously mentioned, the primary cause of oscillations m a bridge is tlie 
“ hammir-blow ” elTc ct of tin Imlanoe weights of locomotives The frequency 
of the blows can range up to a maximum of about 6 per second, (J revolutions 
pet second being about the maximum attainable m the case of a steam loexi- 
motive Except for short spans, this range of frequency will include the 
fundamental frequency of th< loaded bridge, but it is usually well below the 
frequency of the higher nnwles of vibration of the structure In consequenre, 
these higher modes of vibration i annot bi developed to any considerable extent, 
and the bridge oscillations approximate in form to a simple sine curve A 
maximum state of oscdlation is to be anticipated when the engme speed is such 
that the hammer-blows synchronise as closely as possible with the fundamental 
frequency of the bridge Exact synchronism can, however, be only momentarily 
attained, since the natural period of the loaded structure is changing constantly 
os the mass moves along the bridge, and it is this change ef natural frequency 
combined with the mflueiire of damping that shields a railway bridge from the 
excessive state of oscillation which would 
inevitably occur if a condition of exact 
resonance could bo mamtamed over a 
prolonged period, unchecked by dampmg 
For bridges of long span the dead load 
of the structure is so great that, m com¬ 
parison, the mass of a locomotive becomes 
insignificant Accordingly, the case of a long-span bridge can be studied with 
a fair approach to reality by reducing the problem to that depicted m fig 3, 
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m which the mass of the moving load is ignored and the girder is merely 
subjected to a periodic force P sm 27cNi moving forward at a uniform spewl v 


OsctUcUton produced by a ConcetUrcUed Fidaahng Force inomny at Uniform 
Speed along a Otrder 

The applied moving force can be represented by the harmonic senes 


Y Bin 2nNt sin ~ sm ^ sin } 


^sin f 


am 2nn/ sm ~ sin am + etc J, 


Retaining, in the first instance, only the primary component of this aeries, and 
neglecting the effect of damping, the equation of motion for the girder is 

El ^ + M ^ sin 2nNt sm 2nfit sm 

dr* dF I I 

or 

EI^ +^ 27c(N - i()< —cosijcfN 

ax* { L J / 

Using results already established, vi/ , 

= 1- \/— ai'«l ^ zM ’ 

i* m 2Tt*n„2JVI 

where D is the central deflection due to a steady central load P, a particular 
integral of the above equation can bo obtamed in the form 

1) rcos 2 k (N — n)t cob 27t (N -j n) t“| tw- 

To satisfy the starting conditions that y = 0 and dyjdt = 0 iiutially, it is neces- 
sary to superpose upon this forced oscillation a free oscillation of the type 


Making this adjustment, the state of oscillation which satisfies the general 
cbfferential equation and also satisfies the starting conditioiiS is obtained m 
the form 



(li) 

F 2 
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The higher harmonic components of the applied force will each give rise to 
corresponding hsrmomc deflections of the girder which can separately be deter¬ 
mined without difficulty For instance, the state of oscillation generated by the 
pth harmonic component of the applied force is given by 



These higher harmomc components are usually small in comparison with the 
primary component, and in practii al calculations relating to the central deflec¬ 
tions of bridges it is hardly necessary to take into account more than the first 
hamionic component, that is to say, the < fleet produced by the primary harmomc 
component of the applied force 

In a brief artitle comniumcatcd by Prof S P Timoshenko to the ‘ Philo¬ 
sophical Magazine,’ vol 43 (1922), tins same harmomc senes was established 
and the exact solution from winch the harmonic senes emanates is given 
m a paper contributed by thi pnsent writer to the ‘ Proceedings of the 
Institution of Civil Engineers,’ May 18, 1924 The numerical manipulation of 
this exact solution, which involves hyiierbolic functions, is, however, a some¬ 
what laborious prCKX‘ss,an(l, unless an exceptionally high degree of accuracy is 
required, it is preferable and justifiable to adopt the approximation given by 
formula (D), which results from retaining only the hrst harmomc component 
of the exact solution 

As mentioned previously, the most violent state of oscillation is to Iw anti¬ 
cipated when the frequency of the applied force synchronises with the funda¬ 
mental frequency of thi girder, that is to say, when N -= jiq Under these 
circumstances the oscillations are cumulative in character, and, m the absence 
of damping, they will mount up continuously until the instant at which the 
force leaves the bridge 

By putting vt — I, that is, /t< — J in formula (D), this culminating state of 
os( illation is defined by 



Now 

^ _ Circumf erence of d nving wheel 
N Twice span of bridge ’ 

and consequently for long-span bndges, to which the application of this theory 
18 confined, n/N is a small fraction For example, if the span is 260 feet, n/N 
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18 unlikely to exceed and for numerical calculations it is legitimate to 
neglect m comparison with 4n*/N* 

Employing this approximation, the above expression takes the form 


y — 2NTD COB 27cNf sm —, 


where T is the time taken for thi load to traverse the bridge The extent of 
th( osi illations when the pulsating force is just leaving the bridge is aeeordingly 
the deflection due to the force steadily applied at the centre, magnified by twice 
the number of alternations the force makes during its passage along the bridge 
Up to this stage no coasideration has liecn given to the fact that in addition 
to the alternating force the girder will be subjected to a constant gravity force 
W arising from the weight of the moving load 
The equation for the deflection so produced is 


, d*y , d^u ‘iW r Ttvl nx , 2iti< 'Inx . . 1 


and the corresponding forced oscillation is 



exceed 1/100 Consequently, a very close approximation to the forced oscilla¬ 
tion 18 given by 

. 2WPr 


^ 71«EIL 


, 1 2,m3i 

I I + 2 ***"' I I ' 1 *“*“ I I 


TWl 


To this close degree of approximation the deflection of the girder ui dergocs no 
djTiamic magnification and the forced oscillation due to a gravity force may, for 
all practicable speeds, be treated as identical with the trawl deflection, that is 
to say, the deflection produced when the steady force is moving very slowly 
along the bridge This agreement holds true when instcei of i single gravity 
force the girder is acted upon by a number of separate forces such as occur m 
the case of an actual locomotive 

It must not, however, bo assumed that the gravity forces of moving loads 
are incapable of setting up oscillations The approximate expression given 
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above for the forced oscillation satisfies the condition that the girder is initially 
without deflection, but it does not satisfy the condition that the girder u 
initially at rest The adjustment of this starting condition calls for the super¬ 
position of a free period oscillation, and the complete state of motion set up by 
a steady moving force is very accurately defined by 

-H^^sin^ —^ sinSTtftotjsm^-l-etc j, (E) 

where S is the central dcflei tion produced by the loail W when placed at the 
centre 

In spans of a sufficient length to justify neglecting the inertia effects of the 
moving mass, ii/2inois a small fraction, and the state of oscillation included in 
formula (E) can hardly add 10 per cent to the crawl deflection Accordingly, 
this theory tends to confirm a statement made earlier in this paper that smooth- 
running locomotives produce but little vibration m a bridge, the deflection at 
all practicable speeds being nearly identical with the crawl deflection 
The result of applying the foregoing theory is illustrated by fig 4, which gives 
the deflection at the centre of the girder plotted to a base which represents the 
position of the load In order to draw a comparison with experimental records 
given later, the bridge characteristics taken in the calculation agree with those 
of Newark Dyke Bridge a single-track bridge on the mam line of the London 
and North Eastern Railway The span is 262 6 feet, the total mass is 4fa0 tons, 
and the unloaded frcqucniy is 2 88 oscillations per second For thi locomotive 
the hammer blow is 0 676 ton at one revolution per second, the circumference 
of the driving wheels is H 0626 feet and the total weight is 107 66 tons 
In the calculation the locomotive is treated as a concentrated load, and the 
central deflection produced by this load placed at the centre is 0 65 mch 
When the locomotive is at the centre of the bridge the frequency of the structure 
IB reduced to 2 4 oscillations per second The engine speed is taken as 2 4 
revolutions per second or approximately 23 miles per hour, and the calculation 
IS based upon the somewhat inaccurate assumption that durmg the passage of 
the locomotive the frequency of the girder has the constant value 2 4, so that 
the condition of synchronism is realised in its fullest possible form It will be 
seen that the oscillations continue to mount up until the load leaves the bridge 
and the maximum deflection exceeds the crawl deflection by 76 per cent 
The violence of these oscillations is greatly in excess of those actually observed 
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m Newark Dyke Bridge, and this laok of agreement between experiment and 
theory is due to the fact that in the latter neither the change in natural freiiuency 
due to the passage of the moving mass nor the influence of damping have been 
taken into account 
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Effect of Damjniuf 

Ck>n8ider ogam the case represented by fig 3 The damping is assumed to be 
a distnbution of force along the bridge which vanes with the velocity of the 
vertical movement For convenience this load distnbution per umt length will 

1)6 represented by 47nit»n ^, where is a damping toelBcient which has the 

dimension of a frequency Taking into account only the primary harmonic 
component of the applied alternating force, the state of oscillation it sets up is 
given by the equation 

El^ + 47t«*ni^ ^ sin 27tN/ sin 27r?i/ sm, 

ox* at at* I I 

and a particular integral of this equation is 



where 


cos {27t (N + n) f — 4)) 


i ’ 


tan <l» -= 


(N - n) 
«o* - (N - n)» 


and 


tan ({) = 


nj (N + w) 

- (N + n)* 


(F) 


The free oscillations of the girder arc given by 

Elg + 4™,m^» + ».^ = 0, 

and provided that «» is less than n„, this yields a fundamental mode of vibra¬ 
tion of the form 

y = e"*' [A sin pt -f B cos [3/] sin y, 

where _ 

Tt = 27t«6 and p = 2Tt\/ «o* — 


In any practical case relating to a bridge oscillation, is negligible m com¬ 
parison wath Wq* , the fundamental frequency is hardly affected by damping, 
and a sufficiently accurate representation of the fundamental mode of vibration 
IB given by 

[A sm 2nnff + B cos 2nVff] sm (G) 
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Thp form of this equation indicates that free oscillations die out m geometrii 
prof!;re8sion For long span bridges this decrease as indicated by the subsidence 
of residual vibrations is not very rapid A ratio of 0 86 for suc-cessive oscilla¬ 
tions IS fair average estimate and the value of will not in general exceed 1/10 

The complete expression for the oscillation set up by the alternating force 
must satisfy the conditions that y = 0 and dyidt = 0 when t ^ 0 These 
starting conditions are adjusted by superposing upon the forced oscillation 
given by formula (F) a free oscillation of the character defined by formula (G), 
the constants A and B being selected so as to satisfy the two conditions 

As m the previous case of the undamped girder, the forced oscillation due to 
the gravity force is indistinguishable from the crawl deflection, but m order to 
smooth away the abrupt commencement of this deflection, another free oscilla¬ 
tion has to be brought into existence The result of appl}ring this full process 
18 depicted in fig fi (p 71) 

The cose is the same as that which gave rise to fig 4, the only difference being 
the introduction of damping The value of h> is taken asO 076, which causes 
free oscillations to die out in a geometno progression havmg a common ratio 
0 82 A comparison of figs 4 and 6 reveals the fact that a small amount 
of damping can exert a jiowerful effect in subilumg the oscillations generated 
under conditions of resonance, and by taking this influence into account 
theoretical predictions relating to actual bridges assume some semblance to 
reabty 

If the value of iij as deduced from the subsidence of the residual vibrations 
in the bridge is employed, the state of oscillation predicted m the case of reso¬ 
nance IS still appreciably greater than that recorded by experiment The agret*- 
ment, however, is siifhcicntly good to su^^t that analysis is proceeding in the 
right direction, and with some degree of confidence we now pass on to the more 
complete theory in whiih the inertia of the moving load is taken into account 


Impact Effects due to Hammer-Blow, taking into account the Mass of the Moving 
Load and Bridge Damping 

The problem to be investigated is illustrated b} fig G 
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Moat of the symbols involved have already been defmed, but for convemence 
they are now re-stated m the following table — 


Mq is the total mass of the girder , 
m IS the mass of the girder per unit length , 

I IB the length of span, 

1 18 the moment of inertia of the cross section , 

tOo = 27 tHo = — \/ —, defines the natural frccpieuey of the girder, 
Z® Mq 


at 


IS the distribution of force which produces damping, 


M 18 the moving mass, 

V IS the velocity of the mass along th( girder , 

P sin 27tN« is the hammer blow associated with the moving load , 

to = 27cn = y, 

Cl ^ 27rN, 

tOft -- 


Adopting the approMniation whuh has betn justified iii previous cases, it 
will be assumed that^the state of oscillation owih its existence almost entirolv 
to the primary component of the reaction between the moving load and the 
girder and that the higher harmomc components of this rt action e,an be neglected 
On this assumption, and leaving out of account the effect of gravity, the 
equation of motion for tho girder takes the form 

El ^ -f -1- m I P sm Ql - M ^ ] sin sin ^, 

ox* at or t L ( 


where h is the depth of M below its mean level 

A solution of this equation is obtamed m the form y ~ J{1) sm^, conse¬ 
quently h —f{t) sm at and 

~ — sin (ot 2o) cos ojf ^ ~ ( 0 ® sm co/ f (t) 
at* at* at 

To determine/ (<) wo have the differential equation 

^/(O - 1 - y I tosm2<o<^- to* sm* tof/(o] 

2P 

= j- sm sin cot. 
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and this reduces to 

m [coo*- ^(1 - cos 2««)] + 4- ^ <0 sm 

+ ^[l + ^ (1 - cos 2erf)] = ^[cos (Q - to) f - cos (Q + to)«] (H) 

An exact solution can hardly be expected for this soratwhat complicated 
difierential equation, but two alternative methods are available for deducing 
numencal results The first and least laborious method is limited in its appliia- 
tion to cases in which the varying frequency of the girder due to the passage of 
the moving load does not at any instant synchronise with the constant frequency 
of the applied alternating force 

In the second method of attack the solution is obtamed in the form of a 
convergent senes The numerical work mvolved is distinctly laborious, but it 
18 free from the limitation restricting the apphcation of the other more concise 
method 


Approximate SolttltOH apjduioble to Non-Synchronom Cases 
Consider the solution of the equation 

[“•’ - "“I + 2 f [“. I- ^ 

where = Q — to 
Let 

/ (f) = cos fljt <f> (<) 4- sin ^ (1) 

Unless a state of synchronism occurs at some stage in the passage of the moving 
and pulsating load, it will be found that the time variations of <f> {t) and i}i (t) 
are alwap small m comparison with those of cos and sm 

Consequently 

= Ill [— sm {t) 4- cos (f)3 approximately, 
and 

— Qj* [cos (/) 4- sin (f)] approximately 
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Henco, by substituting these approximate values m the original equation 
cos ^ w*8m* + 2(coj + ^ w sm 

+ sin Cljt ^ (l»(0 “ 2 ^ (0 sm 2co«j Qj tft (0 

- (l + s>n» 01/) fli* <J; (O} 

= CO" fil< 


Equating coefficients of cos and sm 


{co„» - fl,a_ + to*) sm* cot} ^(t) 

+ 2Qi {<o» + ^ c. sm 2<ot j <K0 = ^, 

1 

I too* — Qj* — ~ (£2i* + to*) sm* cot} (|» (() 

— 2Sii }ci)j -f- Cl) sm 2ci)t} tf> {t) — 0 


, coq* — £li* — + “*) sm* cot 

“ fli*[2coj w 8>n 2cot]* + [tOo*-Qi*- ~(£li*+co*) sm* cot]*’ 


p Q, r2co* + ^ cosm2cotl 

<J; (t) = — I Mq _J_ 

fti* [2o)»+ ^ CO sm 2cut J + [co„*~£li*- ?^(Qi*+co*) sm*tct]‘ 
If D 18 the central deflection produced by a steady central force P, 


Let fli = 27 cN, 
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Then ueing the notation 

uj = 2««b <i> — 2it —, 

and dividing through by 4Tt* 




)*\ 


4.(0 = 


’ , M V 2Trt)n* , 1 , 2 M/i^* , v*\ 

.__ 


Alfrupt vanations in ^ (i) and 4» (0 occur when the expression 




passes through a roro value, the vanations due to the other term in the 
denominators which is numencally small being relatively unimportant 
Owing to the smallness of in comparison with N^*, this zero condition 
m effect states an equivalence between Nj and the loaded frequency of this 
bndge As long as this equivalence is avoided by an ample margin, the assump¬ 
tion that the variations m <f) (1) and ip (t) arc small m comparison with those of 
sin ill and cos Qt is justifiable, and the state of forced oscillation can be 
expressed m the form 


D a r.^1 ‘‘OS 2TcN,t + 4.1 8in 2itN,t 

_ 008 2t:N^ -f 4.a I g,jj ^ 

W + 4*/ J ^ ’ 




I xr To , M V 27rrt"l 







78 


C E. Inghs. 


In practice it i8 convenient to express the oscillations in terms of the maximum 
crawl deflection, since this measurement is always recorded in an actual bndge 
test Let 8 denote this quantity, which m the idealised case under considera¬ 
tion is the central deflection produced by a steadily applied central load M 
Let Pj be the hammer blow at one revolution per second The hammer blow 
at N revolutions is PjN*, and this steadily applied at the centre has been taken 
to give a central deflection D 
Consequently 



and the expression for forced oscillation takes the form 



For non-s)mchrouous cases to which this formula is restricted, the maximum 
state of oscillation is to be expected when the load is at the centre, that is to say, 
when Twt/l - it/2 This maximum state of oscillation is accordingly defined by 



where ^i^a'I'i'l '2 particular values consequent on putting nvtH = n/2 


Senes Method of solving the Equation 

f (0 [ Wo* ~ ^ ~ if ^ 

+ |^[l-f^(l-CO8 2t0f)] = ^[CO8(fl-C0)«-C0S(fl+(0)<J (H) 

This method is apphcable to all cases, but is particularly suitable for those m 
which synchronism occurs 
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f(t)~ £ [Ar <>oa (Q + r<i») « + B, sm (Q + r<M)t] 


where r is any odd numlier positive or negative 
By substitution it appears that the coefficient of cos (Q -|- rw) t for the left- 
hand Bide of the equation is 

■At[«o® — (ii + I'w)* — ^ {«* + (ii 1- »•“)*}] d (12 + rto) 

+ + + ^ w)*> 

and the coefficient of sin (£2 + »■<<>) t is 
B, [ 61 ,a - (£2 d- rio)* _ ^{ 61 ® + (£2 +»6i)*} | - A^6)» (Q \-r<^) 

-I- 

Tlie right-hand side of equation (H) can lie expressed m the form 
2 6)u* [cos (£2 — 6)) < — cos (£2 -f to) /], 


whore D is the central deflection proilui od by a steady central load P 
Abbreviating the notation by writing 



'N + fM = q„ 


and equating the coefficients of cos(£2 + rto)t and sin(£2 ^ rto)/ on both 
sides of the equation, the following relations are established — 

has the value 2 when r = — 1, 

has the value — 2 Hq* when r = -f 1, 
has the value zero for all other values of r 

18 zero for all values of r 
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From them oquations the coefficients m the senes 

L [A, co8(i24-f{i))< + Br8m(Q + f«)t] 

can be determined to any degree of accuracy which may be desired 
If the solution only extends, say, from / = — 11 to r — + H. there will be a 
luck of balance represented by small terms of the character cos(Q -f ISco)/, 
sm (£1 + 13w) t, cos (£I — 13to) t, sin (£2 — ISw) t These can bo regarded as 
small forces, and their neglect is justified if the period of these forces is either 
much above or much below the range of frequency of the loaded structure 
The senes must, in fact, be extended in both directions until it passes right out¬ 
side this range, and this method of solution is particularly applicable to a case 
111 which the frequency of the hammer-blow is well inside the range of frequency 
of the loaded structure, because, under these conditions, the senes does not 
have to be earned far in either direction 
For a non-synchronous case, the series in om direction is apt to l«« divergt ut 
before it ultimately becomes convergent, and to such a c^sc it is preferable to 
apply the approximate method of solution established previously 
Since the forced oscillation does not m general satisfy the condition that the 
girder is initially at rest with zero velocity, it is necessary to siiperpom* another 
state of oscillation obtained by solving the equation 

f{t) ^ t ^ I 

A solution of this can lx; effected in the form 

/(/) = «■*' 2 fA,cos(p-f 8m(p-|-rw)«], 

where r is any even number, positive, negative or zero 
By substituting and equating separately to zero thi coefficients of cos 
sin (p-f »■“)<! two general relations between A^^* B^+a A,B, A,_ 2 B,_g can 
be estabbshed If a limit is put to the extension of the senes m both 
directions, the “A” coefficient can all be expressed in terms of A,, a and fl, 
and the “B” coefficient can all be expressed in terms of fig, a and ^ Finally, 
equating to zero the coefficients of cos pt and sm two oquations are obtained 

from which values of a and ^ can be determmed If a high degree of accuracy 
18 desired, it is attainable by this process, but in practical bridge calculations the 
accuracy required hardly justifies the labonous computations mvolved m this 
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metibod The state of oscillation under examination is one which soon dies 
down to insignificance It is only concerned with the early stages in the growth 
of the bndgo oscillations, and for its determination the approximate method, 
which follows, 18 sufilcicntly accurate for all practical purposes 

Approntnate Method for determining the State of Free OsctUation tn a Girder 
when traversed by a Concentrated Maas and subjected to Damping 

Consider a solution of equation (K) of the form / (<) = e"*‘ sin p/, where a 
and p are function of t, or the position of the load on the girder These varia¬ 
tions of a and p over a limited period of tune, say, the period of one free oscilla¬ 
tion, are hardly appreciable, and over such a perioil a and p can, without serious 
loss of accuracy, be treated as constants. 

On this assumption 

^ sin p< j- p«"*‘ cos p/, 

and 

^ ^ (a= - p*) c-‘‘ sm pf - 2apc-*‘ cos p< 

Substituting m the equation for / (t), and equating separately to zero the 
coefficients of cos % sin pt, the values of a and p for the particular period under 
consideration are given by 



Another way of arriving at this same conclusion is to assume that over a 
limited period of time the coefficients of /(«), dfjdt and dy/ift* in the differential 
equation for / (t) can bo treated as constants Neglecting, m the cxxiressian for 
P, certain terms which have no numerical importance, values for a and p which 
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can be employed when the load has advanced a distance x along the bndge are 
given by 

of , M tf 2 j«1 

' + T 


, , 2M , Tcx 

^\^len« = 0 the state of free oscillation .s 


y = [A sm 27t»of -{- B cos 27Wi/], 
and by a suitable choice of A and B this free oscillation can be a<ljuste<l to 
satisfy the starting conditions By dividing the girder into a number of short 
lengths and applying to each length in turn the approximate method just ex¬ 
plained, the manner in which the suprposed free oscillation dies out can be 
predicted with an accuracy quite sufficient for all practical purposes If hammer 
blow does not exist, the deflection produced by the moving mass is merely the 
crawl deflection combined with a state of free oscillation which smooths off the 
abrupt comraencx'ment and terramation of the crawl deflection 
One result of applying this foregoing general analysis to the case of Newark 
Dyke Bndge is shown m fig 7 (p 71) The data for the bridge have already been 
given The locomotive is treated as a concentrated mass of 107 66 tons, and, in 
the case illustrated, it is taken to be runmng smoothly without hammer blow at 
a speed of 57| miles per hour 

It vnll be seen that the dynamic effect of the load is quite small, and if it wore 
possible to dispense with balance weights in steam locomotives, impact allowances 
for railway bridges would shrink into insignificance 
This problem of the dynamic effect of a smooth-running load was mvcstigated 
by Sir G G Stokes os far back as 1849 * His treatment was mainly restricted 
to cases m which the mass of the bridge was neglected Its unloaded frequency 
in consequence was infinitely high, and this, added to the fact that dampmg 
was not taken into account, led to results which, though interesting from a 
mathematical standpoint, can hardly be applied to predict the behaviour of 
actual bridges Further results of applying the general analysis to the case of 
Newark Dyke Bridge are shown in fig 8 
Bleven different engine frequencies have been examined, the locomotives in 
• 'Proo Camb PhiL Soo,’ voL 1, p 83 (1849) 
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each case developing a hammer blow having the value of 0 576 ton at one 
revolution per second 

For the two lowest and the three highest engine frequencies the approximate 
method of analysis was employed For the six intenm diate coses, conditions 
of synchronism necessitated the senes method of solution The experimental 
records actually observed by the Bndgc Stress Committi'o when a locomotue 
having the same charactenstics traversed the bridge at various speeds are 
shown in fig 9 In both diagrams the curves give the deflection at the centre 
plotted to a base which represents the position of the locomotive In the 
experiments some difficulty was exjjcrionced in mamtaining a constant sp*ed 
for the locomotive The periodicities recorded represent fairly accurately the 
frequency of the hammer blows when the locomotive was at the centre, but m 
some of the records, particularly the case defined by N = 2 4, there is evidence 
that the engine speed was increased during the latter part of the run 

Making allowance for some small uncertainty m the specification of the 
hammer-blow frequencies, the agreement bi'twcen theory and exiXTiment is 
sufficiently close to justify the belief that the foregomg mathematical anal} sis, 
which takes into account the inertia of the moving load and the damping m the 
bridge, is capable of predicting oscillations with an accuracy sufficiently good to 
form the basis for the calculation of bridge impact allowance 

Owing to the distributed character of the load, it will Iw observed that in the 
experimental records the crawl deflection does not start down abruptly as it 
•does when the locomotive is idealised into a concentrated load On this account 
m constructing the theoretical diagrams, the state of free oscillation necessary 
to eliminate the mitial slope of the crawl deflection has nut been imluded, 
since, for the purpose of comparison, its introduction would constitute a 
departure from reality 

Theory and experiment agree in demonstrating that the most violent state of 
oscillation occurs when N = 2 4, that is, when synchromsm occurs as the 
locomotive passes over the centre of the bridge The residual oscillations 
recorded for this case are considerably greater than those predicted by theory, 
but this can be accounted for by a speeding up of the locomotive as it approached 
the end of the bndgc 

The maximum deflections show a good agreement bctw'Hin predicted and 
recorded results throughout the whole range of speeds, and the rapid diminution 
of the impact effects predicted by theory when the engmc frequency passes 
outside the range of frequency of the bridge is well confirmed by the experi¬ 
mental records At the highest speed (N = 6), amounting to 67 J miles per hour. 
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although the hammer blow is nearly 21 tons, its frequency so greatly exceeds 
that of the bridge that its capability of producing oscillations is reduced to 
insignificance For engine speeds lying within the range of the bndge frequency, 
that IS, for cases between N = 2 4 and N -- 2 9, the passage through a con¬ 
dition of resonance is likely to produce the phenomenon of “ beats ” This 
expectation is fulfilled, and beats can be detected m both the theoretical and 
the experimental records 

A further check on the validity of the mathematical analysis has been 
provided by expenments on a model bndge performed at the Cambridge 
Engineering Laboratory 

Fig 10 (Plate 1) 18 a photograph of the apparatus 

The bndge consists of two parallel rectangular steel bars giving a span of 
12 feet To ebminate damping, the bars rest on fixed knife edges at one end and 
on roebng knife edges at the other The moving load is a two-wheeled truck 
stabilised by a small trailing wheel which nins on a centre rail supported inde¬ 
pendently of the bndge The hammer-blow effect is produced by motor- 
dnven wheels rotating m opposite directions and carrying balance weights 
The frequency of the hammer blows and their magnitude can accordingly be 
altered at will and independently of the velocity of the truck The track m its 
approach run is accelerated by a falling weight, but it crosses the bridge at a 
constant speed The central deflection is recorded directly by a needle on a 
moving celluloid film In computing bridge oscillations, apart from damping, 
the quantities which have to be known are M/Mo, vjl, P/M and N If these 
data are the same for two bridges, the state of oscillation will be the same 

The model bridge is designed so that ttg = 5 7 and M/Mq — 2/5, and theae 
characteristics correspond to those of a bndge of about 120 feet span Conse¬ 
quently, the behaviour of a locomotive on such a bndge can be deduced by 
expenment if the speed of the truck is made one-tenth the speed of the loco¬ 
motive and its hammer blow is that of the locomotive reduced in the ratio 
of the mass of the truck to the mass of the locomotive If it is desired to 
introduce damping, this can be done by locking the rooking kmfe edge and 
regulating the fnction thus created until the free oscillations of the model bndge 
die out at the desired rate Expenments with this model confirm theoretical 
predictions m a satisfactory manner The degree of acouracy attained is 
illustrated by fig. 11 The full hue represents the deflection computed by the 
senes method of analysis and the dotted curve is the deflection obtained by 
experiment The penodicity of the hammer blows was 4 4 penods per second 
and the speed was 12 feet per second 
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Up to this stage the analysis developed is only applicable to cases in which 
the whole mawi of the locomotive can be regarded as unsprung This con* 



Fiu 11 —Deflection Diagrams lor Model Bridge. 


dition is satisfied m long-span bndges such as Newark Dyke An exam¬ 
ination of the deflection records of that bridge reveals a TtiaTimiiTn accelera¬ 
tion of 6 14 feet per second The unsprung mass of the locomotive excluding 
the tender is about 46 tons, and to give this mass an acceleration of 6 14 feet 
per second calls for a force of 7 32 tons Experimental evidence derived from 
an analysis of numerous bridge records leads to the belief that, in the case of 
this particular locomotive, it requires a force of at least 8 tons to overcome 
spnng friction, and consequently in its passage across Newark Dyke Bndge no 
spring movement is likely to occur 

For short span bridges of, say, less than 30 feet, the frequency of the bndge 
even uhen loaded is so high in companson with that of the hammer blows that 
the effect of these in producing deflection is ahnost purely statical 

This point is brought out by fig 12, which is an actual deflection record 



taken by the Committee on a bridge of 33 feet span at Lancaster The full 
line IS the record obtamed by experiment and the dotted hue is the curve of 
deflection obtained by treating the hammer blows as if they were statical 
forces 

For bndges of mtermediate length, say from 40 to 200 feet span, spnng 
movement at high engine speeds is hkely to occur This movement has a pro¬ 
found effect on the state of oscillation generated by hammer blows, and a theory 
which fails to take this effect into account may be very mirieading when apphed 
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to bndgeg of moderate span. The motion of the sprung part of the locomotive 
modifies the apparent free periodicity of the hndge, and the friction in the 
spring movement exercises a powerful braking action which limits the extent 
to which the bndge oscillations can bo developed 

The general effect which spring movement has on bndge oscillations can be 
studied by reference to fig I'l, which represents a typical amphtude frequency 
curve for a bndge of moderate length, say 200 feet The diagram shows how 
the maximum amphtude of the oscillation varies with the frequency of the 
hammer blow 

If the spnngs were locked, the amplitude frequency variation would follow 
the full-hne curve If spring movement occurs when the vertical acceleration 
exceeds a defimte value, the amplitude frequency variation follows the dotted 
Ime 

Up to the frequency N = 2 0 the locomotive behaves as though it was with¬ 
out spnngs The acceleration of the body of the locomotive then becomes more 
than spring fnction can provide, spring movement is induced and provides 
a damping influence which rounds off the resonance peak which would occur 
if the spnngs had remameil completely locked 

Spnng movement ceases again when N = 2 5 and does not recommence until 
N = 6 

At this comparatively high frequency, although the amplitude of the motion 
18 small. Its acceleration is sufficient once again to break down spring friction, 
and from this point onwards in the range of frequencies spring movement will 
continue The natural frequency of the locomotive on its springs is considerably 
less than 6, and as the oscillations of the bridge mcreasc in frequency beyond 
this figure, the motion of the spring-borne part of the locomotive tends to 
become antiphased to the motion of the bridge 

The spnng-bome part of the locomotive then in effect makes a negative mass 
oontnbution to the bndge, and the net inertia effect of the whole locomotive 
may be an increase rather than a decrease in the apparent natural frequency 
of the loaded structure 

Owing to this, a condition of resonance at a high frequency of hammer blow 
18 established, and this resonance gives nse to the peak which occurs in fig 13, 
when N 6 36 

If the engine frequency is limited to 6, for spans approaching 200 feet in 
length, this second peak is off the picture, and even if it was practically attain¬ 
able, its height would be found to be less than that of the low frequency peak 

Fig 14 represents a typical amphtude frequency curve for a moderate span of. 
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say, 120 feet It differs from fig 13 m that there is no intermediate range of 
frequencies for which the springs become locked, and the second jieak in this 
case IS considerably higher than the first 
Fig 16 gives a number of amplitude frequency results recorded by the Com¬ 
mittee m experiments on Langport Bridge, having a span of 120 feet Though 
somewhat erratic, the records can be seen to group themselves along a curve 
which has the general character of the dotted curve m fig 14 The amplitudes 
first of all mcrease with the frequency This growth then receives a check, but 
at yet higher frequencies a more vigorous growth leadmg up to a high frequency 
condition of resonance is indicated, though owing to practical considerations 
lelatiiig to engine speeds this condition of resonance could not be fully attained 
During the passage of a locomotive across a bridge the spnngs may be locked 
for parts of the run and free at other stages This consideration discourages 
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the apphcation of mathematical analysis to predict the state of oscillation 
throughout a complete run, but m calculating impact allowances it is only 



Fig 16 —Longport Bndge Deflection Records. 

essential to determine the maximum state of oscillation which w ill be developed, 
and a value for this which at any rate is not an underestimate can be obtained 
in the following manner — 

Imagine a locomotive standing at the centre of the bridge and suppose that 
when the throttle is ojicned it starts skidding its dnvmg wheels at a constant 
speed A state of oscillation will thereby be generated which sets a superior 
limit to the maximum oscillation developed when the locomotive traverses 
the bridge at the same wheel speed 

This simplification of the problem does not mtroduce any great error, becnusc, 
owing to the heavy dampmg mtroduced by spring movement, the oscillations 
reach their maximum m a space of time so short that it is only a fraction of the 
time taken by a locomotive in crossing a bridge of moderate span In a long- 
span bndge, where the comparatively small amount of bndge damping alone 
exists to limit the oscillations, the full state of oscillation takes longer to develop, 
but as a comjiensation the period during which the locomotive is approximately 
at the centre of the bridge is extended The kind of error introduced by pre¬ 
dicting the maximum state of oscillation on the assumption that the locomotive 
remains stationary at the centre of the bndge is indicated by hg 16, which gives 
the maximum deflection curves, actual (with a moving locomotive) and predicted 
(on the assumption of a stationary oscillator) for Newark Dyke Bndge 

The calculation gives a value about 10 per cent m excess of the nnaximnm 
recorded deflection, and this error at least has the ment of being on the safe 
side 

The analysis for deduemg impact allowances based on the assumption that the 
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Oofleotion prodacod by Central OociUator 
.... Deflection produced by Moving Locomotive. 


bridge must be capable of withstanding tbc oscillating effect of a locomotive 
stationary at the centre of the bridge will now be considered 

OsciUatum due to a Locomoltte hUiiated al the Centre of a Badge 

The locomotive is supposed to be stationary but its driving wheels to be 
rotating N times per second 

The bridge oscillator situated at the centre of the span, which for purposes of 
analysis replaces the actual locomotive, is 
represented by fig 17 
M, IB the mass of the sprung load 
Ml 18 the mass of the unsprung load 
Mo IS the total mass of the girder, I is its 
length and m its mass per umt length 
P am IS the alternating force action on 

Ml 

2?tno = <Oo defines the unloaded frequency 
of the girder 

27cni — coi defines the frequency of the girder when carrying a mass Mi at 
the centre 
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2701, = Ui defines the frequency of the girder when carrying a mass + M, 
at the centre 


, 7r*EI , 7r*EI . n«EI 

~P[Mo + 2Mil' * /»[Mq + 2Mi+2MJ‘ 


Let h denote the depth of Mj below its mean level 
Let z denote the depth of M, below its mean level 

Let |x (s — h) be the extra thrust m the springs due to the extra compression 
(z~A) 

Let the damping effect due to resistances in the spring movement amount to 


a force k ^ (2 — A) acting downwards on M| and upwards on M, 
at 


Let 27cntm ^ be an upward distribution of force representing the effect of 
at 


damping in the girder 

The equation of motion for the girder, assuming that concentrated forces are 
represented by their first harmomc component, is 


Elg[ + 27w»w| 


+ m 


dt» 


^f[ps,nCit-M,^ + (x(z-h) + K^(z-h)]«nf (L) 


Obtauung a solution for this m the form y = /(t) sm y, A = /(<) and the 
equation for / (() is 

[MGO)o*+2p.]/(04-[27«i6Mo+2ic]^+Mo^= 2P8inn(+2n2 + 2ie~ (M) 
For the motion of M, 

or 

+ = (N) 

For a free undamped oscillation of M, on its springs 

M.|+.z = 0, 

and the oscillation is given by 


* = A sin 27m/, 
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4Tt*M » = to.* = ^ 


For a damped free oscillation 


and provided that k < 2M,n, the damped oscillation is givcn'by 


^ = ( 0 ,*, the equation for/(<) can bo reduced to the form 


= - 2 P sm Or +P cos Cit, 

Mt |Jut 


■where Mr = Mo + 2Mi 
Solving the equation it is found that 




2T _ [(fl« - <a.»)« + (2»(o,)»y sm (flr - g) _ 

^ ""jfl* - ft*(o)i* -f ^JcO.* + (O/Os) + t0i»(0,*}’' 

+ {(2o)>, l-^3?<oM)n-&*to, + ^’to»)£l»}* 


The central deflection for a steady central load P is 


and under the action of the oscillator shown in fig 16 the centre of the girder 
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rises and falls periodically above and below its mean position by amount 
D X K, where K, the dynanuc magnification, has the value 



The particular case of the spniigloss load is obtained by putting z = A in 
equation (L) The value of the dynamic magnifii ation thas deduced is 



where iq is the frequency of the girder when carrying the full load at the centre 
This result can also be derived by putting 11,1 and n, zero m the general formula 
(P) In that formula the dominatmg factor is ^ and when this function is 
zero the dynamic magnification becomes large 
There are two distinct values of N which makes = 0 These are the roots 
of the equation 

N* - NSiq* [1 + ’iiL 4 - + n,W = 0, 

I Mj* no* J 

and the existence of these high and low critical frequencies accounts for the 
double peak formation of the amplitude frequency curves shovm m figs 12 
and 13 

Amphtude frequency curves for given bridges can be predicted by formula 
(P) and the class of agreement attained between theory and experiment is 
indicated by fig 15 The points recorded are those obtamed by experiments on 
Langport Bridge, and the full and dotted hues are the amplitude frequency 
curves deduced by formula (P) 

The accuracy of theoretical predictions is necessarily hmited by the precision 
with which numencal values can bo ascribed to the various bndge and loco¬ 
motive characteristics entering mto the composition of formula (P) There 
are six of these characteristics, viz, n^, n^, and their numencid 
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-determination presents no difficulty, with the exception of ng and to a lesser 
extent n, 

n, IS given by iiAia = ji/M, Its evaluation demands a knowledge of the 
strength of the locomotive sprmgs, and information on this point is apt to be 
somewhat vague 

The dctenmnation of ng is by no means straightforward 

This coefficient specifics a force opposing spring movement and it owes its 
existence partly to the friction between the leaves of laminated sprmgs and 
partly to the friction between the axle boxes and their guides 

If the spring movement defined by (a - h) m equation (N) is given by 
{z — h) — a sin 2 tc(N< — a), then th< dampii^ force assumed in the analysis is 
K X SttNo cos 2n (N< — a) 

The variation of this is illustrated by the dotted hne in hg 18 In any 
actual locomotive the frictional resistance m the spring mo\ ement will conform 
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more nearly to the laws of friction between solids, and the variation of the 
damping force instead of being smusoidal will approximate to the rectangular 
form indicated by the full hne in fag 18 
If the dotted curve is the first harmome component of the rectangular graph, 
the two forces will have almost identical effects m producing oscillations 

Consequently, by making k x 27tNo — ~ /> where / is the constant fnctional 

force brought into operation by spring movement, the analysis which assumed 
a fluid friction t 3 rpe of damping is rendered apphcablc to the case of a locomotive 
m which the damping is of the dry friction variety 
The fact that k and consequently ng cannot be treated as independent of the 
amphtude of the spring movement mtroduces a slight comphcatiou To deter- 
mme K from the condition just stated (a) must be known, but the determination 
of (a) by equations (M) and (N) in its turn requires a knowledge of k Conse¬ 
quently a “ trial and error ” method must be employed until an assumed value 
for K and the corresponding deduced value for a are found which fit the condition 
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Ka — 2 flv^ With a little expenence this adjustment can be accomplished 
almost by guesswork 

When spring movements occur, the locomotive charactenstic / plays an 
important part in decidmg impact allowances This conclusion cannot be 
disregarded, though it is to be regretted because the value of/ is apt to be some¬ 
what indcfimte It vanes considerably with different types of locomotives, 
and owmg to the fact that the balance weights at high speeds introduce large 
pressures between the axle boxes and their gmdes, it is not altogether mde- 
pendent of the speed 

The vanations which may occur in / are without doubt largely responsible 
for the mconclusivc character of many senes of bndgo impact expenments 
performed in the past, and the difficulty which exists m deciding defimte 
numencal values for this quantity constitutes the real and only obstacle m the 
way of setting the determination of impact allowances on a sound scientific 
basis 

Experiments can be devised to remove this difficulty, and it is hoped that 
before long adequate evidence relating to this important locomotive character¬ 
istic will be forthcoming to supplement the rather meagre data upon which 
analysis at present has to rely The present position may bo summed up by 
saying that whereas mathematical analysis is on sure ground when predicting 
impact effects for long or short bridges, in its application to bndges of medium 
span it 18 somewhat starved owing to an insufficiency of experimental data 
relating to the springing of locomotives 

At the commencement of this paper it was stated that m bridge impact 
researches experiment had tended to outrun theory, but the conclusions arrived 
at m the course of this present theoretical investigation suggest that, in one 
direction at any rate, mathematical analysis is pomting the way for a further 
experimental advance 

The theoretical researches dealt with in this paper have extended over a 
period of three years, and during that time much valuable and enthusiastic 
assistance has been received from students at the Cambridge Engineenng 
Department To mention them all by name would necessitate a lengthy list, 
and accordingly at this stage the author can only express his indebtedness to 
these numerous individuals collectively and anonymously 
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Tribo-dectricity and Fi iUmh 11 — Gh^ft and i^olid Elrments 

Hy Prof P E Shaw, M \ , D Si , anti (' S Tc\, li Sr , Univrrsity College, 
Nottingli im 

(Communicated by Sir 'William Hardy F R 8 —Uceeived November 3, 1927 ) 

1 Experience teaches us that the arrangement of solids in a tnbo-elcctne 
senes is fallacious We shall show in the next pujier that in the case of three 
solids (A, B, C) A may be positive to B , and B to C , and yet C lie positive to 
A This may occur when the bodi«*s arc of dillertmt classt's, say, metal, textile, 
glass, which have diffennt physical and chemical characteristics In the case 
of one matenal, one charactenatu predominates, m another, another may 
be paramount The true arrangemi nt may prove ultimately to be in branching 
or parallel lines rather than in one continiioim line or senes 

The problem is to obtain reliable data of sign and amount of charge when two 
standard solids arc rubbed together The only hope of progress lies in the use 
of material of known composition and—even more imfiortant of definite 
surface cleanliness and physical stnicture Further, to obtain quantitative 
results the rubbing should be performed, not by hand, but in some regulated 
machine to insure consistency of action 

Our plan is to divide the principal solids into siweral families (1) Glasses, 
(2) Metals, (3) Textiles, (4) Other organic materials, such as waxes, celluloid, 
caoutchouc, (5) Solids which crystallise, especially when a single crystal is 
obtainable The members of one family are rubbed with those of another 
m identical ways so that, varying one factor only, at a time, we may obtain 
comparable results The simpler the materials and the more easy their 
surfaces are to clean, the easier it is to draw theoretical oonclusions from the 
charges found For these reasons the combination glass/clements is ideal 

Wo have already dealt with glass/textilos • 

Work on glass/metals has been done by Coebu and Lotzf and Ooehn and 
Curs X They found that the noble metals Cu, Ag, Au, Pt, Hg are positive, and 
the baser metals Fe, Sn, Cd, Zn, Na, K, negative to glass Their results are, 
however, quohtative 

2 In our experiments care is taken first to free the glass rod surfaces of 
orgamc or other defilement, as well as of stram, by boiling in chromic or nitnc 

*‘Roy Soo Proo.’A, vol 111, p 339(1926) 
t ‘ Z f Physik,’ vol 6, p 242 <1921) 

X*Z I Phyuk,* vol 29, p 186 (1924) 
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acid, and then to treat it exhaustively with boiling water to remove residual 
acid Chromic acid should be used for 16 minutes , nitric acid for 1 hour The 
water treatment for chromic and mtric acids, rcsjiectively, should last for 8 
hours and half an hour The glass surfaces thus prepared we call “ well- 
washed ” If the washing is less thorough, residual acid remains and the surface 
18 called “ standard,” as in the former paper Another method of cleansing the 
glass IS to fuse it and draw it out so as to produce a fresh surface The elements 
employed are the purest we ean obtain, but our expenence is that commercial 
metals act for the present purpose like pure ones Just before each rub the 
surfaces arc scrapcil by a steel blade rciently cleanseil in a Bunsen flame 
Other elements arc commercial products which in such cases as Au, Pt, Ag, 
Pb are also very pure 

Wo wish to thank the M( tallurgicai Department, National Physical 
Laboratory, for tlie gift of specially pure elements * 

3 To commence with the experiments in air Fig 1 shows a glass rod. A, 
mounted on ebonite pillars, EE The inductor I, which consists of a metal 
plate, bent so as to lie below and beside the glass rod A, is lasulatcd from tho 
tabic and is joined as shown to the Hankel electroscope (see former paper, he 
cU , the sensitiveness of the electroscope is of tho same order as in that paper) 
Another glass rod G carrying the clement B to be rubbed on A is clamped m 
brass block D This is attached to the bar ZZ which moves freely in the collars 
GG 

A small amount of radium is enclosed m a lead box 8. By the rod KK attached 
to it the radium can be drawn out of its box over A to discharge it By the 
glass tube LL provided with a number of small holes as shown wo can allow dry 
or moist liot air to flood tho rod A during an experiment The apparatus is 
enclosed m a wooden box, earthed 

To perform an experiment tho operator pulls tho rod ^Z and rotates it till B 
touches A On letting go, a weight, attached to the rod ZZ by a string over a 


* The punty of thoee elements and of the glasses used are certified by analysu to be — 


Per oent 
Zn 09 96 
Sn 09 90 
A1 00 06 
Fa 09 09 
Ni 09 84 
Cr 100 00 
Cd. 100 00 
Sb 00 7 


“Soda” Glass 

Per oent 
SiO, 70 71 

A1,U, 3 44 

CaO 6 86 

MgO 0 17 

N»,0 10 64 

K,0 7 70 

SO, 0 83 


“ Lead ” Glass 

Per oent 
SiO, 62 01 

SbO 0 68 

PbO 34 37 

A1,0, 0 43 

Kfi 11 81 


Vitreous aikoa is 100 per oent SiO, 
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pulley, causea B to flhde over A and then by a guide If to rise clear of it During 
the rub the two surfaces arc pressed together with a definite force by the weight 
W, and rub over a definite length This process w repeated a number of times 




Fio 1 

After each rub the deflection of the electroscope is noted, then A and B are 
earthed Thus we can obtam comparable quantitative results using one 
element after another on a range of vanously prepared glass surfaces In 
addition to the method descnbed wo made experiments of another kind a 

H 2 
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horizontal metal sheet is insulated and connected to the electroscope A 
standard glass rod with a sharp end is then struck on the sheet with a glancing 
blow The point u{ the glass ploughs into the metal and so passes through 
surface oxide and other films We thus obtain the true, glass/element, 
effect The results are shown in curves 7, figs 2 and 3, where we see that those 
“ negative ” elements tested ail acquire negative, and the positive elements 



Cp 




-50' 


Onliniilcfi shoH (.liaiges on elemont to nuxanum ± W scale iLvisions Absciwuc stand fur 
number of tuba, up to muunum 8. on the samo ^laaa suifaa 
1, 2, i rcapectirely are for itaiidArd, wlU washed ami recently fused glass 
4,5,0 are for staodanl, well«ashed and hosted vitreous aika 
7 iH for plouglung expenments of glass on the elements 


IKisilive, (harges This couhrms our view that the uutial jiositive charges in 
fig 2 are due to (presumably acid) films and that the true charge for 
metal/glass is negative A variant of this method is to have the end of the 
glass rod rounded by fusion The impact u performed m the same manner as 
before Here agam the impact is so violent that the glass passes through all 
films and gives effects identical with those of curves 7 
Tnbo-elcctnc experiments tn wc«o have the advantage that atmospheno 
oxygen, moisture or other adventitious matenais can be eliminated But 
quantitative results are difficult to obtam and a systematic mvestigatioii tn 
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vacuo with determinate forces and identical surfaces is well nigh impossible 
Coehn and Curs {loc cut) worked with high vacua but obtained only qualitative 
results 

In order to make a direct comxianson between vacuum and plenum expen- 
ments we set up a vacuum apparatus of a simple form a wide soda glass tube 
18 cleaned, dned and filled with hydrogen and into it is intnxluced a heavy 
brass block provided with feet of the metal to be tested against the glass The 
tube 18 heated to 120° C and exhausted for half an hour till the mtual surface 
moisture is elimmated (The moisture remaining in pores docs not f oncern us ) 
After sealing the vacuum the block is allowed to slide m the tube and the 
charges measured in the inductor The typical elements tested m this way u ere 
Zn, Sb, Cd, Cu These behaved exaitly as m the open air experiments (see 
figs 2 and 3) 

Films of oxide and moisture are likely to be troiibh some when soft materials 
are uscil, but for two hard surfaces like glass and metal, which cut through the 
films, their influence, at least for ^^a^m glass, is of small account For this 
reason we think that our ojieii-air experiments, lietween surfaces newly cleaned 
and kept warm, are quite reliable 

4 The curves in figs 2 and 3 show the rounded mean results deduced from a 
vast number of repeated tests for 20 of the commoner elements on glass Those 
which acqiuro a negative sign arc in hg 2, they have one feature m iximmon, 
VIZ, the initial negative charge they attain when nibbed on recently fused 
glass Two other elements Thallium and Sulphur acquire a very small negative 
charge Fig 3 includes elenn nts which always become positive, and never, even 
with fused glass, become negative on gloss Tungsten is in the same dass 
but its positive charges ani very small Other elements used but giving small 
charges of uncertain sign arc Mn, Li, No, K 

Mercury being liquid cannot be tnutcd like the other metals We prepare 
it by long contmued passage of air through mercury to oxidise residual zinc or 
other metals It is then shaken up with i hroinic acid, well washinl and then 
distilled tn vacuo The distillate is sealed oil in vacuo in a standard soda 
glass tube On rolling the mercury along the tube it shows positive charges 
which re main steady however often the rolling In repeated On h tting air into 
the tube, the mercury commences positive but each roll produces loss chargo 
until finally the mercury licoomes negative The negative charge seems to be 
due to water adsorbed on the gloss, for the positive always appears again when 
heat 18 applied The conclusion is that mercury 'is to bo ranked among the 
positive elements, but by the action of adsorbed water becomes temporanly 
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negative In short, the behaviour of mertuiy is remarkable and calls for special 
treatment • 

We find little difference in degree and none in sign between the behaviour of 
soda glass and lead glass (see composition in footnote, section 2) so that results 
for soda glass only are given 

The mitial positive charge, where occurring (as in curves 1) m the elements 
of hg 2, we attribute to the slight acid effect residual on the glass It is well 
known that acidic surfaces of glass have this positive effect due to their yield 
of -|- (H) ions, just as alkaline surfaces have a negative effect due to giving up 
— (OH) ions In the rubbing this residual acid is attacked or rubbed away 
quickly by the oxidisable metals Zn, Sn , less qiuckly by Ni and Co , and not at 
all by the metalloids Se and As Thus do we interpret curves 1, 2, 4, 0 

As acidic, alkaline and aqueous films play such an important part in tribo- 
electric experiments, we give curves m fig 4 to show that small amounts of 
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acid or alkali and small deposition of moisture may completely change the 
nature of the charging These facts of themselves reveal the futihty of seeking 
data from sohd surfaces of uncertain composition or surface punty The 
curves in fig 4 are os follows — 

I Acid 

Zinc rubbed on (a) standard glass, (6) well-washed glass, (c) well-washed 
glass with trace of acid 

II Alkali 

Fei, Aui are curves for these metals rubbed on well-washed glass 
Fe^ Au| ore enrvea for these metals rubbed on shghtly alkahne g^ass 
• See Buhl, ‘ Ann d Fhyaik,’ toL 80. p 187 fl926) 
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Til Moisture 

Charges found on Sb (1) when nibbed on warm glass, (2) when robbed 
on glass left 1 hour m air, (.1) (4) when nibbed after first warming 
and then leaving in air 
IV Moisture 

Charge on Zn (1) when glass is warm, (2) after blowing watcnsaturated 
air on the glass, (3) after blowing dry air on the gloss 
III and IV show that moisture on the glass has a negative influence on 
the elements 

The falling off of charge seen in so many curves is in part due to the forma¬ 
tion of a metal streak on the glass Soft metals like Ai, Zii, Cd produce a denst* 
streak It must be discontinuous (in fact a low power muroscopo shows it 
to be so) or the charge would always fall to zero, on account of recombination 
of the charges on the two surfaces 

On refemng to section 1, it will lie seen thit substantially our grouping into 
positive and negative agrees w ith that of Co( hn and Curs, though in opposition 
to them we rank the metals F«, Cd as positive 
The discrepancy between our work and that of Coehn and Curs was par¬ 
ticularly exammed by us, and our final decision to rank Fi* among the positive 
elements 18 based on the curves shown in the figs 2 and J On reference to these 
it will be seen that our full classification is — 

+ Fe, Bi, Cu, Ag, ?b, Mg, Cd, C, Au, I’t 
- Al, Zn, Sn, Ni, Co, Sb, As, fk, Te, Cr 
We tested all these mate rials repeatedly, and the curves in the figures show a 
distmct difference between the positive and negative elements, with Fe decidedly 
among the former 

5 It IS interesting to compare the classifiuition of the elements from the 
above process with the corresponding combinwl list derived from the Volta- 
effect, the photo-electnc effect, and from thermiomcs 
Langmuir’s* list is — 

(o) (-f Al, Zn, Fe, Sn, Bi, Cu, Ag, C. Pt -) 

Our classification 18 — 

(6) {+ Fe, Bi, Cu, Ag, C, Pt) 

(- Al, Zn, Sn) 

Comparison between these two groups shows that, in general, the noble metals 
• ‘ Trans Amer Elec Soc ,’ vol 29 (1916) 
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and the base metals are m^parated from one another But whereas m group (a) 
the base metals are at the positive end, in senes (6) they are at the negative end 
It will be shown in a later paper that if the elemi nts are rubbed on filter paper, 
instead of glass, this reversal docs not occur, but that the base metals are at 
the |x)sitive end as in group (a) We do not think this marked difference m 
iMihavioiir can be attributed to the different action of adsorbed water films on 
the glass and the paper, for our experiments include cold surfaces, hot surfaces 
and surfaces rubbed after lioiiig dried by prolonged heating in a vacuum and 
there 18 no difference m characteristns in these various lases 

This subject will be iliscussed in the paper following 

b Thcones —Riceke* has investigated a case like ours, where a conductor 
rubs an insulator H( obtained the exjiression for charge on rubbed bodj 

I — X ulq S (1 — exp (— qslu)}, 

where /j = surfiwe density of charge, « ^ length of stroke, S - area of rubber 
usotl, V — spcf (1, X, q are parameters depending on the nature of the two 
Hurfaecs u eoncerns charging and 9 recombinations The width of the rubber 
IS takin to be unity 

According to this formula our curves should be of simple form, for we 
ilischarge between each rub and thus the successive charges should be equal 
But in figs 2 and H, above, ne find that, m general, the charges decrease, and 
(\(n rc\erHo, as the rubbing continues Clearly then, since all the other 
fai tors are lonstant, the terms x, q change during the experiment corresponding 
to physical or chemical changes brought about by the rubbing, and the nliove 
expression needs modification 

The present bewilderment on the subject of fnitional electricity may be 
gauged by the number of theories m the field 

The follo^^e^s of Ilelmholtrt regard the effects for insulators as merely akin 
to the Peltier P D between metals If this lx* so, rubbing is not essential 
contact between unlike solids should suffice for prcnluction of charges, and 
rubbing merely serves to increase the area of < ontact and therefore the charges 
But though it is true that impact between solids does generate charge,^ it cannot 
bo inferred that the charges are «lne to the conlad alone, since impact involves 
both contact and rwplure 

In the i»ast many attempts have been made to find a contact P D with 
* ‘ Wicd. Ann ,’ vol 3, p 414 (187H) 
t ‘ Wiod Ann vol 7, p 337 (187«) 

J See Richardo, ‘ Phys Rov col 16, p 290 (1020) 
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inBulfltora The evidence is conflicting It is useless to look for the effect 
between two insulators , since any electric charges separated at the interface 
must bo so intimately associateii that thej constitute molecular doublets, 
with no external field But by using an insulator in contact with a metal, 
some investigators, Cliristiansen* and Periioca.f concluded that the effect 
exists, while Morns OwenJ and Richards {loc nt) failed to find it 
noorweg,§ by an indirect method decided that the (>ffect exists, and that 
temperature affects the electnc separation as in the Seebeck effect 

Wc have shown m section 5 that the tnbo-eleetric series does not alw ays agree 
with the Peltier effect series 

The simple contact theory ignores seve rul pnn< iph s whic h have been dis¬ 
covered since the time of ITelmholt/ (o) Th«' v« ry ]>ow (>rful influence! of acid, 
alkahne or adsorbed water films on the sign of the charge , (b) the effect on the 
electron surrender of the temperature changes broughi about by fric turn, 
which changes arc intense and m gene nil different for the two solids, (c) the 
strains produced on the solids by rubbing, (d) the effect of rupture which 
proceeds contmuously as the solids slide over one another 
To take these m turn — 

(a) The r6Ie of adsorbed films has been demonstrated by many investigators H 
We ourselves have found that water films greatly affect the charges in amount 
and sign (see fig 4) When a water film is broken the mam body of the watc r is 
charged positive and the escaping ions arc negative This is Ijconard’s “ Water¬ 
fall’’ effect 

Further, Nernst s theory is that metals go into solution when brought into 
contact with hquid films, each metal having its own solution jiressure and 
receiving a corresponding greater or less negative charge Coehnif goes a step 
further by supposing that insulators like glass are merely bad elec trolytes, so 
that even for these solid contacts the Nernst principle holds good 
Again, Freundlich** regards the rubbing of two solids (each with its own 
film) os bringing four interfaces into action, one solid/solid, tw< solid/hquid 
and one liquid/liquid, so we shoidd have a set of four interfaces i ac h capable 

• ‘ Wied Ann ,’ vol 53, p 401 (1894) 
t ‘ N Ciraenti,’ June, 1925 
t ‘ Phil Mag vol 17, p 457 (1909) 
i ' Wied Ann vol 11, p 133 (1880) 

II French, ‘Phy« Revvol 9, p 151 (1917) timcir ‘ I Ph\H fhem ’ vol 30, p 805 
< 1026 ) 

If ‘ Wied Ann vol 60, p 119 (1898) 

*• ‘ Colloid and Capillary Chemistry ’ (Methuen) 
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of producing electnc separation An important distinction between solid 
and hquid is that the latter, but not the former, possesses a double electric layer 
In particular, when a bquid rubs a solid we should have the electrokmetic 
phenomenon of “ stream potential,” the converse of electro-osmose, whereby 
the solid would become charged according to Helmholtz’s formula (see 
Freundlich, loo cU) 

It has been shown by various writers, notably Knoblauch* * * § that an acid 
surface has itself a negative, and an alkaline one has a positive, tendency 
In the first case the surface loses (11) ions, m the latter — (OH) ions As 
surfaces are commonly acidii or alkaline, this is an important factor m tnbo- 
electncity The curves m fig 4 emphasise the point 

(6) According to the electron theory of matter the interface P D vanes as 
the absolute temperature, yet little account has been taken by theonsts of the 
intense temperature changes, caused by friction at the rubbing faces of insulators 
whereby the properties of the two sobds must be fundamentally changed 
Fusion and evaporation must frequently occur at the mterfacc of bad conductors 
like ebonite This principle is emphasised by Melander f 

(c) One of us (P E S) has shown| that a solid surface may by rubbing or 
pressure undergo such great physical changes that its tnbo-electnc properties 
are permanently and greatly affected Two surfaces originally identical may 
by mere friction be changed m different degrees They then behave like two 
unlike solids and acquire unlike charges as rubbing continues 

(d) To the presence of the “ double electric layer ” at a liqmd/air mterface 
IS attnbutcfl the production of ballo-electncity and waterfall electricity There 
can be no such double layer in the case of a purely sobd/solid interface But 
just as charges are generated by the rupture of the liquid/air face so something 
of a like nature may occur when a solid/solid face is broken We know that 
when crystals arc cleaved charges are found wo have found such charges for 
calcite, solemte, mica, fluor spar, gypsum See also Vieweg § 

Wo suppose that when two solids come into “ contact ” they mvanably 
cohere Interlinking, t e, exchange, or sharing, of electrons, causes a fusion of 
the surfaces It is not yet established that a P D exists across the interface as 
the Helmholtz school suppose (see above) When, however, the sohds are again 
separated after contact, the rupture at the mterface causes elective attachment 

• ‘ Z f Phy« Chem ,’ vol 39, p 226 (1002) 

t ‘ Phy* Zvol 8. p 700 (1907) 

t ‘ Roy 8oo Proo ,’ A, vol 94, p 10 (1917), * Proo Phys Soo ,’ vol 39, p 440 (1927) 

§ Vieweg, ‘ Jonm Phye. CSicniXXX, No 7 
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of electrons to one or other solid , and we now have a P D tn emdenee There 
IS no doubt about this charge between sohds after rupture 
To sum up the foregoing principles tribo-electricity cannot be a purely 
statical effect, the kinetic effects must be important and may lie paramount 
The above many conflicting mfluoncis arc, m general, m operation simultaneously 
in the present experiments It is not known what function the resulting pob'ntial 
18 of each factor (For instance, each factor is sure to be a complex, but different, 
function of temperature ) In the absence of this knowledge we can still bring 
the terms together by writing the net potential as the algebraic sum of all 
effects operating imder the special conditions of the experiment, so that, allowing 
for the positive or negative influence of each, acting independently — 

V ^ E - P i S - M ± A - T, 

where 


E = Electron surrender causing a P D akin to the Peltier P D 
P — Solution pressure (Nernst) 

S =• Strain effect (Shaw) 

M = Moisture effect (French, Vieweg) 

A = A«.d eSeot (po..t.vo) (K»obtarh) 

Alkaline effect (negative) -J 

T = Effect due to nse in temp«>rature of the “ rubber ” 


For any particular combination of sohds one or the other factor may be absent, 
when the rub occurs tn vacuo (M) is eliminated, when the surfaces are strictly 
neutral (A) vanishes 


Our gratitude is duo to friends who have contributed valuable teehmcal 
advice or pure materials Mr S L Archbutt, Metallurgical Department, 
National Physical Laboratory, has kindly prepared purest attainable iron, 
nickel, tin, cadmium, chromium, zinc, aluminium, antimony Prof WES 
Turner, Sheffield, has given us freely of his special knowledge on glass One of 
us (C S J) has had the great beneht of a maintenance grant from the 
Department of Scientific and Industnal Research while the work has proceeded 

Summary 

1 Variously prepared glass rods are rubbed by various solid elements m an 
apparatus designed to give constant conditions of pressure and surface Curves 
are given showing the resultant charges 

2 Some elements never, with any type of glass surface tried, show n^ativo 
charge These are C, Cd, Fe, Pb, Bi, Ag, Cu, Au, Pt, Mg, W 
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Other elements show ultimate negative charge These are Zn, Sn, AI, 8b, 
Ni, Co, S«, Te, As, Or, Tl, S 

3 Evidence is given of the predominating influence on the charging, of 
residual acid, alkali, or water, films, on the glass 

4 Rubbing %n vacuo yields results similar to those found m the open air, at 
least m the typical cases tried 

5 An attempt is made to apportion to each recognised source of charge 
its own weight in the various exjjcriments 


Tnbo-deGtncity and Frtetum Ilf —EUsmmts and Textiles 
By Prof P E Shaw, M A , D Sc , and C S Jpx, B Sc , 

University College, Nottingham 

(('oijimunicatcd by Sir Wilboin Hardy F K 8 —Received Novcmbi r 3, 1927 ) 

1 No systematic investigation on this subject has yet been attempted The 
efforts made to group these materials in a scries according to the charges gener¬ 
ated when they are rubbed two at a time are of uncertain value because of (1) 
impurities of substance and surface, (2) mdetermmate imtial surface strains 
Moreover, the general practice has been to rub the solids when held, one m each 
hand A more reliable method is to mount the bodies in a mechanism which 
ensures that the same parts of them come into contact at each fresh stroke 

In the present research, the elements, mostly metals, are those spi'Cified in 
the preceding paper The textiles arc made and cleansed as described in an 
earlii r paper • Silk, cotton and linen in our experience behave reliably when 
fully cleaned The other great textile material, wool, is more oily and cannot 
be readily deansed , so is less trustworthy We therefore at present confine 
ourselves to one animal and one vegetable textile, choosing the pure samples of 
silk and cotton specifii d in the above paper Also filter paper, another con 
venieut fabnc, is used after being boded in several lots of distilled water As the 
silk and cotton are treated with boding chloroform, wc tned exhausting the 
filter paper in this solvent to see if such treatment affected the cellulose in any 
way , but no effect on the properties of the paper could be found 

2 The apparatus aud methods used are just as dosenbed in the preceding 


‘ Roy Soo ProoA, vol 111, p 339 (1026) 
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paper, wrth the modification that the element is rubticd, not on glass, but on 
the textile wrapped round glass rods 

The results for silk, cotton, and filter paper arc placed (fig 1) beside those 



h 10 1 — W W Glam nigniflcs w« II washed plass (Reef ion 2, former paper) 


for well-washed and fused glass (see preceding paper) There uro five vertical 
columns, one for each material on which the elements are rubbed Elements 
above the zero hne are charged positive, those liclow negative, to the rubbed 
surface, which itself occupies the jiero position 0 The jiosition above or below 
zero depends on the amount of charge obtained on the element after one rub 
To elucidate the figure taki the case of alumimum It is positive to 
W W Glass, Cotton, Filter Paper and Silk, but negative to Fused Glass 
Joining one column to the next are full and dotted linos These show how 
the charges on the elements vary according to the material they rub In some 
cases the connecting hues cross the horizontal hne The sigmficance of this 
will appear later m fig 2 The dotted lines are for elements which behave 
normally and occupy one defimte position in the tribo-deotnc senes (fig 2) 
The full hues are for Zn, Sn, Ni, Co, Al, Mg, Cr, whose anomalous behaviour 
18 shown m fig 2 
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3 If the five compounds, silk, filter paper, cotton, fused glass, well-washed 
glass, be nibbed together m pairs their order is found to be as shown in the 




central column (fig 2), silk being most positive, well-washed glass most 
negative Then from the data in fig 1 all the elements except the seven 
mentioned can be arranged in series with the compounds as in the figure 
But each of these seven has two positions, one above silk and another below 


It thus becomes manifest that it is impossible—as stated in the preceding 
paper—to devise a «mpfc tnbo-electnc senes of one column to include all solids, 
although from the tune of Wilcke (1769) to the present 

Q day many attempts to do so have been made To 
illustrate this pomt it will be seen from the figure that 
the five matenals zinc, silk, filter paper, cotton, glass 
are related m a continuous nng as in the figure, the 
arrow m each case pointing from positive to negative 
In the preceding paper (section 6) is a statement of the vanous sources of tnbo- 
electnc charge Wo must look to one or more of these in the present problem 
of the anomalous metals 

Consider throughout the case of zme The net positive charge on it due to 
Bilk might be attnbuted to — 


(£), Electron surrender to the silk 

(P), Solution pressure from metal to silk (if any) 
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(S) and (M), Strain and moisture effect These should not appear for zinc 
rather than other metals, e 5 , Pb, Cd, so we must rule these factors out 

(A), Acid action of the silk, in which case the zinc would be given + H ions 
But wo have no evidence of any such effect 

(T) , Temperature effects should be alike for zinc and the normal metals 
The net negative charge on the zim due to well washed glass might bo 

due to — 

(E'), Electron surrender to glass, E' being greater than E, since silk is itself 
positive to glass, with electron surrender e 
(P'), Solution pressure which according to Coehii ovists from zinc to glass 
This would make the zinc negative 

(S') and (M'), There seems no reason to suppose strain or moisture cSccta for 
zinc rather for other metals, c 7 , Ag, Pb 
(A'), No doubt fused and well-washed glass are slightly alkaline and hence 
would yield — (OH) 10 ns to /me 

(T'), Temperature effects should not influence the results If this reasoning 
be true the solution pressure (P') and alkaline effei t (A') exceed the electron 
surrender (E + e) acting from the susceptible metals Zn, Sn, Ni, Co, 
Cr, Al, Mg, to glass, and cause them to be negative, whereas the 
normal position for these electro-positive elements is above silk 
If Vj, Vj be the potentials of one of these metaU to silk and glass 
respectively, we have - 

V, - E 

Vj ^ - P' - A' f E + e 

Pig 2 of this paper cpitomiscH the work of our three papers in tribo-elec- 
tncity, I, Glass and Textiles, IT, Glass and Elements, III, Elements and 
Textiles It will be seen that the elements in this figure are associated accord¬ 
ing to well-known chemical qualities EIcctro-positivo elements at the top, 
the -f” end , electro-negativc and non metallic elements at the bottom, the — ^ 
end Kindred elements are found grouped together, e 7 , Pt and Au, Ag and Cu 
In the case of some congeners ae find slight divergence in character by 
these methods, e 7 , Se and Te, Ni and Co, Zn and Cd Thus the purely 
physical processes of tnbo-electricity enable us to sort the elements into 
groups without employing chemical methods, depending on combination 
Greater care has been taken in the present set of researches than in the 
earlier one {lac cU ) to eliminate the influences of surface impunties and 
moisture, and imtial strains The results are, roughly, quantitative and have 
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been repeated frequently and with great vanation of temperature and other 
atmosphenc conditions The conditions of material and procedure have been 
standardised so that the results can be repeated in any further work 

[Added January 2,1928 - The foregoing results ue at variance with those 
found in the text-books, and oven in modem researches, so that some further 
comment is due to the reader The key to the matter lies m two papers by one 
of us (‘Roy Soc Proc vol 94 (1917), and ‘Proc Phys Soc,’vol 39 (1927)) 
It 13 shown in the former that there is no fixed place for any solid m the tribo- 
electnc senes, but that the same matenal, vanously prepared as to surface, 
will assume various places iii the stnes 

In order to make tht idea dear, consider the case of glass This has, by 
tradition, a high place, say, above silk and cotton , but in reahty, its tme place 
13 below them , for when all these materials arc cleansed, or even if the glass is 
heated to 245°, the order —silk, cotton, glass—is obtamed, the other order— 
glass, silk, cotton—appearing when the materials have been well rubbed 
together 

This rule applies to a smooth glass surface, whereas one rendered matt by 
abrasion, or one decjily eater away by solvent, as in standardising, is very in¬ 
tractable, and after prolonged nibbing by silk may remain negative to it (see, 
‘ Roy Soc Proc A, vol 111, p 346) 

In 1917 I had found these effects, but their cause emerged only m 1926, 
it 18 a question of strain of surface produced by rubbing, and removed either by 
dissolving off the strained particles or by orienting them by heat into the 
aimcalcd condition 

Not prceiving this prim iple when writing the first paper the terms “ normal ’’ 
and “ abnormal ” were used in wrong sense, and should have been “ strained ” 
and “ unstrained ” respectively, for clearly the normal state is the annealed 
one 

To lend further support to this “ stram ” prmciple the reader is referred to 
column 5 of the earher paper This is headed P H denoting “ Pressed Hot ” 
Matenals were found to be permanently more affected by rubbmg when hot 
than when cold This we should anticipate on the strain theory, smee the 
hotter the surface the more easily and completely is it strained by force 

It should have been obvious to those who worked on this subject (especially 
after Sur George Beilby’s work on surface flow and the contrasted crystalhne and 
vitreous states of surfaces) that, when surfaces are violently rubbed, several 
distinct, but related, processes operate simultaneously. (1) electno separation 
at the interface due to constitutional differences of the matenals, (2) surface 
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flow and consequent permanent strain caused by the rubbing , (3) temperature 
changes affecting both (1) and (2) 

The second (1926) paper establishes (2) and, more signiflcant, proves that the 
tnbo-electnc charges depend on the amount of strain ] 

SumuMiry 

1 Commercial textile material is unsuitable for precise tribo-electric experi¬ 
ments, on account of natural and artificial impiintics Wcll-clcansod material 
acts consistently on the various solid elements 

2 The arrangement of the different elements aiiordiiig as they charge 
textiles and glass, is found to correspond closelv their chimical qualities 

3 Anomalies arc found in the c ase of some strongly elec tro-positivo elements 
which appear m two places in the tribo-olectric sc nes An attc mpt is made to 
apportion to each known source of charge its own weight in these phenomena 


The Effect of Compressibility on the Lift of an Aerofoil 

By 11 Gcaurrt, M A 

(Communicated by 0 1 Taylor, F US—lUeeived November 24, 1927 ) 

1 Introduction 

At ordinary aeroplane speeds the effect of the compressibility of the air is 
very small, and there is complete justifacation for the usual assumption that the 
air may be regarded effectively as an incompressible medium This assump¬ 
tion, however, ceases to bo valid m the c-ase of high tip-speed airscrews and is 
not really satisfactory even when the tip speed is no greater than 800 f p s 
It 18 important, therefore, to examine, both theoretically and exp nmentally, 
the effect of compressibility at high speed on the eharactenstics of an aerofoil 
Experimental mvestigations arc in progress at the Royal Aircraft Establish¬ 
ment in which the aerofoil characteristics are derived by analysing the observed 
behaviour of high-speed model airscrews, but owing to the complexity both 
of the experiments and of the analysis it is impossible that the results should 
have the same accuracy as those obtained from direct tests of an aerofoil at 
low speed 

An attempt has now been made to estimate theoretically the effect of com- 

VOL oxvm— A I 
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pressibility on the lift of an aerofoil m two-dimensional motion and to indicate 
the nature of the variation which may be anticipated in the curve of hft 
coefficient against angle of incidence It is unfortunately impossible at the 
present state of knowledge to make any similar calculation for the drag of the 
aerofoil, but on general grounds we may anticipate that the drag coefficient 
will ri8( at an increasing rate until the velocity of sound is rcachi d, and that 
above this spcisl the drag coefficient will decrease ogam, remaining, however, 
higher than at low speds 


2 CtimlatiQntH a CoinjtffttMhU Fluid 


The irrotational motion of a compressible fluid, expressed in polar co-ordinates, 
18 governed by the following equations The condition for irrotational 
motion IS 


8 (ft)) 3/1 

"57“ 80 “ 


0, 


( 1 ) 


where u and v are respeclively the radial and cin uniferential components of 

^_ y, tht resultant vi loc ity q Tin i quatiou 

f of continuity is 


^ ^ f/i8p (2) 

' 5o ^ p 8r ^ p80 ' ^ ' 



and the relationship between pressure and velocity is determined by Ber¬ 
noulli's equation 


1? 


= constant 


For adiabatic expansion p is proportional to pi' and the velocity of sound a 
in the undisturbed fluid is 


« = VPo 

Assuming V to be the velocity of the undisturbed stream, Bernoulli’s equation 
becomes 


and hence Anally 


_2_ P -I 1 flS = —X_ 4 i V*, 

Y-lp 2^^ Y-l Po 2 


(£\r 

VPo' 




.izil 

2a* 


(g*-v*) 


(3) 
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Consider now the flow past a body round which there is a circulation K m 
the clockwise sense Then for any circle enclosing the body we have the two 
integral relationships 


and 


trdO = - K, 
j* purdO = 0 


( 4 ) 

( 6 ) 


The lilt and drag experienced by the body can also be determinod by evaluating 
the integrals 


L = — J {p sm 8 p M (/< sin 0 -1- v cos 0)} rd0 | 
D = — {p cos 0 + ? «{«t-os 0 — w sin 0)) rd0 


( 6 ) 


All these integrals may bo taken round any circle enclosing the body, but it 
IS convenient to consider a circle of very large radias The body is then cqiuva¬ 
lent to a point vortex of strength K at the origin and the velocity components 
u and V may be expanded in tin s« ni s 

« = V(cosO f SA./r“) I 
v= - V(sin0-[-SB,/r*)J’ 

where A„ and B„ are functions of 6 Moreover, to evaluate th(‘ integrals over 
the largo circle, it is sufticient to retain only the first terms of each power series, 
and on this basis we have simply 

« = V (cos 0 H A/f) '1 
r = — V (sin 0 + B/r) J 

To this order 

=1 h 2 (A cos 0 -j- B sin 0)/j 

and writing 

X = V«/a» (9) 

equation (3) gives 

p — Po — pflV* (A cos 0 -j- B sm 0)/f 
p/po = 1 — X (A cos 0 f- B sm 0)/i- 
^ ^ (A cos 0 -f B sin 0) 

!|=?(A.,n6-Bo«e-"oo.6-“=.n6) 

I 2 


( 10 ) 
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The solution is now obtained by inserting these expressions in the fundamental 
equations The condition for irrotational motion (1) requires that A shall be 
a constant, and the equation of continuity (2) gives 

^ (1 - X sm* 0) = X (A cos 20 -j- B sm 20), (11) 

while the integral equations (4) and (6) become respectively 

( 12 ) 

and 

)X pB sin 20 dO = 2TrA (I - ^X) (13) 

It 18 now possible to determine the lift and drag of the body by means of these 
relationships, without procc*eding to the actual determination of A and B, for 
equations (6) lead quite simply to the values 

} 

The integration of equation (II) gives 

B (1 - X sin* 0) -= C + iX A sm 26, 

where C is a constant, and on inserting this expression in the integral equation 
(13) it IS found that the value of A must bo zero Finally the value of C is 
determined from equation (12) as 

C = K\/r^/2itV 


and the expressions (8) for the velocity components then 
« = V cos 0 


K 

27rr 


Vl - X 


(15) 


It appears, therefore, that the effect of the compressibility, at a considerable 
distance from the body, is simply to modify the expression K/27rr for the 
velocity due to the circulation by the addition of a factor depending on X or 
(V/a)* The solution is clearly vabd only when X is less than unity, * e, for 
speeds below that of sound When the speed exceeds this value, compression 
wa\e8 arise in the flmd and the flow is no longer of the type considered in the 
analysis 
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3 The Lift of an Aerofinl 

A tlun aerofoil m two-dimensional motion may bo regarded approximately 
as a Ime distribution of point vortices whose strength is such that the com¬ 
ponent of the velocity due to those vortices at each point of the aerofoil normal 
to its surface exactly balances the normal component of the velocity V If 
the preceding analysis can be applied to this case in spite of the small distances 
involved, it would appear that m a compressible fluid the induced velocity 
receives the factor 

Vr^/fl - X sin* 6), 


and for points on the aerofoil, which is inclined at a small angle to the direction 
of the velocity V, this factor is sensibly equal to 


In order to obtain the correct induced velocity at the surface of the aerofoil, 
it IS therefore necessary to increase the strength of all the elementary vortices 
by the factor 

(1 - X)-‘ (16) 

and by virtue of equation (14) the lift at a given angle of incidence will rise 
by the same factor,* the lift distnbution along the chord rcmaimng unaltered 
Some insight into the assumptions involved in applying the analysis for 
pomts distant from a vortex to the induced velocity at the surface of an aero¬ 
foil IS obtained by considenng the problem in an alternative manner In 
Cartesian co-ordinates the fundamental equations for the irrotational flow of 
a compressible fluid may be expressed in the form 


f)r du « 



* This result u quoted without proof by Aokutet m the ‘ Handbuch dor Ph 3 rnk, ’ 
vol 7, p 840 (1937), as given by Prandtl in hit leoturea at Gottingen m 1932 
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and the equation of continuity becomes 



Now let the aerofoil be part of the x axis, to which the velocity V is mchned 
at a small angle a Then on the surface of the aerofoil v is zero, and the equation 
of contmmty becomes 



which may be written in the form 




The assumption is now made that the velocity m does not differ appreciably 
from the undisturbed velocity V, and then the value of k becomes (V /o)* or X, 
as previously defined Now let 


X = *' Vl - X 


and then the equations of irrotational motion and contmuity become 


3t) _ 3tt' 

By 


= 0 


37 + 


which represent a corresponding perfect fluid solution in which x' is greater 
than X This distortion of the system is necessary near the aerofoil, but the 
flow at infimty is unaltered and hence the lift is the same m both cases The 
chord of the aerofoil in the compressible fluid, however, is less than m the 
perfect flmd, and hence for a given aerofoil the lift m a compressible flmd is 
increased by the factor (1 — X)"‘ 

In view of this discussion it would appear that the validity of the result (16) 
depends on the assumption that the velocity at the surface of the aerofoil does 
not differ appreciably from the undisturbed velocity V High velocity occur 
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over the shoulder of an aerofoil, but for aerofoils of medium thickness working 
at moderate lift coefficients the maximum velocity is not greater than 2V 
The theoretical formula may, therefore, be expected to give a good mdication 
of the effect of compreasibihty on the lift of an aerofoil as the speed increases, 
but to breakdown before the velocity of sound is attained, and the breakdown of 
the formula, duo to the local velocity over an apprer lable part of the aerofoil 
rising to a high value, may bo expected to show itself first at high lift 
coefficients 

These theoretK*! predictions are (onfirmed qualitatively by tin ('t|Kri- 
mental tests of high-speed airscrews, and th< table below gives the cximpanson 
between the observed and calculated sloiies of the lift curve for a thin buonvi'x 
section * The no-lift angle remained constant at ~ 5^° for the range V = 0 4« 
to 0 7« and then fell to zero for V = « The slope of the lift curvi began to 
fall off above 0 6a, but the c ntie^l drop of lift occurred at a slightly highiT 
speed Owing to the necessity of obtaining th« experimental results from the 
analysis of tests of an airscrew, these results are a surprisingly good confii ma- 
tion of the theory 


Slope of Lift Curve 


V/o 

0 

0. 1 

0 0 

0 7 

1 0 

Observed 

- 

0 000 ' 

0 076 

0 000 

0 068 

Calculated 

0 066 

0 000 

0 000 

0 077 

- 


The general conclusions, which should apply to any aerofoil, may now be 
stated as follows — 

(1) As the speed increases from zero to 0 6o, the slope of the lift curve 

increases according to the factor (1 — and the no-lift angle is unaltered 

The increase at V = 0 6a is therefore 26 per cent 

(2) Between V = 0 6a and V = a the lift decreases, but the critical speed 
at which the lift begins to fall rapidly depends on the shape of the aerofoil 
The rapid decrease probably shows itself first at the higher lift i ocfficients 

* ‘ The CharaoteruticB of Biconvex No 2 Aerofoil Section at High Si>oeds,’ by G P 
Douglas and W G A Pemng (Aeronautical KcHcarch Committoe, B AM 1116) 
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The Alkahne Earth Hahde Spectra and their Ot'igin 
By 0 H Walters, B Sc , and S Barratt, B A, University College 
London 

(Commnnicated by T K Merton, F R 8 —Received November 26, 1927 ) 
[Plats 2] 

It has been known since the early days of spt'ctroscopy that there is a group 
of band spectra associated with the halogen salts of the alkaline earths Prob¬ 
ably the first distinction between the oxide and chloride bands of these elements 
was made by Lecoq de Boisbaudran* when ho observed relative intensity 
fluctuations between two band systems on introilucing hydrochloric acid vapour 
into a flame charged with (akium chloride The system intensified by the acid 
vapour he attributed to the chlonde The other halides were also found to 
yield characteristic spectra Since their disco\cry they have lieen the subject 
of only one publication of any real note Olmstcdf made a careful study of 
these spectra as they are found under flame excitation, and his catalogue of 
bands contains th(‘ only reliable data concerning these spi^otra which is available 
An exception miut bo made of the fluoride spectra, which have been closely 
studied by Du/our, Datta, and others 
The origm of the present investigation of these bands was the discovery that 
it is possible to observe them, very conveniently, in absorption against a 
continuous background spectrum In the course of attempts to find band 
spectra of the alkalme earth metals (corresponding to those of the alkali metals) 
a pair of bands at about X G2(M) was observed in the absorption spectrum of 
a column of calcium vapour at temperatures of 900® C and upwards On 
measurement, these bands, which arc reproduced in Plate 2, figs J, 2 and 6, 
were found to coinoi<le with two prominent calcium chloride bands Ordinary 
commercial calcium had been used for the experiments, and on analysis approxi¬ 
mately 0 05 per cent of chlonde was found m it J It seemed evident that the 
development of the bands was due to this impurity in the metal, and the matter 
was clinched by adding a trace of bromide to the metal before heating, when 
the calcium bromide bands m the red also appeared prominently in absorption 

* ‘ Compt. RmuL.' toL 69. p 446 (1869) 
t ‘ Z Wiu Photognphie,’ vol 4, p 266 (1906) 

f Eagle (' Aitrophya Jvol 30, p 231 (1909)) obaerred the chloride hands m the an 
■peotrum of oommenial calcium, and attnbuted them to chlonde present as impurity 
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We have since found that this method (of heating excess of the metal with the 
halogen salt) is a general one for obtaimng all the members of this class of 
spectra m absorption—from magnesium, calcium, strontium, and banum, in 
combination with fluonne, chlonne, bromine or iodine The method has 
obvious advantages over the previous practice of obtsming the bands in emission 
Such emission sources are usually faint, and the photographic exjiosures required 
are excessive, while if the absorption method is employed the exposure can be 
made as short as may be desired merely by increasing the intensity of the 
continuous backgroimd Another great advantage is that the spectra are 
obtained free from the oxide bands, or from any other interfering spectra The 
hands, and especially the fainter ones, can thus be ascribed to their respective 
molecules with much more certainty than has previously been possible Wo 
have therefore re-exammed each of these spectra in absorption, with results 
that will be found in the catalogue of band heads given later in the paper It 
IS of interest that Liveing and Dewar* recorded the appearance of the green 
bands of banum chlonde in absorption, when the salt was heateil with redu( mg 
agents to high temperatures The observation was only incidental, and they 
did not pursue the matter any further 

The observation that these bands can bo obtained in absorption in this 
manner is of importance in other directions, as it throws light upon the nature 
of the “ earners ” of the spectra The only explanation, as we shall see, of 
the absorption phenomenon, is that the bands originate not from the normal 
halide molecules such as OaClg or Bal,, but from subhalide molecuh s CaCl, 
Bal, etc Molecules of this type must persist in the vapour state at the tempi ra- 
turc of the expenments On the chemical side, there have already been several 
reported preparations of these subsalts in the sohd state, and those statements 
have been followed by some polemical discussion The claims for the existence 
of such compounds arc completely vmdicated, we believe, by the present 
observations 

It will be more convenient to discuss those conclusions fully, sulisequent to 
an account of the expenmcntal methods employed 

Expenmental 

Apparatus —The absorption spectra observed wore those of a column of 
vapour about a foot long, mamtained in a steel tube of inch diameter The 
tube was heated m a mchrome wound electric furnace, and the temperatures 
found to be necessary in practice were as high as can bo obtained with such a 
*‘CdleotedP*peni,*p 22 
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winding- 1,0(K)° to 1200“ C The bands appear at lower temperatures, say 
900“ C, but they are not then sufficiently intense for satisfactory photography 
The ends of the steel tube projected several inches from the furnace and were 
water-cooled by copper spirals, so that quartz windows could be affixed For 
convenience the windows wore first attached to brass plates, and these were 
screwed to flanges soldered on the ends of the furnace tube, a washer of greased 
rubber making an airtight joint between the plate and the flange A side tube 
was also let into the furnace tube near one end, for the removal or admission of 
gases 

Modifications were made in this simple system to smooth the runmng of the 
experiments The charge of metal, etc, was not placed directly into the 
furnace tube but mto an inner iron sheath which was withdrawn and cleaned 
each time This addition prolonged the life of the main tube and kept it m 
much better condition One of the chief experimental difficulties, and one 
which causeil much delay, was the gradual distillation of the charge from the 
heated portion of the tube on to the end windows These frequently bciame 
too opaque for observation just at the critical part of an experiment This 
trouble was removed entirely by arranging behind each window an mtemal 
shutter which was only pulled down during exposures The disposition of 
these shutters and of the rest of the apparatus will be evident from the diagram 



a, Quoria window, h Brass plate, e. Rubber washer, d, Flange, r. Internal shutter , 

/, Copper spiral, g, Famace tube, A, Inner sheath, Is, Operating wire for shutta: 

I'he shutter was hinged at one end, and a wire attached to the other, passing 
out through a packing gland Normally the shutter closed the tube, and was 
kept in place by a spring On pulling the wire the shutter was lowered, and the 
system was ready for observations 

The contmuous background spectrum was provided by a 600-c p “ Pomto- 
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lite ” lamp, down to X 3800 (and with long exposurua to X 3100) For shorter 
wave-lengths the positive crater of a carbon arc was used as a source, enabling 
us to photograph down to X 2.MX) or X 2200, and this was the limit of the 
observations The spectrographs were a constant deviation instrument for 
the visible region, and a Hilgor “ E, ” quartz spectrograph for the ultra-violet 

Preparation of Sub-halide Vapours —In studying the calcium spectra, the 
sub-hahde vapours were invariably obtained by heating a mixture of calcium 
turnings and a powdered and dehydrated calcium halide salt This was the 
obvious procedure in view of the original observations, and it was found to work 
very well The magnesium halide spectra were obtained in an analogous 
manner It had been anticipated that to prepare the sub-halide vapours of 
strontium and barium it would be necessary to isolate the mttals themhcUes, 
and then to mix them with the normal salts, but this proved to be superfluous 
The vapours of these salts can bo obtained qmte readily by heating a mixture 
of calcium metal and the strontium or banum normal halides The \ arious 
calcium halide bands, of course, also appear m the absorption spectrum of the 
vapour, but these can easily be identified after a httle cxpcnenco Further, by 
regulating the temperature it is possible to minimise the admixture of calcium 
subhabde vapour with the others, as the strontium and barium compounds 
seem to be more volatile One slight difficulty arises from the hjgroscopic 
nature of the normal salts The water they soon absorb from the atmosphere 
IS sufficient to cover the surface of the admixed metal with an oxide layi r, 
through which it is mostdifficult to distil thcunderlyingmetal at the temperatures 
employed It was sometimes found preferable therefore to heat the metal 
alone in the tube untd it was volatilising freely, and then to admit free halogen 
in small quantity through the side tube, so that the subhabde was prepared 
tn sUu 

Some of the experiments were carried out with the tube evacuated, but more 
usually an atmosphere of dry hydrogen or argon was mtroduceil, to slow up 
distillation of the charge to the cooler ends of the tube Evacuation had no 
visible effect on the appearance of the spectra, with one important exci ption— 
the CaF band at X 5292 The behaviour of this band is fully described in 
another section Perhaps owing to some chemical reaction, a hydrogen atmo¬ 
sphere had a distmct influence m making the spectra—and presumably the 
subhabdes themselves—difficult to obtain Argon was therefore always 
used when it was available It may be mentioned that Guntz* states that 
hydrogen reduces the subsalts when these are m the solid state Wc arc also 
• • Bull Soo Chim ,’ vol S5 (8), p 709 (1924) 
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m agreement with his observations that the ease of preparation of these salts 
increases with the atomic weight of the halogen component The fluorides 
proved to be by far the most difficult vapours to obtain, and required a higher 
temperature than any of the others 

The Orxgin of the Aikahne Earth Halxde Banda 

Wc may now consider the bearing of these experiments upon the origin of 
the -spectra There can be no doubt from the conditions under which the 
bands can be excited that they originate from molecules contaimng both 
alkaline earth and halogen atoms The iioint uixm which no experimental 
evidence has previously borne is whether these molecules are those of the 
normal halides, such as CaClj or of a subhahde such as CaCl, or -just possibly— 
Cagf'lj The present observations eliminate two of these possibilities with some 
degree of ci*rtainty, and show that the carriers of the spectra are subhahde mole¬ 
cules of the simple type MX, where M stands for an alkaline earth and X for a 
halogen atom 

■\Vo have made many attempts to observe the spectra by heating the normal 
halides alone in the furnace, but always with a negative result, even on reaching 
furnace temperatures well m excess of those normally employed Further it 
must be remembered that many of the normal salts are very involatde and have 
quite negligible vapour pro88iu*e8 at 1000® C, a temperature which is quite 
sufficient for the development of the bands when other conditions arc satis¬ 
factory We can therefore rule out the possibdity that the normal halides 
themselves can show the absorption phenomena which we have recorded The 
metal va|)our8 by themselves have no band absorption spectra in the wave¬ 
length region under examination, but only a line absorption, details of which 
we have given elsewhere • Commercial calcium, it is true, always gives the 
chloride bands on heating, but this can be traced to chloride present as an 
impurity, and the bromide, etc , bands are mvanably absimt from its absorption 
spectrum It is only when the two materials, free metal and normal salt are 
present in the charge that the bands are developed, and so long as this condition 
is satisfied they always appear The only explanation of this fact is that these 
two constituents of the charge must react to give a new type of halide molecule 
which contams a greater proportion of metal than the original normal salt, and 
which 18 also more volatde 

On theoretical grounds, both chemical and spectroscopic, by far the most 

* Walters sad Barratt, * HuL Hag ’ (3), p 991 (1927) 
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probable formula for these molecules is the simple IMX t 5 rpe The foregoing 
expenments by themselviJi do not rule out such molecules as MjX or MjXj, 
but other experimental facta render such possibilities qmte neghgible We have 
carried out many trials in whwh several alkaline earths and halogins were 
present together in the tube, and we have always found that the spectra were 
strictly additive that is to say, there has never been any suspicion of spi tra 
due to such mixed molecules as CaSrCl, or OajOBr, which might hi i xjiccted 
if the earners of the spectra were other than the simple diatomic molecules 
of the MX typo 

These conclusions arc in gratifying agreement with the theoretical predii tions 
of R S Mulliken* on the origin of these and similar spectra .Such liaiuls, it 
IS held, would not be expected from a “complete” moleiiile such as Cafl^, 
but are much more likely to be due to n molecule CaC'I, i oiitaimng an uns il ished 
valency electron 

Further i xpenments may now be mentioned which, taken by themsdves, 
would not present a very cogent argument for the siibhiilidc origin of the spectra, 
but which receive a ready explanation in terms of it It is well know n that if 
chloroform or other vapour of high chlorine route ut or chlorine itsdf is 
introduced mto a flame tinged with the familiar sodium yellow this colouration 
IS immediately destroyed The generally acx.opted explanation is that the 
excess of chlorine combines with the free sodium atoms, and there fore pre\ i nts 
the emission of the D lines Wo have found that ralcmm, strontium, i tc , 
flames can be made to exhibit similar, but rather more complex changes A 
flame fed with a spray of a solution of any calc lum salt is tinged w itli the usual 
calcium reddish colour, and this on examination with the spectroscope is seen 
to be due to the oxide bands in the red and green Tf cotton wool soaki d in 
chloroform is brought moderately near the air inlet of the burner, the colour of 
the flame changes slightly, and at the same tunc the oxide bamls become 
extremely famt, and are replaced by the chloride bands m the orange Finally, 
when even more chlorine is introduced into the flame by the near approach of 
the chloroform, the flame becomes “ colourless ” and neither oxide nor chloride 
bands can be distinguished Parallel observations can be made by intro¬ 
ducing brommo, or a volatile iodine compound such as ethyl iodide, into the 
flame On the subhahde theory the explanation is as follows The oxide 
bands show so long as no halogen, or only a little, is present, with inon, the 
chances of a CaX molecule being formed become greater, and the halide bands 
appear With excess of halogen present most of the calcium atoms an present 
• ‘ Phy« Rev vol 2«. pp 29-32 (1926) 
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as nonnal halide molecules, and the flame ceases to radiate either oxide or 
halide bands 

Wave-lengths, etc, of the Alkaline Earth Halide Bands 

The bands are likely to be of some theoretical mterest now that they are 
known to be associated with an unusually simple t)rpe of molecule Molecules 
of the type MX, according to current views of atomic strut ture, must coutam 
a ‘ completed ” halogen atom, bound to an alkalme earth atom which still 
possi'spes one free “ valency ” electron It has already been pointed out by 
Mulliken (/oc ci<) and by R Mecke* that such a system resembles m some 
respects an atom of an alkali metal It is not surprising that the resemblance 
extends to the spectra and that doublet bands are a characteristic of the halide 
sjiectra, just as doublet principal series are found with the alkali metals In 
the early htagts of this work wo had some hope that the resemblance might 
extend furtlur, and that a careful examination of the visible and ultra-violet 
bands of any one of these molecules might reveal a number of heads arranged 
according to the Rydberg series spectrum law Such regularituis would not 
have been new m kmd, as they have already been found in the helium band 
spectrum by Fowler and in the secondary spectrum of hydrogen by Richardson 
No su( h bands could bo traced from the older emission data, but it was hoped 
that tin higher members of such a band series, if it existed, would be more 
prominent in absorption than in emission as are, for example, the higher 
members of the sodium pnncipal senes In the event, the greater sensitivity 
of the abNorption method certainly asserted itself by enabling us to detect new 
groups of liands in the ultra-violet, but these do not appear to be arranged 
accoiding to the sines law We th« refon conclude that the various groups of 
bands in each of these sjiei tra do not correspond to successive members of a 
single atomic line senes, but rather to the first members only of several such 
series 

All these molecules, except the magnesium halides, have band groups m the 
visible region In general, the group of longest wave-lengths in each spectrum 
consists of bands degradt d to the short wave-length side The next group— 
usually m the near ultra-violet- is degraded to the long wave-length side When 
other groups were found in absorption the direction of degradation alternated 
from one group to the next The barium halide bands appear to be exceptional, 
but in all probabibty the first group of bands belonging to these molecules lies 
in the infra reil, out of the range of observation In all cases the first, or visible, 
• ‘ Naturwiss vol 13, p 76S (1926), and ‘ Z f Physik,’ vol 42, p 390 (1927) 
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group was found to be of far greater intensity than the others, some of which 
were only observed with difficulty, and with unusually dense vapour in the 
absorbing column In the accompanying plate, several of the absorption spectra 
have been reproduced 

With the object of simplifying future work on this subject, m which instru¬ 
ments of higher dispersion than ours will probably be used, we have ro-exammod 
all these band spectra by the new absorption method, and we have catalogued 
below the band heads which can safely be ascribed to each of the various mole¬ 
cules The possible wave length accuracy of the measurements is not high, 
and in most cases we have given the wave-lengths only to the nearest Angstrom 
unit Visual mtensity estimates have been given for each groups of bands, and 
the degradation to the “ long ” or ‘ short ” wave-length side is indicated A 
few bands had no defimte degradation Some of the bands which were excep¬ 
tionally weak, and others, with ill-defined heads, could not be measured 
satisfactorily These are marked with an asterisk It has not been thought 
necessary to give u bibhography of each spectrum, as these are available in 
Kaysi'r’s “ Handbuch ” 

The wave-length liimt of observation was curtailed for certain spectra by the 
inveterate appearance of clouds m the absorbing column, and we have therefore 
given this linut for each spectrum individually 


OaF Bauds 

Limit of observations, X 2250 (See Plate 2, fig 5 ) 
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A group of bands were noticed at X 2330, near the observation limit, but they 
were not developed smtably for measurement A discussion of the behaviour 
of the X 6292 band, and measurements on it with higher dispersion, will be 
found in a later paragraph 
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CaCl Bands 

Lumt of observations, X 2500 (See Plate 2, figs, 1, 2, 6 ) 
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CaBr Bands 


Limit of observations, X 2200 (See Plato 2, fig 3) 
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We believe a farther group of bands exists at about X 2300, but these'were 
always too indistinct for measurement 


tOL. oxvui — A, 



130 


O. H Walters and S. Barratt 


Cal Bands. 

Limit of observations, X 2900 (See Plate 2, fig 4 ) 
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SrF Bands 

Limit of observations, X 2950 (See Plate 2, fig 6 ) 
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A very faint band was registered on some plates at X 3646 
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RrCl Bauds 

Limit of oliaorvations, X 2300 (See Plato 2, iig 2 ) 
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Limit of obaorvatious, X 3000 
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Sri Bands 


Tiimi t of observations, X 2400 
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BaF Bands 

Lunit of observations, X 2800 
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BaCi Bands 

Limit of observations, X 2200 (See Plate 2, Gg 1) 
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BaBr Bands 

Limit of observations, X 2600 (See Plate 2, fig 3—The two bands marked * 
are duo to BaCI) 
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Bal Bands 

Limit of observations, X 3000 
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HgF Bands 

Lanut of observations, X 2800 


MgCl Bands 


Limit of observations, X 2700 
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The band at X 3779 was so narrow that it had the appearance of a sharp line 


MgBr Bands 


Limit of observations, X 3000 
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3881 and 3821 were so narrow as to appear to be sharp line absorptions 
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Mgl Bands 

Limit of observations, X 3000 
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The Slmduie of the CaF Band, X 0292, %n Abwrplion 
We have coniiiared many of th( bands obtained m absorption by the methods 
desenbed in preceding sections, with the corresponding emission spectra from 
flames and arcs, and m general we have been unable to detect any (liffercnces 
m their structure or intensity distribution The calcium fluonde band at 
X 6292 provided a notable exception This band has lieen fully described by 
Datta* and observed in emission it has a very simple strueture, consisting of a 
number of doublet Imes with a separation of about 2 A, which conform to a 
Deslandres formula It was immediately evident, even under the small dis¬ 
persion of the constant deviation instrument, that tho structure of the absorption 
band was very different It covered the same wave-length range, but there 
were many more lines developed witbm that range, and the mtensity dis- 
tnbution had no relation to that of the emission band With the very kmd 
assistance of Prof T R Merton wo were afterwards able to examine the 
behaviour of this band under much higher dispersion Photographs of the 
spectrum, m emission and absorption were taken in his laboratory with a 
lattrow spectrograph fitted with a glass prism which gave a dispersion of 5 A 
per millimetre in the region of X 6300 The differences of structure suspected 
under small dispersion were found to be real An enlarged reproduction of 
the band m arc emission and in absorption is given in the Plate 2, fig 6 
The appearance of the band is so changed under the two conditions that 
• ‘ Roy Soo Proo A, vol 90, p 436 (1921) 
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evidence may be required that we are really dealing with the same band, and 
not merely with a coincidence in the position of two distinct bands of different 
“ earners ” In the first place, the band cannot be obtained m either form unless 
calcium and fiuonne are present Also some of the Imes in the emission band 
(including the two of shortest wave-length) coincide with lines in the absorption 
band, land finally parallel changes wen* seen, under small dispersion, in the 
SrP*band at X 6773, which vastly dmunishes the chances of a mere 
coincidence 

The table appended to this section gives the wave-lengths of over 80 absorption 
Imes in this GaF band, and also the wave-lengths of the few emission hnes m the 
same region, calculated from Datta’s formula in the paper previously quoted 
The relative wave-lengths of the absorption lines are probably accurate to a few 
hundredths of an Angstrom unit, but the absolute errors may be greater, as only 
one plate was available for measurement 

We are unable to assign any certain cause for this radical difference m the 
structure of the band in emission and absorption The pairs in the emission 
band presumably correspond to molecular vibrational changes, and the closely 
packed absorption lines to rotational changes in the same molecule It may be 
mentioned that, on strong plates the emission spectrum has a faint background 
of fine structure also, but this does not correspond in any way with the absorption 
lines The most usual cause of intensity modifications in a band spectrum is a 
temperature effect, and the conditions of experiment were certamly such as 
to render operative any influence of this nature The temperature m the 
absorbing column must have been very much less than that in the arc which 
produced the emission bands The data we present in this paper are not 
sufficient to settle this pomt satisfactonly, but we do not believe that tempera¬ 
ture differences—^though doubtless these produce some modification—^wiU 
prove a complete explanation of the changes 

There is one consideration which suggests that pressure may have an important 
bearing on the matter While the absorption spectrum was bemg examined 
with the high dispersion spectrograph it was found that the fine structure of the 
band, here recorded, was only developed when the furnace tube had been 
evacuated of foreign gas When hydrogen or argon were admitted, the absorp¬ 
tion merged into two continuous regions separated by a nft at about X 6303. 
Now if a photograph of the emission band is exammed it will be found that 
there is always a weak contmuous background in evidence, and that this has 
the oharactenstio nft at the same wave-length It therefore seems possible 
that the fine structure of this CaF band only appears under smtable conditions 
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of pressure, and that it is usually represented only by a weak continuous 


spectrum 

Absorption lanes in the CaF Band, X 5292 



6292-0 0298 2 6304 1 0310 1 6316 1 6322 1 0328 3 0334 0 

94 4 0300 1 06 0 11 9 17 8 23 9 30 1 36 3 

Mots —^Tho lines marked (d) are unresolrod complex lines 


Summary 

1' Alkalme earth subhalide moleoules of the type MX exist in the vapour 
state at 1000° C m equilibrium with the metal and the normal salts 

2 The alkaline earth halide spectra are the resonance spectra of these mole¬ 
cules, and they are readily observed m absorption through a column of the 
vapour 

3 The bands m each halide spectrum have been exanuncd by the absorption 
methorls, and new groups have been found in the ultra-violet. 

4 The CaF band, X5292, has been exanuned under a dispersion of 5 A 
per imllimetre The structure of the band is very different in emission and 
absorption The fine structure of the absorption band only appears at reduced 
pressures 
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On the Measurement of the Vartation of the Specific Heat of 
Aniline with Temperature, using the Continuous Flow Electric 
Method 

By H R Lang, Ph D , A Inst P 

(Comrannicftted by H L Callcndar, F R S —Received November 26, 1927 ) 

1 Introduction 

These experiments wen undertaken m order to obtain rehable data on the 
variation of the specific hi at with temperature of a liquid of low vapour pressure, 
m the neighbourhood of its freezing point The employment of a contmuous 
flow method nquired large quantities of the liquid, and aniline was chosen 
as it was thought that it could be procured m bulk, pure and dry Unfortunately, 
this proved less cosy than was anticipated and was one of the chief difficulties 
encountered In addition, the viscosity of aniline increases \ery rapidly 
lielow about 10® C which caused some uiiccrtamtv below this tmipcrature 
Most of the ordinary laboratory materials are slowly attacked by aniline, 
the earher aiiparatus was constructed without rubber, and this necessitated 
the use of a hermetic ally sealed calorimeter Subsequently a good quahty 
rubber was found that withstood the action of omhne, and this greatlv simplified 
the mechanical diiriculties 

2 Outhn’ of Method 

The principle of the method is to allow a stream of the liquid to flow through 
a fine bore tube, through which passes an electrically heated manganm strip, 
and to measure the resulting rise in temperature A very lull dcscnption 
and discussion of the method has been given by Prof Callendar and Dr Barnes,* 
and frequent reference to these papers will be made, which will be indicated 
by the name and the page 

The elementary theory is as follows 
If E IS the p d lietween the ends of the heater in volts, 

C current in amperes, 

Q the rate of flow of the liquid m grams per second, 

8 specific heat of the liquid, 

J the mechanical equivalent of heat, 
d nse in temperature in degrees Centigrade, 
h rate of loss of heat per degree rise in temperature, 

• ‘ Phil TransA, vol 199, pp M and 149 (190*) 



Vancaim of Specafio Heat qf Antltne 


139 


then, when conditions are steady, the energy equation per second is 

EC = J«QdO + Arfe (1) 

By changing the watts EG and the rate of flow Q so as to keep the nse dO the 
same, two equations arc obtained between which h may be eliminated and 
so a found In practice it would take too long to arrange exactly the same 
nse, 80 that a value within about 1 per cent is obtained and the equations arc 
reduced, as explained below It is to be noted that A is here assumed to bo 
independent of Q and dO, and the necessary conditions for this have been 
mvcstigatcd by Callendar (p 121) and Barnes (p 226) In these experiments 
great trouble was taken to ensure that these conditions were fulfilled 

*) Measurements 

(a) Eledncal —The mam current to the heater was supplied from two 
groups of five 40-ampete-hout accumulators m senes, the two groups being 
m parallel In sories with the battery was an ammeter, standard rcsibtance 
coil, a variable manganm wire resistance, and the heater The w atts supplied 
to the heater were measured by determining the potential difterence between 
the ends of the heater and the ends of the standard resistance, in terms of 
Wcston-cadmium cells, using a four-dial potentiometer and a high-resistanre 
moving-coil galvanometer The readings of the various potential differences 
could be taken in rapid succession by changing over copper connectors between 
suitably arranged mercury cups The potentiometer was calibrated against 
a standard one at the begmnmg and end of the expenments and found to be 
correct to 1 part in 10,000 Further, the coils being of manganm no temperature 
correction was necessary 

The standard resistance was a flat coil of platmum-silver enclosed in a metal 
casing, made by B W Paul, and bearing a Cambndge certificate of 1894 
This gives the values in International ohms as 
1 0000 at 16 3° C 
0 99960 at 14 7“C 

The temperature coefficient was taken as 3 1 x 10"* per deg C After 
completion of this work the coil was sent for standardisation to the National 
Physical Laboratory, and was reported to have the value 

1 0010, lutemational ohms at 20“ C, 
which differs by 1 part m 10,000 from the value used 
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The standard cells were hermetically sealed H-type of cadmium cells, and 
the E M F of each was taken as 

1 0183 volts at 20“ C 
with a temperature correction given by 

K, = Em - 0 0000406 (i - 20), 
where t is the temperature in degrees Centigrade 

A group of SIX now cells was purchased specially for this work, and on several 
occasions these wore compared with each other, and found to agree among 
themselves to the accuracy with which the instruments could be read Two of 
the cells were sent to the National Phpical Laboratory for test, and the following 
are the values giien on the certificates — 

Coll No 1—1 0182 volts at 20“ C , 

CeU No 2 ~1 0181 volts at 20“ C , 

and both cells showed a decrease of 0 00001 volt per degree Centigrade 
increase of temperature These values agree well with the International 
value used 

(b) rAefffwmrtry—Two platinum thermometers of the usual typo were used 
differentially The coils were about 6 mm diameter and 7 ems long, wound 
on imea crosses, and the heads were small rubber bungs drilled to grip the 
leads A detailed dcscnption of the method of construction has already been 
given * As they were for use differentially, the fundamental intervals were 
adjusted to be as nearly equal as possible, and the value chosen was 600 
bndge units, which is a convenient one for calculations One bndge unit 
is equal to 0 01 ohm Two Callendar-Gnffiths bridges of the usual type made 
by the Cambndge Scientific Instrument Company, with mangamn coils, were 
used in conjunction with an Ayrton-Mather type of galvanometer of resistance 
7 40 ohms The bndges were calibrated on several occasions by the well- 
known method, in terms of the largest coil, and the corrections found to be 
very small, the separate calibrations agreed to better than 0 02 bndge umts 
or 0 004“ C The ends of the external leads of the thermometers were soldered 
to special contact pieces, fitting copper-mercury cups to facilitate rapid change 
from the differential reading to the direct measurement of the inflow temperature 
A movement of the bridge contact through 1 mm of bridge wire was eqmvalent 
to 0 02“ C and gave a deflection of five scale divisions on reversing the current, 
and this was tested before each expenment and found remarkably constant 
• ' J SoL Lut,' Tol 2, p 228 (1920) 
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No attempt was made to obtain exact balance, the contact being sot to the 
nearest milhmetre, the deflection on reversing the current was noted, and the 
exact balance point was deduced to the nearest 0 01 cm The Axed points 
of the thermometers (ice and steam) were detonnmed on several occasions, 
and the following table gives a summary of the values found As the tem¬ 
perature nse could be read to 1 part in 6,000 only, it was unnecessary to obtain 
a much greater accuracy in determining the fundamental intervals 


Table I —Fundamental Intervals of Thermometers 


Date 

Thermometer A 

Thermometer fi 

1928 

Using bridge No 2087 

Deoembsr 23 


600 03 units 

600 04 

600 03 

600 08 

DeMBber 24 


600 10 

Daoember 30 


800 01 

1026 



Marah23 

409 92 units 


Much 23 

490 98 

499 89 


Msn)h24 

499 93 

BOO 10 

IbrabOS 

499 92 

600 08 


Using brid{ 

n No 862 

August 26 

490 76 

499 96 

August 27 

499 67 

499 89 


1 Mmii value uaed in rednotion of reaulta — 


1 499 87 

I 600 00 


The absolute value of the nmt on the two bridges is shghtly different, which 
aoconnts for the lower value obtamed with the second bridge 
By taking " cold ” readings, t e, the differential reading before the heating 
current was switched on, all other conditions being the same (Barnes, loo ctf , 
p. 196), several correctionB were accurately eliminated The “ hot ” readmgs 
were those taken when the current had been switched on and conditions had 
become steady 

Let C be the “ cold ” bridge reading, and H the corresponding “ hot ” 
reading, then if F is the fundamental interval of the thermometer at the outflow 
end, 

temperature rise on the platmum scale = (H — C) 100/F. (2) 

As the fundamental mtervals of the thermometers had been adjusted so nearly 
equal, a change of a whole degree m the inflow temperature would make a 
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correction of only 1 part in 25,000 to the temperature rise , and the apparatus 
was 60 designed to ensure that it remained constant to within 0 05° G If 
there were no conduction losses or heat generated by mternal friction in the 
fine flow tube, the “ cold " reading would be zero, but owing to these minor 
effects it was never quite so The only conduction effect which is not 
elirainatcil by this method is that extra part due to the mcreaso of the outflow 
end’s temperature, but as a great length of this thermometer (26 ems) was 
inside the vacuum jacket, and the rise used was generally only 8 or 10 degrees, 
this must have been quite negligible (cf Callendar, p 126, and Barnes, p 230) 
This IS further show ii to be negligible by the fact that the value of the specific 
heat came out the same, within the limits of experimental error, wliatever 
rise in temperature was used 

Uaving obtained the rise in temperature on the platinum scale, it was reduced 
to the gas scale by applying the well-known formula 

(-pt = 8 (0(1^100), (3) 

taking the value of 8 as 1 5 x 10"‘ 

(c) Detenmnattpn of Weight —The outflowing liqmd was run mto a 500 c c 
flask which had just previously lieon weigheil The weight of liquid collected 
was of the order of 300 or 400 gins and was taken on a chemical balance, usmg 
brass weights These were previously tested, and the errors found to be 
negligible compared with the accuracy of the other observations A small 
correction to reduce the weighmgs to vacw was apphed On to the end of 
the apparatus was sealed a specially ground large bore two-way tap, the feature 
of which was that in the midway position the liqmd flowed out of both sides, 
so that the flow was never actually stopped, and thus steady flow conditions 
were left undisturbed A largo wooden handle was fixed to the key of the 
tap and stops on each side arranged in suitable positions 

(d) Time Detemunatwm—A Dent’s ship chronometer was used and was 
rated against the Greenwich time signals sent out by the BBC The rate 
of gam was sufficiently constant, but was rather larger than was expected, 
being about 30 seconds a day This comes to nearly 1 part in 3,000, and being 
a small systematic correction was applied to the final results as a whole An 
exjienment usually lasted 10 to 16 nunutes, and on the faster flows two deter¬ 
minations were mode during this time of the rate of flow The intervals were 
started and stopped by counting the last 5 seconds with the tick of the chrono¬ 
meter and rapidly switcbng over the tap at the given time It is not likely 
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that the error made m this way was more than I/IO second, or on the average 
about 1 part in 6,000 

4 The Calormeters 

In all some six calorimeters were used at vanous times, but of these only 
two survived the handling to which they were subjected , these will be referred 
to as calorimeters A and B Calonmeter A (fig 1) was similar to those used 
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by Callendar and Barnes in the origmal experiments by this method with water, 
and calonmeter B (fig 2) hatl the vacuum jacket separate, in place of being 
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sealed on to the flow tube, the intervemng space being filled with air The 
idea of this was to be able to use the same vacuum jacket and water jacket 
with different flow tubes, thereby making replacement m case of breakage 
more easy, but owing to convection m the air space, Calorimeter A proved 
more satisfactory At one time the air space in calonmeter B was filled with 
powdered cork to prevent this convection, but the thermal capacity was so 
large that it had to be abandoned The glass work was done by Messrs The 
National Glass Industry, of London, who also silvered the vacuum jackets, 
and exhausted them with a Bom-Kessel mercury-vapour pump whilst heating 
them m an oven to about 200° C They were then sealed off 1 should like 
to testify to the stnot attention to details of dimensions which was paid, and 
which was so important m order that the metal parts should fit tightly 
Calonmeter A had the foUowmg dimensions The fine bore-flow tube OD 
(fig 1) was 2 mm in diameter, and 50 ems long It was fused at each end to 
tubes AO, D?, of 2 ems diameter The vacuum jacket w as fused to these wnder 
tubes at o and D and enclosed 20 ems of the inflow tube DV, and 26 ems of the 
outflow tube AO A greater length of the outflow tube was enclosed, as the 
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heat loss from this end u greater, smce at the outflow end the water circulating 
around the calonmeter is at a different temperature to the hqmd, whereas at 
the inflow end it is at the same temperature The vacuum jacket was S cms 
in diameter and 95 cms long, and the exhaustion seal was horizontal so as to 
facihtate the mounting in the water jacket In fig 1 is shown the calorimeter 
with the thermometers and other fittings in place The " heater,” which 
jMLSsed through the fine bore-flow tube, was a twisted mangamn strip with 
about one twist per centimetre, and which served to prevent stream-hne 
motion (Barnes, p 234) This was made from a piece of 18-gauge mangamn 
wire rolled between a small pair of steel rollers It was annealed every third 
tune through the rollers and was finally annealed by passmg a current through 
it, whilst held fixed and twisted, and m this way took up a permanent twist 
A portion of smtable length was got mto position between copper cylmders 
in the manner desenbed by Banics (p 204) On the outside of these cylinders 
a rubber cord, of square cross-section, was wound, which served to hold them 
firmly m position and allowed no liquid to pass without being stirred around 
the cylinder, thereby ensuring the accurate measurement of the mean tem¬ 
perature of the stream The vUal importance of this was not at first realised 
to the fullest extent (c/ Callendar, p 106), and thereby most of the earher 
experiments were spoiled In trying to avoid the use of rubber, copper wire, 
wound on the outside of the cyhndcrs was tried, but was a failure In some 
cases a screw thread of 0 5 cm pitch and 2 5 mm deep was cut on the outside 
of the cylinders, and, when carefully groimdto fit the tubes, proved satisfactory 
On to the ends of the cylmders, four 18-gaugo turned copper wires were 
soldered, three earned the current and one was a potential lead The coils 
of the thermometers were completely covered by the cylinders, which served 
also to prevent the generation of heat m this neighbourhood Some difiioulty 
was expenenced in closing the ends of the tubes ao, df (fig 1), but this was 
finally done as follows The four wires were pamted with collodion acetate 
and pulled through rubber bungs bored to take the thermometers, and the 
whole then given several coats of collodion Small side tubes were sealed into 
the wider ones for entrance and exit of the liqmd into the calonmeter The 
inflow tube and calonmeter were wound with rubber spirals to make the 
jacketing water cuoulate efficiently, and the copper water jacket was lagged 
with cotton wool and asbestos 
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6 Arrangement of Flmc Circmts 

Fig 3 shows disgrammatically the liquid flow circuits Taking first the 
water circulation, the water tank a was of copper and contained a pump of 
the screw-propeller type, and thermo-reguUtion apparatus The return water 
from the jacket around the calorimeter was sucked into the base of a wide 



vertical cylmder, and discharged at the top It then drifted downwards, 
and re-entered the jacket at b, passuig over the liquid inflow tube en route, 
and so returned once again to the tank The thermo-regulator used was of 
the type devised by Gouy and dosenbed in detail by Barnes (p 209) The 
aniline was supphed from the glass Manotte bottle o which was mounted on 
a platform that could bo raised and lowered, thus enablmg the replenishing 
of the reservoir to be readily performed A central glass tube passed nearly 
to the bottom of the bottle, and kept the head constant after the manner of 
an aspirator, a calcium chloride tube d was connected to this so that only 
dry air could come in contact with the anilme From here the liquid passed 
through a flexible composition tube to the capillary throttles c These con¬ 
trolled the rate of flow, and consisted of a U of 1-2 mm diameter glass capillary, 
which could be short circuited by a wide-bore tap, fused across the top There 
were six of these in senes (only two are shown m the figure), and a ^ inch bore 
tap was fused nght across the whole group, so that they could bo completely 
cut out of the flow circuit They were immersed m a water bath to prevent 
fluotnations due to'change in viscosity with temperature In order to acquire 
voii oxvin —A. L 




146 


H R Lang 

the correct inflow temperature, the amhne now passed through some 25 feet 
of tin tubing immersed m the tank n The liqmd then entered the calonmeter, 
and became stirred by the spirals round the copper cylinders, and by the twist 
m the heating strip, until it emerged again to enter the cooler at o This was 
a long glass spnal around winch tap water was made to circulate From here 
it passed out through thi' special two-way tap already desenbed, and was 
collected and poured back into the reservoir, thus completing the circuit 
At K, the highest point of the flow tubes, an air trap was introduced, and the 
calorimeter was tilted so as to help the air to travel up to this pomt This 
served to release any air that had aci identally got into the apparatus 

6 Pnnficalion of ih Amhne 

As 18 well known, amhne, if kept, even in closed bottles, turns a dark brown , 
the cause, apparently, is unknown Further, it is hygroscopic and it is believed 
that this accounts largely for the conflicting results found in the literature 
According to the results of Bartoli, which are discussed below, I per cent of 
water causes an increaw* of 2 per cent in the sjiecific heat It was therefore 
important to use only dry and freshly distilled aniline, much time was spent 
m finding suitable means to do this for the large quantities required, and 
finaUy Messrs Hopkm and Williams undertook this port of the work 
Dr Jaekson, of this firm, went to great trouble to deal satisfactorily with this 
problem, and I wish here to tender my thanks to him The method adopted 
to prepare a batch (about 40 lbs) of amlme was as follows It was left m 
contact with powdered caustic soda for three days, and distilled from a tm- 
lined still with a silica condenser and a closed-up gloss receiver at atmospheric 
pressure When it was delivered it was of a very pale straw yellow colour, 
and was rapidly transferred to the glass reservoir, after this had been rinsed 
out two or three times wnth the fresh liquid Afti'r it had been twice through the 
apparatus, it was sent back to be dried and again re-distiUed Dr Jackson 
very kmdly determmed the freezing pomt of each batch, using a mercury 
thermometer, which he lent to me to calibrate against the platinum thermometer 
which I used later for the same purpose These corrected values formed the 
means whereby the water content could be determined A senes of expenments 
was performed to determine the variation of the freezing point with percentage 
water , for this purpose some aniline was initiallv spocmlly dned over calcium 
chloride for several days and its freezing point determined immediately after 
re-dishllation, using a platmum thermometer and motor-dnven stirrer, and 
supercooling about 1 5“ C The following figures wore obtamed — 
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Freezing point 

Percentage water by weight 

- 6 06 

0 00 

- 7 03 

0 48 

- 8 61 

0 97 

- 9 58 

1 46 

-10 36 

1 95 


These agree very well with the values given by Appleby and Davies,* and 
both sets are plotted in fig 4, whith was the curve used m the reduction of the 
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results The aniline used, with one exception, had freezing points between 
— 5 9 and — 6 3° C , corresponding to zero and to 0 1 per cent water On 
three occasions aniline which had been kept m tightly stoppered bottles in 
the dark was used, and though now a pale brown colour gave a specific heat 
agreeing with the voluo given bv the freshly distilled liquid, these results 
are given in the tables below It seems probable, therefore, that the darkening 
does not affect the spwihc heat 

7 Modus Operandt 

The water in the jacket around the calorimeter and that in the tank had 
first to acquire the required inflow' temperature For the lowest temperature 
used, the tank was filled with ice clappings and water, and the thermo-regulator 
device removed The tank was contmually replenished with fresh ice, and 
during one experiment about cwt was used, remarkably constant conditions 
could be obtained in this way 

Some experiments were also tried with the thermo-regulator, and an addi¬ 
tional spiral in the tank, through which ran a stream of water, previously cooled 
in an ice bath , but steady conditions were never obtained in this way, and so 
the results were rendered very uncertain A tap-water circulation wis also 
• *J Chem Soo.’iol 127, p 1839 (1»26) 

h 2 
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used, and in this case the tcmpcratiiro slowly crept up dunng the day, but was 
sufficiently constant over one experiment For points m the neighbourhood 
of 20° C the laboratory temperature was used, and to do this the thermo¬ 
regulator was put out of action, and the water just circulated around the 
calonmeter Points above this were taken using the thermo-regulator, and 
those above 30° C requiicd a small gas dame to aid the heating lamp, the 
latter acting only as a fine adjustment over and above the heat supplied by 
the gas dame, and thus compensating for fiiietuations in the gas pressure 

The rate of dow was next fixed by adjusting the capillary throttles, and when 
conditions had become steady (about half an hour), the “ cold ” readmgs 
were taken over a jicriod of about 10 minutes In the case of the lowest 
pomts a measurement of the rate of dow was taken in order to find the change 
with the current on and off, and so correct the “ cold ” readmgs to the rate of 
dow actually used in the experiment 

The current was next adjustctl to a suitable value and its rough value read 
from the ammeter After about half an hour conditions had become sufficiently 
steady for the readmgs to be commenced Meanwhile the empty dasks were 
weighed, and the approximate values of the bridge and poteutiomoter balances 
were found 

A “ run ” was commenced with the determination of the potentiometer 
balance of the standard cells, and a reading of their temperature and then 
the indow temperature The dow was now switched mto a weighed dask, 
at a dedmte time by the clironometer, and immediately afterwards a reading 
of the rise m temperature taken Following this, the potential difference 
across the standard resistance and its temperature, and then the rise agam, 
followed by the potential difference across the heater, and the nso agam, 
the cycle of readmgs was then repeated The riseVas read m this way every 
minute and the potential differences every two minutes The times of all 
observations were noted to the nearest balf-mmutc, m order to assist m tracing 
possible errors Two “ runs ” were taken on the faster dow, and then the current 
and the rate of dow reduced to give the same rise of temperature to withm 
1 per cent as in the faster dow, and two more “ runs ” taken when conditions 
had agam become steady At the end of each “ run ” the mdow temperature 
and the standard ceU readmgs were again taken The current was now switched 
off and the apparatus allowed to cool down to the mdow temperature, when 
the “ cold ” readmgs for the slower rate of dow were taken 

It will be seen from the summarised tables of observations that two “ runs ” 
agree to 1 part m 1,000 and often better than this On some occasions three 
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or][four different rates of flow were taken in order to test whether the heat 
loss was independent of the rate of flow as required by the theory of the method 

8 Mtihod of Reduction of Results 

In reducing the results, the watts per gramme per degree were first calculated, 

%e, 

X-EC/Qd0 

This 18 the value of the specific heat in work units, uncorrec1x*d for the heat 
loss Taking, then, the mean of the two “ runs ’ on the same rate of flow, 
and using this m equation (1) in conjunction with the mean of two “ runs ” 
on the other rate of flow, by eliminating A the following equation is obtamed — 
Specific hiat = (QjX, - Q^X^l/J (Qj - 

By substituting back the value of h was found For the mechanical equi¬ 
valent of heat (J) the value 4 180 joulen/calone was used (C'allcndar, p 132) 

9 The “ X Test ” on the Calomneter<i 

The elementary theory of the method assumes that h in equation (I) is 
independent of the rate of flow, and it was considered necessary to test this 
point expenmentallj Tii order to do this three or four different rates of flow 
were used on \arious occasions, and the values of X plotted against 1/Q, in 
fig 6 Equation (1) may be written 

X-KC/QdO = Jj-f A/Q (4) 

If h 18 mdependent of Q througliont the range, then the graph should be a 
straight Ime, of which the slope would be equal to h and the intercept on the 
ordinate axis the value of the specific heat in work units In fag 5 the mean 
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temperature of the experiment is written along the lines, and it will be seen 
that, leaving the low temperature point (1 09° C) for later consideration, 
equation (4) is true to at least 1 part m 2,000 over the range, and all the curves 
show a very slight curvature in the same direction, this me^ns that there is 
a very small term, varying inversely as Q, to be added to equation (1) The 
cause of the existence of this term and its magnitude are discussed below 
As regards the determinations at the lowest temperatures, it was most important 
hfere to try the X test, as the viscosity is so great, and varies so rapidly with 
temperature in this region, that it was uncertain whether the necessary condi¬ 
tions were fulfilled for the theory of the method to hold The X test shows 
a rather more markcxl curvature than at higher temperatures, the point 
representing the smallest rate of flow is here assumed to be in error, owing to 
the great experimental difficulties in measuring such a small rate of flow and 
so small a nse of temperature to this high degree of accuracy At these low 
temperatures, then, where the viscosity plays such an important part, the 
accuracy of the experiments must bo considerably less than at higher tempera¬ 
tures 

It has been shown by Barnes (p 231) that the heat loss per degree nse h 
IS independent of the rise of temperature dO Further, as /»was actually found 
in each case for two diilcrcnt rates of flow but the same rise, it would not matter 
if it were somewhat dependent on dO, as the value for those conditions was 
measured and used in each case The value of A was found to be nearly 
proportional to the mean temperature of the experiment and to depend to 
some extent on the previous history of the calorimeter The reason for the 
latter is, no doubt, the release of occluded gas from the silvered walls of the 
vacuum jacket Thus, after a low temjxsraturo point, on returning to about 
30° C the heat loss had slightly decreased, and similarly after the calorimeter 
had been at a high temperature and was then used at a much lower one, the 
heat loss increased from the value expected at this point Although curves 
were plotted showing the relation between A and the mean temperature of the 
experiment, it serves no purpose m reproducing them here, as the value of A 
13 actually measured in each case, and therefore its vanation with temperature 
does not affect the calculated values of the specific heat 

10 Correettons 

In the published papers on the applications of the method of oontmuous 
flow calorimetry (Callendar and Barnes, loc at) will be found a full discussion 
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of the possible sources of errors and the corrections applicable, and it is not 
proposed, therefore, to deal with them here in detail 
There is a correction for the variation of the graduiit in the fine flow tube 
(Callendar, p lil) and also for the conduction from the outflow tube due to 
the rise in temperature This rcqiuros the aildition of a small term,varying 
inversely as Q, to be added to iqiiation (1), and it is this term that amounts 
for the slight deviation of the plot of equation (4) from a straight line A 
calculation of this correction, based on the nasonmg given by Callendar, 
showed It to be of the order of 1 part in 6,000, and in the case of the lowest 
temperatures and slowest flows, where it was largest, about 1 part in 1,000 
Correction for Water Conteid The water content of each batch of amlmo 
was det( rmmed in each ease from the freezing point in the niann<*r desenbed 
above, and then, using liartoli’s figures, which are sufficiently accurate for this 
very small correction, the value of the specific hr at found was reduced to that 
for perfectly dry andine The correction was of the order of 1 part in 500 
and m many cases zero 


11 Swmmiy of Observations 

The following tables give a summary of the observations taken with ealon' 
meter A Column I gives the date of the experiment for purposes of reference 
to the original books of obsi rvatioiis, column IT gives the inflow temperature 
reduced to the gas scale, and is the mean of the value at the beginning and 
end of a “ run ” Column TTI contains the mean temperature rise, reduced 
to the gas scale, and is the mean of readings taken every minute during an 
experiment of 10-15 minutes Column TV gives the watts supjilied to the 
heater, and is the mean of readuigs every two minutes Column V contains 
the value of the rate of flow of the liquid in grammes per second, and m most 
cases IS the mean of two independent observations The calculated values 
of X or EC/Q dO arc given m column VI, and the remarkable agreement for 
successive “ runs ” on the same rate of flow shows how accurately the results 
could be reproduced In calculating the results the mean value of X has been 
used in each case Column VII gives the mean temiicrature of the experiment, 
and column VIII the value of the specific heat m calorics jior gramme degree 
Centigrade, calculated by the elementary theory The value of A is also 
tabulated in column VIII The final values, corrected for water content, 
are tabulated in the last column m Table II 
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Table IT —Calonmeter A 


I 

II 

III 

IV 

V 

VI 

VII 

VIll 

IX 

1026 









Nov 23 

21 74 

8 608 

13 881 

0 7(U8 

2 1110 





21 74 

8 606 

13 871 

0 7038 

2 1102 

20 06 

« 0 4977 

0 4077 


21 78 

8 642 

6 444 

0 3618 

2 1441 


A - 0 0226 



21 76 

8 602 

6 418 

0 3487 

2 1403 





21 78 

8 400 

9 410 

U 6220 

2 1252 


* = 0 4979 

0 4970 

Nov 24 

0 723 

10 662 

12 883 

0 5812 

2 1004 





0 731 

10 634 

12 866 

0 6816 

2 1002 

16 00 

, =.0 4046 

0 4046 


0 717 

10 600 

7 016 

0 3110 

2 1285 


A - U 0188 



0 723 

10 604 

7 000 

0 3106 

2 1284 




Nov 30 

0 200 

7 800 

6 510 

0 3937 

2 0032 





0 200 

7 802 

« 408 

0 3937 

2 0013 

4 18 

s - 0 4896 

0 4800 


0 200 

7 891 

4 666 

0 2703 

2 nil 


A = 0 0178 



0 266 

7 886 

4 661 

0 2795 

2 1105 




Dec 1 

0 226 

3 963 

3 000 

0 «>40 

2 0860 





0 210 

3 036 

3 <HMt 

0 4»H1 

2 0871 

2 21 

* = 0 4876 

0 4876 


0 250 

3 943 

2 137 

0 2070 

2 0984 


A - 0 0174 



0 238 

3 938 

2 466 

0 2060 

2 OOtMJ 




Dec 14 

45 41 

8 016 

17 438 

1 OOM 

2 1618 





46 lb 

8 000 

17 112 

0 0025 

2 1647 

10 42 

s - 0 6091 

0 6001 


4'5 40 

7 963 

1i 407 

0 3667 

2 1043 


A 0 0238 



45 40 

8 063 

0 480 

0 4674 

2 1033 





45 40 

8 110 

n 070 

0 62<M1 

2 lb70 


» 0 6002 

0 6002 

Dor 2U 

64 420 

0 107 

20 081 1 

1 0318 

' 2 1092 





64 m 

0 274 

1 20 06b 

1 0414 

2 1711 

68 87 

s -- 0 6131 

0 6131 


64 100 

9 172 

' 7 406 ' 

0 3664 

2 2166 





64 105 

0 166 

7 443 1 

0 3668 

2 2163 


A-^0 0267 


Dec 41 

0 203 

1 733 

1 1 1487 

0 3210 

2 0687 





0 222 

1 7i0 

' 0 7687 

0 2080 

2 0016 

1 08 

s _ 0 4778 

0 4778 


0 224 

1 727 

0 0130 

0 2b.l9 

2 0764 


A-0 0106 



0 242 

1 760 

1 0 3440 

0 1443 

2 1430 

1 10 

s = 0 4768 

0 4768 

1027 



1 




A - 0 0200 


Fob 16 

26 277 

0 000 

6 000 

0 3247 

2 1676 





26 261 

10 036 

6 901 

0 3222 

2 1610 

41 20 

1 t - 0 4093 

0 4983 


20 266 

10 007 

17 087 

0 8019 

2 1166 


A - 0 0240 



26 263 

10 126 

17 (MI6 

0 7957 

2 1172 




heb 10 

31 678 

8 270 

6 060 

0 3323 

2 1688 





11 572 

8 264 

1 6 03.1 

0 3328 

2 1673 

36 71 

s =. 0 8010 

0 6000 


31 660 

8 334 

1 16 112 

0 8642 

2 1229 


A = 0 0243 



41 668 

8 302 

16 008 

1 0 8499 

2 1244 




Apnl 3 

30 103 

7 979 

14 004 

1 0 8807 

2 1338 





30 051 

8 030 

14 082 

0 8721 

2 1370 

43 00 

s =.0 6040 

0 6030 


30 003 

7 903 

6 766 

0 3301 

2 1816 


A = 0 0246 



30 080 

7 080 

6 762 

U 3290 

2 1826 




Apnl 5 

30 108 

9 776 

7 226 

0 3422 

2 1602 





30 no 

0 766 

7 214 

0 3423 

2 1604 

36 00 

s 0 6016 

0 6006 


40 108 

9 801 

17 *73 

0 8304 

2 1238 


A - 0 0216 



30 114 

9 823 

17 461 

0 4300 

2 1228 





added December 1027—^Tbo rrHiilt* obtaini-d with oalonmrter B ihowed an almost 
constant difTerrnco of noariy 1 por cent from thoHe of A, and e\ontually the canae waa traced 
to convection in the air apace between tho flow tiilw and the double walled vaoaum laoket 
(fig 2) Tho oorTBCtion oaloulutod for thia raised tho curve aa a whole, and reoonciled very 
oloaely the roanlte from the two lalonmeten, but it involved a constant which made the reanlta 
not strictly independent of those from calonmeter A Smoe the convection taking place waa 
of a comiiioated nature, there is some uncertainty as to the theory of this correction Tho 
tabular results of tho senes of tho 13 complete oxpenments made with calorimeter B have 
therefore been omitted, but the general agreement of the sham of the curve with that obtained 
from the expenmente with the other calonmeter is shown in fig 6 ] 
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Using calorimeter A, some values were obtained with amlme that had 
been standing for six weeks in dark glass bottles, which were closed with 
tightly fitting ground glass stoppers When used, the hquid was a light brown 
colour The following figures were obtamed — 



Speca&o heat 

T»mper»tare 

Obflervod j 

Calculated 

“C 



39 34 

0 6011 

0 6021 

38 79 

0 6021 

0 6010 

29 10 

0 4972 

0 4978 


The calculated values are from the mean curve for the freslily distilled liquid 
It appears, therefore, that the darkening docs not affect the specific heat 
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The final results have boon plotted in fig 6 against the mean temperature, 
and a smooth curve drawn through the points Hot ween 5" aud 00° (' the 
specific heat is represented in terms of the 2()-dcgreo calono per gramme degree 
Centigrade by the following formula — 

« = 0 4951 + 0 000287 (< - 20) 1- 0 0000027 {t ~ 20)* 

-f 0 000000001 (t - 20)» 

The following table gives the results read off from the curve, and the close 
agreement of the above equation over the range 6° to 60° C is shown — 
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Table TIT 


Temperaturr 

Obm^rved from 
turve 

Calculated from 
formula 

»C 

A 

0 4912 

0 4912 

10 

0 4023 

0 4924 

10 

0 4937 

0 4936 

20 

0 4051 

0 4901 

2A 

0 1067 

0 4968 

30 

» 49H2 

0 4081 

30 

0 0003 

0 0002 

40 

0 0024 

0 0024 

40 

0 0000 

0 0000 

00 

0 0080 

0 0079 

00 

0 6112 

0 0111 

60 

0 0148 

0 6148 

(to 

0 0183 

(0 5189) 

70 

0 0218 

(0 6234) 

70 

0 6203 

(0 0292) 


No attempt has been made to draw a curve through the pomts below 5“ C, 
aa owing to the high viscosity of aniline m this region the results, as pointed 
out above, are less certain 


1 2 Compartson of the Results mth the Work of other Observers 

Bartoh* used a mcthotl of “ heating ’* which is in reality the same as the 
well known method of coolmg, but m this case the temperature of the jacket 
IS above that of the bquid instead of below Great care was exercised to 
use pure anilme, and two samples were used, one prepared from the sulphate 
and another from acetanihdo The unit used was the 16° calorie and the results 
have been reduced for comparison purposes to the 20° calorie, in terms of 
which my results are given The reduced results for the anihno prepared 
from the sulphate are plotted m fig C The difference between the specific 
heat for the two samples is 0 0019 at 10° C, increases to 0 0034 at 30° C 
and decreases again to 0 0004 at 60° G , andthemcrements are not consistent 
If the difference were due to slight impurities present, the difference would 
be very nearly constant over the range used, and if it did change, would show 
a regular variation It seems therefore more probable that the discrepancies 
are due to inaccuracies m the experiments The method employed is not 
susceptible of great accuracy, owing to the difficulty of reproducing identical 
conditions for the experiments with the comparison liquid and the liquid 
* ' R«nd B Inst Lombardo,’ vol 28, p 10S2 (1894) 
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under investigation, the assumptions involved in the theory of the method 
are open to doubt * Finally, it was necessary for Bartoli to read his thermo¬ 
meter on a movmg meniscus, which tenders the readings uncertain For 
these reasons it would seem that his results arc only accurate to about 
1 per cent fiartoli also carried out some experiments on the change in the 
specific heat due to small percentages of water in solution His results for 
20 ® C are as follows 


Aniline containing 

0 

per oent 

1 

per cent 

2 

percent 

S 

per cent 

4 per cent 

Speoifio heat 

0 6005 

0 5104 

0 5200 

0 5302 

0 5408 


Perrotf also observed an increase of spccihc heat if small amounts of water 
were present 

E H GrifTithst earned out a very careful senes of experiments, but un 
fortunately paid no attention to the dryness or punty of the aniline He 
used an electrical method and the same calorimeter as was used in his experi¬ 
ments on water § It would serve no purpose to discuss the possible sources 
of error m his method, as this has been done both by himself and others in 
connection with his work on water, and his results are for impure aniline 
It must be stated here, however, that the variation of the water equivalent 
of the calorimeter with temperature was of the order of 20 per cent of the total 
variation, and the corrections were large, by the methods adopted in reduemg 
the results Gnffiths claims to have eliminated these errors When the aniline 
was taken out at the end of the senes of experiments, it “ had darkenoil con¬ 
siderably,” which IS a sure mdication of impurities, and particularly water 
His results, reduced to the 20-degroo calone, are plotted in fig 6 As the 
oalonmetor was closed, the water content of the aniline would remain constant 
throughout the senes of expenments, and if it be assumed that 2 3 per cent 
of water was present, and the results corrected accordingly, they then agree 
with my values to 1 part m 600 over the whole range This large percentage 
IS quite possible in view of the hygroscopic nature of amline Experiments 
have also been earned out by others, but are not of such a high degree of 
* CsUendsr. ‘ Enoy Bnt,’ Art “ Calonmetiy ” 
t • Arch Soc Phys rol n, p 146 (1804) 
t ■ Proo Phys Soo ,’ vol 13, p 234 (1804) 

S ‘ Phil Trans ,’ A, vol 184, p 361 (1803) 
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accuracy, or are over too large a range of temperature to merit a discuBsion 
of their results here 

13 ExpenmetUs unixg a Dmoar Flask as Calonmeter 

In order to confirm the above results, and to ro-mvestigate the specific 
heat below 6° C, some experiments were performed usmg a Dewar flask and 
a manganm heating coil Those preliminary expenments soon showed, however, 
the impossibility of obtaining accurate data by this methcKl The calonmeter 
had a large water equivalent, which could not be kept constant, and which, 
in addition, rapidly increased with temperature In fact, the variation of 
water eqmvalent was of the same order as the variation to bo measured, and 
while the continuous flow method is free from this defect, no suitable method 
has yet been found for such a highly viscous liquid as aniline is at these 
temperatures 

The expenments were carried out in the Physics Department of the Im^ierial 
College of Science under the direction of Prof Callcndar, to whom I wish to 
express my mdebtedness for continual advice and encouragement I desire 
also to express my thanks to many colleagues for advice and aasistance at 
various tunes, and particularly to Mr W J Colebrook, the director of the 
physics workshop, for assistance in the construction of the apparatus 

14 Summary 

New measurements have been made on the specific heat of anilme by the 
continuous flow electric method, o\er short ranges of temperature between 
and 76° C The rate of change of the specifac heat with temperature over 
this range was found to mrrease with rising temperature Some values have 
also been obtained below 6° C, but owing to the high viscosity of amlme at 
these temperatures the results are less certain Great care was exercised 
to use only pure dry aniline, and the minute water content was determined 
m each case 
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The Structure of the Band Spectrum of Helium — IV 

By Prof W E Curtis, D Sc , Armstrong College, Ncwcastlc-upon-Tyne 
(Communicated by Professor T H Havelock, FRS - Remvctl December 1,19i7 ) 
1 Introductory 

Since the publication of the last paper in this senes* some important con¬ 
tributions to the interpretation of the spectrum have been mode, notably by 
Mulliken t In extension of his work on other bands he has proposed electromc 
term designations for all the helium bands published up to the present, and has 
shown that these designations provide an explanation of several characteristic 
features of the bands, such os the absence of certain branches in some of them, 
and the number of “ missing lines ” m the neighbourhood of the null line of 
each band The identification of the electromc levels renders it possible to 
calculate the jiositions of certain other bands which should occur, and one of 
these (5S -*• 2P, ortho-helium family) has since been found by Weizcl and Pucht- 
bauer J They have also recorded a number of bands involving the first vibra¬ 
tion state of the molecule 

In the present paper it is mtonded to give details of three new bands which 
have the same final electromc state (2P) as the three which were first investi¬ 
gated, to discuss their relationships and interpretation, and to denve molecular 
constants for all six bands Before proceeding with this it is desirable bripfiy 
to outlme the changes in notation which are necessitated by the recent advances 
mentioned above The most radical of these is the re-numbering of the hues 
according to Mecke’s 8uggestian§ that alternate members of all branches are 
missing As this view is now generally accepted by workers in this field, no 
more than a brief summary need be given of the evidence on which it is based 
This 18 as follows — 

(1) Analogy with other symmetrical molecules, where alternating intensities 
are actually observed (c g, Ng'*') 

(2) The molecular constants are brought mto better accordance with those 
derived for other molecules In particular, the old value of 0 5 A for the 
nuclear separation seems remarkably small for such an unstable molecule 

• Curtis, ‘ Roy Soo Proo,’ A, vol 101, p 38 (1922), vd 103, p 38 (1923), and vol 
108. p 613 (1926) 

t ‘ Ppoo Nat Acad Soi,’ vol 12, p 168 (1926), ' Phys Rev vol 28, p 1202 (1926) 

} ‘ z 1 Physlk,’ vd U, p 431 ( 1927 ) 

S • Phys Zeiteohrvol 26, p 227 (1926) 
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(3) Assuming that alternate lines are missing, Mullikeu has been able to account 
qmte simply and naturally for the absent lines of low quantum number in 
each band 

(4) Vibration frequencies as actually observed by Weizel and Fiichtbauer 
arc in good agreement with those calculated from the rotation structure, pro¬ 
vided that alternate lines are supposed missing The previously calculated 
values are double the observed 

It is thus clearly necessary to renumber the lines in accordance with the new 
interpretation This has the further advantage of converting the J values 
previously found for c into | values, m agreement with many other band 
spectra 

A further comphcation which exists in this spectrum is the doubling of the 
rotation states for all electron levels except the S These are designated A 
and B after Mulliken, and are alternately suppressed The following scheme 
shows which are actually observed — 

S levels, B states only, j - 1, 3, 5, 

P levels/^ 

kB states only, j — 2, 4, 6, 

I) 

LB states only, j - -, % 6, 

The rotational quantum changes responsible for the emission of the various 
branches are as follows, in the convenient notation of Weizel and Fiichtbauer 
for bands of the subordinate senes type — 

Sharp senes, mS -► 2P, e j, XX 6400, 4646 

1’' 0) ^ s 0) - 0 + 1) 

R 0) = < 0 -t 1) - P6 0) 

Q 0) = « (j) - Pa 0) 

Diffuse senes, jnD -> 2P, c , X 6730 

P'O) =-rf»0)-p»0 + i) PO) -d.0)-p,0 + i) 

R (j) = ^^6 0 + 1) — 0) R' (j) = rf. 0 + 1) — Pa (j) 

Ql 0) = fa 0) Q 2 0) =" da 0) - ft (j) 

In these formulaa small letters have been used for the electron term symbols, 
since P 18 already in general use to denote the rotational transition j -f 1, 
and the rotational substances are distinguished by suffixes a, b, m order to avoid 
confusion with the B which occurs m the rotation term formula But capital 
letters will hereafter be used when no confusion is likely to arise 
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It IB convenient to retain the Byrnbols P', R' used m previous papers to 
denote branches which extrapolate approximately to the head of the Q branch 
The Imes of the P and R branches fall nearly midway beta con those of the P' 
and R' branches for small values of the rotational quantum numbers 

The rotation terms may be evaluated in the usual way by forming suitable 
combination differences, as shown below 

Sharp senes 

Imtial term differences Pmal term differences 

R0)-F0-i) R(j_i)_P'(j) 

Q0)-i*'0) 

•= Pb 0 + 1) - Pa {]) 

Diffuse senes 

Imtial term differences Final term differences 

R0)-P'0-i) RO-i)-FO) 

= d, 0 I-1) - 0 -1) =-pbb-\-'i)-Pb(j- i) 

Qi0)-P'0) 

+1) -p.O) 

R'O)-P(j-i) R'0-i)-P0) 

= d,0 + 1) - - 1) -Taij + 1) -p,(j - 1) 

Q«0)-P0) 

+1) -Pbij) 

2 The Neiv Bands 

In Table I below the details of the three new bands are given Those of the 
three already published arc not repeated, but their numeration may bo con¬ 
verted to the new system according to the following scheme, which shows the 
old and new designations of the first observed line in each branch The old 
numeration proceeds by successive integers and the new by alternate integers 

Sharp Diffuse 

Old P'l Q1 R2 Pr~P'2 Q,l Qil K2 R'l 

New P'l Q1 R2 F2 P'3 Q,^ Qj2 R2 R'l 

Table II shows the combination ihfferences upon which the interpretation is 
baaed 
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Table I —^Details of New Banda 


(a) Band near X 6416 



P' brill 

ith 


<2 brai 

.oh 

Rebranch 

Int 

A(air)I A 

i.(vao) 

Ini 

A (air) IA 

V (vao) 

Int 

A (air) IA 

v(vao) 

1 0 

2 

G428 20 

15551 04 

00 

0410 00 

15580 11 



(16021 8) 

1 1 

4 

40 18 

522 70 

1 

17 12 

79 02 

0 

0388 00 

15048 34 

'i 1 
« 

52 72 

491 00 

2 

17 00 

70 90 

0 

78 24 

73 08 

7 1 

8 

OS 29 

402 04 

2 

10 20 

73 08 

0 

08 32 

08 40 

1* 1 

78 11 

412 10 

2 

20 82 

70 06 




1 





(65 20) 




3 



0 

25 21 

50 41 




fi 

_! 



0 

28 03 

62 57 





(6) Band near X 4558 


P' branch 

Q branch 

R branch 

bit 

A (air) 1 A 

r(vac) 

Int 

A (air) I A 

V(vao ) 

bit 

A (air) I A 

r(vac, 

1 00 

4504 23 

21901 38 


_ 

(21931 6) 




3 1 

4 

70 40 

873 38 

1 

4568 78 

21920 67 

00 

4544 72 

21907 41 

C It 

70 Oh 

842 40 

1 

50 46 

26 34 




0 

7 1 

83 71 

810 1(1 


00 51 

21 25 

00 

10 80 

22020 06 







00 

35 47 

042 27 

0 1 

90 00 

777 14 

1+ 

01 88 

14 66 




10 









11 2 

07 89 

741 04 

1 

03 00 

06 40 




13 


i 

i 

05 68 

890 42 
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Table I—(continned) 


(c) Band near X 5885 




P branch j 

Q branoh | 

K' branoh 

3 

Int 

A(air)I,A 

s{vac) 

^ Int 

A (air) I A e(vac) 

Int 

A (air) IA 

r(vao) 

1 




Absent 

1* 

6870 78 

17011 41 


6f- 

6002 18 

10038 31 





3I 





0* 1 

70 20 

30 32 

4 

0+ 

16 00 

808 63 





6 





i “* 

66 77 

43 36 

e 

10 

31 75 

863 77 





7 





0 

03 13 

51 02 

8 

8+ 

40 23 

804 26 





9 





0 

02 12 

63 96 

10 

4 

68 27 

760 06 





n 





4 

62 08 

62 H 

12 

2 ( 

88 02 

003 72 





13 





4*)- 

fW 04 

40 03 

14 

1 + 

0010 10 

033 90 




16 





5‘ + 

67 84 

37 32 

16 

1- 

32 70 

671 76 




17 





1* 1 

72 35 

21 24 

18 

0 

SO 19 

607 48 





ID 





1* 

77 97 

07 97 


Wave numbora in brackotx are < alculalod valoes for lines which fall under strong lines of the 
neighbouring bands lutonsitleH raarkod • in (c) are unreliable owing to the proximity of the 
helium Dj line, A 087n, which u heavity overexposed and acoompaiiicd by much fowng In 
(o) and (6) the P' branches ha\o already boon published as oonsUtiients of tho bands A A 0400 
and 4540 respoctivoly 8inuo that time it has bcoomo apparent that they do not belong to these 
bands Woisol and Ptkihtliaiier record many of the hnes of (6) with tho cxoeptiun of the It 
branch, but their numbering of the Q branoh is incorrect 


Tabic II —Combioatioa Differences for Now Bands 


3 


V» (2+l)-P*(y-l) 

Q (3) - P' (J) 

= P* (j + 1) - P- 

Band (a) 

1 Hand (6) 

Band (a) 

1 Hand (b) 

3 



60 20 

50 19 

5 

165 28 

164 96 

63 93 

83 88 

7 

211 04 

210 65 

111 04 

HU 96 

0 

200 10 

265 13 

137 75 

1 17 62 



R'(2 l)-P(2)-=P.(2l 1)-P-0-1 

3 

_ 1 

Hand (r) 

1 Hand A 6730 

2 

73 20 

73 34 

4 

131 00 

131 04 

0 

180 69 

180 63 

8 

240 70 

240 60 

10 

303 31 

303 20 

12 

368 02 

358 61 

14 

412 73 

412 80 

10 

406 67 

405 67 


VOL. oxvnt —A 
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3 Ivterpretalxon of the New Bands 

(o) and (5) —It is evident from the similarity of structure that these must 
be closely associated with the neighbouring strong bands XX 6400 (3S 2P) 

and 4546 (4S 2P), yet the absence of combination relationships with these 

shows that they have no state in (ommon with them It seemed probable 
that in each case the weak band was due to the vibration transition 1 ->' 1, 
the strong band arising from the vibrationless molecule, as already concluded 
by me This view was supported by the relations between the molecular 
constants (sec below) derived from the term differences for each band,* and 
has recently been confirmed by the recognition by Wcirel and Fhehtbauer of 
a number of other weak I >1 bands similarly situated with respect to the 
0-^-0 bands arising from the same electron transition For convenience of 
description we may thus designate the bands (o) and (fc) as 3S (1) -*2P (1) and 
4S(1) '■2P(1) respectively, the bracketed figures indicating vibrational 
quantum numbers (apart from the J which should probably be added to each 
according to the latest theoretic-al developments) 

(c) — The combination result indicate s that the final state is identical with 
that of the R'P branches of X 6730, 1 1 , 2P* (0) In view of the strength of 
the band the initial state must also be vibrationless, but its clcctromc designa¬ 
tion IS uncertain at present The evidence derived from the molecular con¬ 
stants IS discussed later It should be mentioned that the absence of a Q 
branch renders it impossible to determine <lire< tly whi ther the two branches 
should be designated IVP or RP' The former vie\i is probably th( correct 
one, as will appear later 

4 The Molecular Constants 

From an analysis of the rotational structure of a band we may derive the 
moments of inertia of the molecule in its initial and final states, and also, if the 
measurements are sufficiently accurate and extensive, corresponding values of 
the vibration frequency But the precise values obtaineil depend upon the 
formula employed, and it is not quite certain which of the various types is to 
be preferred In III it was shown that the terms could be represented with 
gre^t accuracy by the expression, due to Kratzer,t B (m — e)* — p (m — e)* 
For the main (principal) series of doublet bands the value of c appeared to be 
exactly | for the common final (2S) state and for the initial (3F to lOP) A states , 

* The resulta were not published at the tune, but were commumcated pn\ately to Prof 
Birgo and molnded in the Report of Molecular bpoctra in Gaees ’ (p 207) 
t ‘ Z f Physik,’ vol 3, p 280 (1920) 
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for the initial B states it showed a marked decrease in noing from 3P (s =: J) 
to 8P (s = 0 14) Similar calculations were carried through by least square 
methods for the present bands, including XX 6400, 4{)4b, 57.10, the term values 
of which had not previously been obtained except approximately by Krat/.er * 
It was found that e = J for the common final statr s 2F* and 2 Pb and for the 
38 imtial state, for the other imtial states appreciable deviations from J 
existed The actual values obtained for B, p and s ire given m Table III 


Table III —Term Oonstants for Bands having Common Final State 2P 


2tt 3418 
29 2441 
28 9226 

28 74«2 

29 9916 
JO 6.603 

30 4910 
28 0093 
28 3799 
28 146 
27 8107 


1\ <]<. iiotca tin initial Ktuto of band (<), A 5885 


M 

-i 

t-i 

I 0 2611 
-0 21)3-) 
+0 2727 
'0 3381 
fO 2056 
-0 2475 
+0 2004 
+0 2594 


According to the new interpretation and notation (/« J) is to be replaced 
by (j + J), where odd values of j correspond to — J iiid ovi n values to t- i 
The term values mav be represented by means of an expression of the form 
B {(J + i - P)* - - P{(J + i - P)* - 

Here p is only n qiiircd when c tleiiarts appreciably from the exat t J value, and 
18 alwajw small for the bands considered here o represents the component 
{<jhl2n) of electronic angular momentum parallel to the internuclear axis, and 
takes the values 0 for hS states, 1 for 'P states and 2 lor >D states B and p 
have the same significance os before, but will be resjiectively about J and 
as large as before To evaluate them with the utmost attainable accuracy 
it would have been necessary to carry through a completely fresh set of calcu¬ 
lations In view of the labour involved m this the new constants were derived 
from the old by means of the relations p == p/16 and B - B/t — 2pa“, where 
and p are the old values Also the approximate p values arc (2z — for e 
positive and (2e -j- J) for c negative The results for B and (the intor-miclear 
distance) are probably accurate to within 0 1 per cent or so, but p and p are 
• llnd , vol 1«. p 363 (1924) 
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more difficult to determine, and may bo considerably m error for tho more 
excited states, since their evaluation depends upon the magmtudo of a small 
deviation from tho quadratic term formula Hence tho values of Wq (2'y/B®/p) 
are also somewhat uncertam in these cases 
Tho constants relating to tho electronic states 2S, 3P, 4P are recalculations 
by Mulhken from the values published by mo in 1925 Tho remainder ore 
nea 

Table IV —Molecular Constants for “ Orthohelium Bands ” 



State 

Ba Bg 

Pa Pit 

Pa'' 10* ;9b^io* 


r.(Ar) 

A B 


2S 

7 5811 

0 

6 62 

1780 

1 060 


38 

7 231 

0 

6 29 

1692 

1 074 


48 

7 187 

1 0 0282 

6 94 

1680 

1 077 


2P 

7 334 7 310 

0 0 

6 201 6 126 

1744 

1 066 1 068 

n -= 0- 

3P 

7 176 7 102 

0 OOJ 0 

6 17 6 01 

1090 

1 081 1 086 


4P 

7 140 0 900 

0 006 0 

6 32 4 48 

1700 

1 084 1 098 


3D 

7 491 7 633 

-0 0270 +0 0464 

8 12 7 22 

1606 

1 066 1 045 


3X 

0 623 

+0 0238 

2 06 

2382 

1 122 

r 

3& 

7 036 

+0 0208 

6 46 

1473 

1 089 

- ij 

48 

0 963 

H 0 0188 

7 88 

1308 

1 096 

n = 







1 

2P 

7 166 7 094 

+0 0310 +0 0060 

6 93 4 80 

1686 

1 079 1 084 


5 Dtscusswn of JtesuUs 

The constants show in tho main tho kmd of variation to be expected For 
example, m each sequence the nuclear separation Tq increases with the degree 
of excitation, whilst at the same time the vibration frequency (Og diminishes, 
indicating a diminution m tho strength of tho binding A similar effect on the 
molecule is produce*! by the development of nuclear vibration Thus the 
increase m duo to vibration is 0 013, 0 015, 0 016 and 0^ 018 A U for the 
2P*, 2 Pb, 3S and 48 states respectively In the non-vibrating 38 and 3P 
states there is little difference m fg and ojg, but in tho 3D state is distinctly 
smaller, whilst cog is considerably smaller It is tnie that the latter value is 
somewhat uncertain owing to tho presence of a p, but the small value of fg 
18 qmte defimtely established, and is responsible for the fact that X6730 is 
degraded m tho opposite direction to that of all tho other bands 
It has been mentioned that the tabulated values of tOg are somewhat uncertain, 
particularly when a p exists More rehablo values may probably be obtame^ 
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by making use of the separation of the (0,0) and (i, 1) bands arising from the 
same electron transition Denoting the respective values of Vq bv Vq and V|, 

for X 6400, Vfl ^ - 3S + 2P, 

and for (o), Vj - ~ 3S + w, -f 2P — tOp approximately, 
where 0 ), and eip are the vihiation fn quenetes in the 3S and ‘2P states Ilencc 

Now <Op IS probably botti r determined than to,, since it is dt rived from many 
more observations involving three w'parato bands and both A and B sub-states, 
whereas tu, la derive d from only one band and involves only B sub-states We 
shall therefore take the tabulated value of wj for the 2P state, i e 1744, as our 
starting point The values of v# and v, are is follows* — 

Vo 3S(0) -iPfO), ]5b2t 4S(0) ^ 2P (0), 21904 

3S(1)-^2P(1). 15581 4S(1) -2P(1). 21002 

When! e m,, — w, — 4 i 62 

and therefore Wo — 1701 for 3S and 1682 for 4S 
These values inspire more coutidence tlian those tabulated, for they corre¬ 
spond mufli more closely with the v«ilue8 They also obt<iin support from 
the fact that the y yield an almost t onstant value of wo/B for the 2S, IS and 4S 
states, namely, 234 5, 235 2 and 234 0 respectively This corresjionds to the 
approximate < onstancy of Itoo for molecules of similar constitution, first noted 
bv Metkc {see ‘ Riport,’ p 231) but is mudi more nearl> exact It is there- 
fon of interest to si e whether a siraiJ ir relat ion holds for the P sequenci Tlio 
foo values for 3r, 4P etc , were determined directly byWeuelandFiichtbauer, 
init they made no observations relating to the 2P state By comparison of 
their values for 3P and 2S (1643 and 1732) with the calculated ones given m 
Table IV (1690 and 1780) it apjiears that tin latter are respectively 47 and 48 
too high In order to get a 2P value c-omparabk with theirs wo maj accord¬ 
ingly subtract 48 from the calculated value 1744, which gives 16‘)6 The results 
are then as follows — 


State 

«o 

(llg/B 

2P 

1696 

231 b 

3P 

1643 

230 1 

4P 

1G28 

230 8 

6P 

1624 

234 7 

7P 

1622 

236 8 


• Omitting Mulhken’g B<r* term, which would not affect this result 
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The agreement is not particularly good, but it should be noted that a com¬ 
plication exists here, in that the P states are all double, each having two B 
values decreases much more rapidly than as the electromc quantum 
number increases, but the average of the two has been used above It appears 
from the manner in which Weirel and Fiichtbauer derive Wq that it must refer 
to the B states, but the difference botucen the A and B values is not likely 
to be appreciable On the whole the evideiw^ does not point to an exact pro¬ 
portionality between Wu and B for the P sequence 
Taking tagiu as about 23i> we obtain for the prodiw t Ioiq the value 6600 x 
10 “'*” which 18 of the order of magnitude characteristic of the hydndo group of 
molecules AlH, G080, Cull, 6800, Agll, 7120, AuH, 8410) This affords 
further support to Lena’s suggestion* that th< structure of the helium molecule 
18 generally similar to that of the hydrogen molecule In this connection it 
18 worthy of note that Richardson has shownf that the electromc states of the 
hydrogen molecule run closely parallel to those of the helium atom, whilst 
Mullikeu has established a similar correspondeiU/C between the helium molecule 
and atom, so that again we are led to the recognition of an essential similarity 
of structure in the case of these two molecules 
The rotational doubling does not affect only the rotation terms, but may have 
an influence also on the electronic terms, as is particularly clear m the case of 
the imtial state 3D of the band X 6730 The six branches yield two distinct 
values of v®, as will be seen by reference to Table V, which gives the values 
derived from each line by using the terra values calculated from the constants 
of Table III At the same time the figures will serve to indicate the order of 
accuracy to which the experimental results are capable of representation by 
these formulae 

The SIX mean values of Vq clearly fall into two sets, one derived from the 
P'QjR branches and ha'vuig a mean value 17438 21 and the other from the 
PQjR' branches and having a mean value 17435 98 The P'Q^R branches 
have the initial state Db m common and the PQ 2 H' the imtial state D^, so 
that we conclude that the electron term for the 3 Da state exceeds that for the 
3 Db state by about 2 23 cm There is no such marked similarity of the 
values associated with the same final state,| so that the separation of the A and 
B values of must be mappreciablc m the 2P state But a similar difference 

* ‘ Verb d D Phya Gob vol 21, p 632 (1010) 
t ‘ Roy 80c Proc A, vol 113, p 400 (1026) 

J But there is perhaps an indication of a similar effect in the fact that the values asoooiated 
with the Pu state are all higher than those associatol with the Pi state 
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Table V —Values of Vo derived from each Line of Band A 6730 



makes its appearance for higher tenns of the P sequence, as has been established 
in III (p 630) from a study of the “ mam ” (principal) series of doublets Hero 
again the electronic term is larger for the A state, the rlilTerenci’ ranging from 
0 14 for 3P to 4 M for 8P It thus appears probable that m general an elec- 
tromc energy difference between the A and B sub-states develops with increase 
of excitation 

The precise significance of the duplication of the rotation levels is at pri'sent 
obscure, although we may surmise that it refers to the two opposite senses of 
the electronic angular momentum The rules of combination for the rotation 
terms are most conveniently summarised, as Weirol and Fuchtbauer have 
suggested, by assigning quantum numbers t to them, such that i* — in = ± 1 
The observed branc hes an then represented by the condition that Aj -f A» 
- ± 1 This means that P and R branches result from A -► A or B > B 
transitions and Q from A -'B or B-*-A (so-called crossing-over property of 
Q branches) On this notation the j values which actually occur are as stated 
m Section 1 The scheme there given is rather a complex one, and it is natural 
to enquire whether it could be simplified by changing the notation This is m 
fact the case, for if we were to interchange the A and B labels in the P states 
we should be able to say that only the even A sub-states and the odd B sub¬ 
states are present This would, of course, involve a restatement of the com¬ 

bination rule, thus -- 

A -> A or B > B transitions give Q branches, and 

A B or B > A transitions give P and R bram hes 

Apart from evidence to be obtained from other spectra, there is internal 
evidence against such an interpretation, since it would render permissible the 
occurrence of S->S and P->P elcHjtron transitions, which are impossible on 
the first scheme and which are not in fact observed There might, of course. 
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be some other cause inhibiting them, but so far as the evidence goes it certainly 
points to the essential correctness of MiiUiken’s scheme At the same tune 
it should be remarked that this rests on a somewhat arbitrary basis in the case 
of the hehum bands, smee the critenoa he employs, namely, that (j) ;> Fb {]), 
lacks definiteness for the 3D (0) and 21* (1) levels, the two term sequences cross- 
mg over os shown by the figures below — 

31) rotation terms, calculated valiw s 

j 2 4 b 8 10 12 14 

A 47 84 163 .12 317 94 640 87 820 92 I16fi 61 164b U 

B 46 (K) 151 21 317 02 642 34 826 33 1167 62 1664 57 

2P (1) rotation terms calculated values 

; 3 6 7 9 

A 86 16 211 76 397 69 637 08 

B 86 59 211 79 397 02 635 37 

The criterion suggested is thus not satisfactory, altlioiigh m all the vibration- 
less P states F* (j) is consistently larger than P# (j) It is probable that a more 
satisfactory method of distinguishing the two states could be based on the 
effects upon them of mcrcosmg excitation, vi* — 

(1) The cl«*ctromc term value becomes greater for A than for B, as mentioned 
above, and 

(2) The moment of inertia for the A state remains almost constant, whilst 
that for the B state increases rather rapidlj If further terms of the D sequence 
can be observed, it shofild be possible to reach a pretty definite conclusion on 
this point The next band, 4D ->-2P, ought to be quite strong enough to be 
detected on the author’s grating plates, but its expected position, about X 4400, 
falls m a (omplex region, so that it is not easily recognisable A systematic 
analysis of the whole band spectrum is now in progress, and shoidd lead to its 
identification 

In conclusion, the question of the electron transition associated with the band 
(c), X6886, calls for some consideration As mentioned previously, the two 
observed branches may bo interpreted as R'P or RP, according to whether the 
2P electron state is regarded as the final or imtial state respectively The 
former assumption leads to an effective imtial quantum number 2 96 and the 
latter to an effective final quantum number 1 64 Having regard to the effective 
quantum numbeM denved from the other electron terms of this spectrum, 
which all have approximately integral values, it seems much more likely that 
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the former interpretation is the correct one We may thus designate the band 
as 3X -'2P, and smce the fmal states are 2PAthoimtial states are presumably 
3X*, accepting the convention that RP branches do not “ cross over ” The 
absence of the X^ levels suggests that the imtial state is of the S type (but 
with B levels suppressed instead of A as usually), but the absenw of the Q 
branch, SX*-*- 2 Pb remains uncxpiaimd The nature of the hypothetical 
new S level is also obscure, smeo there is no place for such a level in Mulliken’s 
term scheme It is close to the 3P initial level of the “ parhehum ” band 
X 5130, but IS not identical with it, since the initial term differences arc not in 
agreement The IhS “ parhehum ” term (of the band spi'itrum) has not yet 
been isolated, but the < ffective quantum niuiibt r of 2S is 1 863, so that it is 
very unlikely that for .IS it could be so high ns 2 96 We may hope that further 
evidence will be forthcoming as the nsiilt of a sc.irch for the next mtmber 
4X > 2P, but this again iv ill probably fall in a region rich in hncs (about X 4440) 
and will not be easy to disentangle Apart from its electromc configuration the 
3X state is somewhat rein irkable in comparison with the S, P and D, in that 
the nuclear vibration frequency comes out abnormally large, whilst the nuclear 
separation is also large, whereas these two quantities usually vary in an inverse 
sense In other ivorda, the product Iioq (9900) for this state is considerably 
greater than for the* other states ((>.500), indicating that w e have to do with a 
distinctly different molecular structure 

iSwminory 

Details are given of three new helium bands which have the final electromc 
level 2P in common Two of them are due to the vibrational transition 1 -> 1, 
the imtial electromc levels being 3S and 4S The other has an initial electromc 
level of effective quantum number 2 96, but its term typo is imcertain, as it 
does not appenr to lit into the general scheme of electromc levels The rotation 
terms have been accurately evaluated for the three new bands and for three 
others previously described which also have the final level 2P The molecular 
constants are thence determined and their relations considered New evidence 
IS presented which favours the view that the helium and hydrogen molecules 
are structurally similar The question of a suitable criterion for distinguishing 
between the A and B rotational sub-states is discussed in the bght of the new 
data 
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The Kinetics of the Combination of Hydrogen and Oxygen 

Bv (' N Hinhhfi WOOD, and H W Thompson 

(Comiuunicut<.(l by Sir Harold Hartley, F R S —Received December 1, 1927 ) 
Inirodvctum 

Altbough then are few gaseous reaitious of mori fundamental interest than 
the union of hydrogen and oxygen, it ran hardly be said that the kinetics of 
this combination are at all completely understood Many investigations have 
been made of the catalytic real tion which occurs in contact with various surfaces, 
and of the phenomena ac com pan} mg the production of flame or explosion in 
the gaa Little is known about the conditions governing the rate of the actual 
chemical change m the gas phase, because although flames and explosions depend 
very much upon these they are determined by a grt at many other factors as 
well 

In 1899 Bodenstein,* following up some work imtiated by Victor Meyer, 
made a long sorus of experiments by streaming mixtures of the two gases 
through porcclam vessels, heated to a constant temperature, and then analysing 
the products lie came to the conclusion that the reaction is of the third 
order, following the equation d[HjOj/eft — I [Iljj® [Oj] Since the rate of 
comhination was very different m different vessels, he inferred that the reaction 
was taking place almost entirely on the surface of the vessel 

Bone and Wheeler,f by circulatmg the gases at lower temperatures for long 
periods, measured the rate of slow surface combination in contact with various 
materials, including porcelain, and found that under these conditions the reaction 
was of the first order 

Comparing those results with those of Bodenstein, the natural conclusion 
would be that at the lower temperatures the jxircclain surface is relatively 
thickly covered with adsorbed molecules, so that preasuro has a comparatively 
small effect on the reaction, thus givmg an apparent order of unity With 
increasing temperature the adsorption dunmishes and ultimately becomes small 
enough for the chance that two molecules of hydrogen and one of oxygen 
should find themselves in juxtaposition on the surface to he proportional to 
the concentration product [Hj]* [Oj] m the gas phase 

♦ ‘ Z physikal Chem voJ 20, p 066 (1800) 
t ‘ Phil Trans A, vol 206, p 1 (1006) 
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Rowe,* however, suggested that Bodcnstein’s third order reaction really 
took place more m the gas phase than Botlenstein had 8ui)po8cd He earned 
out experiments of a similar kind, but diluted the gases with steam and worked 
over a wider range of temperature He concluded that the constants of a third- 
order velocity equation biKiamG more regular w ith increasing temperature , 
but under no circumstances were the constants satisfactory 

Neither Rowe nor Bodonstem refer to any influence of the concentration of 
the steam on the course of the reaction With regard to this {ximt. Baker 
showed that dried hydrogen and oxygen were less nady to exjilode than the 
moist gases, although catalytie < ombiuation on the surface of a heatexl silvi r 
wire proceedwl rapidly whether the gases were imtially dry or not H B 
Dixonf showed, however, that the dried gases would always explode if heated 
rapidly, the failure to explode when a silver wire was slowly heated in the 
gases being due to the secondary cause that the wire became entirely siuroimelcd 
by steam from the catal 3 rtic reaction before it was hot enough to initiate the 
oxpleision 

It is difficult from expenments on explosions to derive very definite con¬ 
clusions about the kmctics of the isothermal chemical change Expenments 
made at constant temperature by the streaming method suffer from the dis¬ 
advantage that the whole course of the reaction cannot be followed in a given 
expenment This is a particularly serious drawback when rather erratic 
catalytic influences are involved In the particular reaction with which we 
are dealing, the streaming method turns out to be exceptionally unsmtable 
for a reason which will become apparent when the results of the present 
investigation have been desenbed 

Wo hoped to obtain more defimte information about the gaseous reaction 
between hydrogen and oxygen by using a static method, and examining the 
whole course of the reaction at constant temperature and volume, and carrying 
out the expenments over a range of temjM'rature from the region where the 
reaction is undoubtedly a heterogeneous surface reaction up os nearly as possible 
to the explosion pomt, where there can be no question that changes m the gas 
phase occur Results of great interest are found in the last 40 degrees of this 
range 

Expennumtal Method 

The apparatus was essentially that described in former papers on the rate 

♦ ‘Z pbysikal Ohoni,’ col TO p 41 (1907) 
t ‘ J Chom Soc ,’ vol 97, p IWl (1010) 
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of gaseous reactions * The reaction chamber was a sihca bulb of about 200 c c 
capacity, connected by capillary tubes to gas holders containing pure hydrogen 
and pure oxygen, and to a high vacuum pump The bulb was heated by an 
electric furnace the temperature of which was measured by a platmiim-rhodium 
thermocouple, and could be kept constant to within a degree The progress 
of the reaction was indicated by the rise of mercury lu a capillary manometer 
The silica part of the apparatus nas attached to the rest by means of a finely 
ground flange clamped to a similar glass flange In order to prevent condensa¬ 
tion of water in the parts of the apparatus jirojectmg from the furnace, the 
capillaries and flanges were kept at C by electrically heated wire 

Some means of lubncatmg the flanges had to bo found, and the use of sealing 
wax proved very satisfactory, since at 80° it is soft without running A thin 
layer of it round the outer edgi s of the flanges ensured that the jomt hold a 
vociuim perfectly for dajs 

Long i xpeneuco with this tvpc of vpparatus has shown that definite, repro¬ 
ducible rate nif asurements can Ih' matlo w itb rca< tioiis which are over in periods 
as short as 'iO seconds It should be mentioned that thermal eiiuihbrium 
lietwoen the bulb and a cold gas admitted to it is establish! d in less and possibly 
much less than 2 seconds W hen cold air is let into the rod-hot bulb somethmg 
of the order of h\ e calories are exchanged b( tween the bulb and the gas m less 
than 2 seconds, m the e\{)enm< nts on the combination of hydrogen and 
OX) gen the rat<* at which the heat of reaction was liberated never exceeded 
about a quarter of a (alone per second, even in the fastest Wo are justified, 
th( rcforc, in regarding the conditions of the experiments as isothermal 

Diffusion of hydrogen through the silica was sIiowti directly to be too small 
to influence the results m an) way 

The Louhmder Surface Reaction 

At temperatures below or not much above 600° C , the reaction was found to 
be approximately of the first order, in complete agreement with the results of 
Bone and Wheeler It was very much accelerated by the presence of powdered 
silica in the bulb, and somewhat retarded by the presence of steam For the 
present purpose these results are onlv of importance in so far as they allow the 
surface reaction in silica vessels to be characterised and thus distinguished 
from theqnite different kind of reaction which supervenes at higher temperatures 
Some results tjrpical of many are given below 


*‘J Chem Soo,’vol 126, p 393(1924), ‘Roy Soo Ppoc ,’A, vol lll.p 246(1026) 
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It should bo racationcd that, throughout this investigation, whenever the 
effect of varying any condition was to be determined, the first and third experi¬ 
ments of a series wore made under identical conditions and the second under 
different conditions, the average of the first and third being compared with 
the second Alternatively, the experiments of a long senes were made in a 
random order These precautions were taken to guanl against systematic 
variations in the catalytic activity 


The Iligh-order Gav Reaction 

With increasing temperature a remarkable change in the nature of the pre¬ 
dominating reaction takes place The reaction which comes into prominence 
18 characterised by (a) extreme «ensitivenes8 to pressure, that is high order, 
(6) a marked autocatalysis by steam, (c) greatly diminished dei>endence on the 
extent of the surface 

The remarkable influence of pressure is shown by the following results^ 
typical of many 
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Time for 
SO per oent 
oombination 


1' 4S' 
7'48' 
19' 17' 
30'36' 
43' and 44' 


6' 61' 
10' 43' 
102' 

3'10' 
7' 0' 
30' 0’ 


Temperature 


A definite order cannot be sissignid to the reaction sinto the apparent order 
tends to increase with pressure and with temperature But on the average 
the influence of pressure lietweui 1)40° and 500° is not far rcmo\ed from that 
which would be characteristic of a reaction of the fourth order No other gas 
reaction is known in which pressure has so marked an influence To take an 
extreme case, the first set of results m the abo\p table give, when the logarithms 
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of the times are plotted against the logarithms of the pressures, a curve to which 
tangents at the extreme points can be drawn and arc found to correspond to 
an order increasing from 2 6 to 7 1 Here there is still a little of the first order 
reaction at the lower presaurus and possibly a little heating at the highest 
pressure, which corresponds to the most rapid rate in any experiment made 
The three results next quoted gives an order varjmg between 3 0 and 1 5 
A similar series, not quoted, gave an average order of 4 4 , and the last three 
results 111 the table are consistent with an almost constant order of 4 3 
By measuring the initial rate of reaction an attempt was made to fand the 
separate effects of the pressure of hydrogen and of oxygen respei tivclv 


Bulb 

Tumpcralure 

IH 1 

[0,] 

Time fur 5 mm 
H)? proisurn 
chnnfp. ut the 
iKginnitiK of 
the reaction 

1 

&11) 

‘US) 

1 100 

4V 



300 

1 200 

10' 



3(HI 

1 100 

10' 



200 

1 100 

r 20' 



2(U> 

200 

45' 



200 

100 

1 45' 



' 2IM) 

100 

2 2‘2’ 



1 UM) 

100 

52' 



400 

loo 

20' 


At this point in the investigation the results tended to be a little erratic as 
will be seen from some of the duplicates given above , but in spite of this it is 
quite clear that the rate is roughly proportional to the square of the pressure 
of the hydrogen and rather less affected by the pressure of the oxygen 
The reaction is strongly autocatalytic as shown by the following detailed 
results, which give the whole course of the reaction. 
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Bulb 2 649® C 324 mm H 2 , 202 mm O 2 


Time 

Total ohange in 

Time for Buoceanve 


preiwurD 

1 10 mm changes 

( 

* 

At 

0 

u 


66' 

10 

66' 

1'26' 

20 

so* 

y 'i6' 

30 

30' 

2' 23' 

40 

28' 

3' 16' 

00 

2 X 20' 

3' 44' 

70 

20' 

4' 16' 

80 

31' 

V62' 

00 

37' 

6 36' 

100 

43' 

« 40* 

no 

66' 

11'30' 

I 130 

2 X 146' 

42' 0' 

161 


80' 0' 

; 160 


127' 0' 

100 


06 (l4lP ) 

1 162 




Tho autocatalysifl ib very marked, smce the rate of reaction actually increases 
m spite of the very great retarding effect of the dunmishmg concentrations of 
hydrogen and oxygen It is to bo noted that the last experiment given above 
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IS quite a slow one This, and numerous others, show that the autocatalysis 
18 not merely apparent and due to a gradual increase in the temperature of the 
system resulting frota the hberation of the heat of reaction 

The “ imtial rates ” given m an earlier table were taken arbitrarily at the 
stage of nearly constant speed near thi beginning of the reaction all refer to 
a constant steam concentration 

To confirm the unavoidable conclusion that the autocatalysis is duo to the 
steam, a number of experiments were made m which steam was present initially 
Some typical results are shown in lig 2 



Fio 2 —I, II, in, 200 nun H,, 100 mm O, IV, 200 mm , 100 mm Oj, 100 mm 
H|0 V, 200 mm Uj, 100 mm , 200 mm H^O 
The following are two consecutive expenments, one made with steam initially 
present, the other without 


mre 200 H., 00 o, 

initiAlly 


640° C 100 H,. 07 U, No steam 
initially 


I'80* 
2'26' 
S'26' 
A.'W’ 


10 

20 

30 

40 

60 

60 

70 


6'46' 
7' 8' 
8'36' 
10 ' 16' 


6 

10 

16 

20 

26 

30 

36 


VOL OXVUI —A 







178 C N Hinshelwuod and H W Thompson 

Infiwtux of the Surface 

There can be no doubt that from about 620®~530° a reaction comes into 
prommence which is of a quite different character from the low temperature 
heterogeneous reaction A changed character might result from the gradual 
thinning out of the layer of adsorbed molecules, whereby the chance of suitable 
molecular configurations becomes proportional to a high power of the concen¬ 
tration m the gas phase But the appearance of a marked catalytic effect of 
steam could not be accounted for in this way Moreover it is significant that 
this change in the nature of the reaction only comes about as the explosion 
temperature is approached It is much more probable that the new reaction 
takes place in the gas jihosc This supposition is confirmed by a comparison 
of the effect of added silica powder to the bulb at different temperatures and 
pressures 


Bulb 

Temperature 

1 ProxBuro of 

Ratio of rate with 

’C 

H, and 0, 

Bilina to rate without 

1 

507 

326/202 

22 


<H7 

460/280 

0 9 



326/200 

1 8 



160/100 

8 5 


'567 

326/200 

0 6 



240/160 

160/100 

about 1 

1 3 


Nevertheless the reaction does not become quite as independent of the 
surface os this would at first sight indicate Even m this region of “ homogene¬ 
ous ” combination the rate of reaction varies quite considerably from bulb to 
bulb, and, in a given bulb, with time and previous treatment This pomts to 
the fact that certain catalytic mfluences are still at work A few examples, 
chosen from a period when the bulb had reached a rather “ unsteady ” state, 
will illustrate this 


Order 

of 

ezpenment 

Temporstnre 

“C 

H, 

0. 1 

Time for 

60 per cent 
oombinationa 

Remarks 


647 

321 

162 

204 ! 

107 

19'43' \ 
102' 0' / 

Early expenmente 

(4) 

(3) 

(8) 

(7) 

(8) 

(2) 

649 

321 

242 

244 

240 

240 

161 

121 

201 

161 

147 

140 

163 

108 

81 

3'20' 

11'40' 'I 
12' 6' 1 
O' 6' f 
13' 6' J 
27'40' 

76' 30' 

After long use, several 
weeks heating at 600°- 
600°, dismanUing and 
boiling out with ohro 
mio arid 


This was the most extreme case met with 
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An explanation of these rather curious facts is provided by a f\irther examina¬ 
tion of the influence of powderwl sihca, w hich at still higher temperatures actually 
produces a oonsidorslile slowing doan in the rate of reaction 
In neither of the two empty bulbs could any experiments be carried out at 
temperatures much above 575’’ * When, however, a bulb was packed about 
half full of powdered silica it was still possible to carry out experiments at 
601® although not at GOb® 

Two factors thus appear to be at work one causing an acceleration of the 
surface reaction, the other an inhibition of the gas reaction 

Smee the conditions inside the bulb containing powdered silica were not very 
umform, two special bulbs were procured of about 1 '30 c c capacity and com 
pletely packed with spherical sibca beads about 1 (m in diameter In each of 
these the reaction proceeded with extreme slowmcss at temperatures far above 
that at which explosion would have occurred in an empty bulb The following 
18 an example 


(HS’C 200 mm H, 


540’C 203 mm H,, 108 mm O, 


I I’t r cent combiiml 


19' O' 
20' O' 
92' 0' 


20 

3J 

40 

81 


combined 


2 'a)' 

10' 13' 
18' 15' 
34'30' 
6«' 0' 


Even at 700° C under these conditions the high order, autocatalytic reaction 
did not come mto prominence 


* 'Tho range of possible measurement was limited in t« o distinct ways At higher pressures 
the mixed gases exploded a second or so after mixing, the rate of evolatien of heat in the 
interior of the mixtnie being so great that the conditions ceased to be isothermal At 
lower pressures, when the reaction velocity in the mixed gases is much smaller, it might be 
supposed that measoremonts could still be made The tendency of a jet of oxygen to 
inflame at the point where it enters an atmosphere of hydrogen increases os the pressure of 
hydrogen diminuhos (Dixon, ‘ Mem and Proo Manchostor Lit and Phil tioo,’ vol 70, 
p 29 (1020)) This IS evidently duo to variation in the heat oondnoting power of the 
nuxuite, and places a linut on the low pressure side to the experiments which can be made 
at high temperatures Under the conditions of the present investigations measurement 
at hi^ nod low pressures ceased to bo possible at about the same temperature If hydrogen 
was streamed into oxygen, low pressure experiments became impossible from this cause 
at a lower temperature than if the mixing wore attempted in the reverse order 
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The Temperature Coefficient 

The temperature coefficient of the surface reaction is low The following 
are typical results — 

Bulb 2 —Increase in rate for 10° C over the range 470°-610° I 32 

Bulb 1 (contaming powdered silica) -Imrease for 10° C over the 
range 500°-540° (low pressures) 1 22 

The value for the gas reaction is not easy to specify, as it vanes somewhat 
with pressure and temperature, tending to increase with both 
In bulb 1, for example, the temperature coefficient over the range 647° - 
667° IS 3 3 for 10° for a pressure of 320 mm Hj and 160 mm Oj, and is only 
1 6 for a pressure of 160/100 
The following are some typical results for bulb 2 — 


»C j H, j O, 

S33 200 I 100 

B54 200 j 100 

633 400 1 200 

664 4CK» 200 



The figure (3) shows the logarithm of the time of half change for initial 
pressures 200/100 in bulb 2 plotted against the reciprocal of the absolute 
temperature in the usual way In a simple reaction of unehangmg character 



Fio 3 
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a straight Ime would be obtained The slope vanes from that corresponding 
to a temperature coefficient of 1 3 for 10® in the region of surface reaction 
to that reproflented by the steeper dotted line at 570°, where the coelhcient 
183 2 

Obviously it 18 not possible to calculate the value of the energy of activation 
for this reaction snu e the actual velocity is determined by a process much more 
complex than the initial activation of the molecules Taking a tangent to the 
curve at a given tem^ierature anti calculating from this the energy of activation 
corresponding would for the same reason lie an inadmissible procedure 

Discussion 

The high-order reaction which comes into prominence within about 60° 
of the explosion temperature must take place in the gas The increase iii the 
order alone could be explained by assuming the adsorption of the oxygen and 
hydrogen to dimmish with tcmxKrature in a suitable way, but this assumption 
would require the temperature coefficient of the reaction velocity to become 
lower rather than higher, and could not explain the autocatuljsis by steam nor 
the disappearance of the positive catalytic effect of the surface 
The influence of the various concentrations suggesti) that some such complex 
as 2 H 2 I O2 I H2O plays some part m a scries of changes, but it is hardly possible 
to infer its exact composition Moreover, activatcil molecules of hydrogen 
peroxide may lie formed and may act catalytically 
Egerton and Gates* have put forward the theory that in the rapid com¬ 
bustion of hydrocarbons autocatalysts are formed, and that these are rapidly 
destroyed by certain substancis, which thus act as negative catalysts for the 
combustion itself, and behave as “ anti knocks ” in an exploding mixture 
There is a suggestive similarity between the negative catalysis of hydro¬ 
carbon combustion and the retarding action of the surface on the umon of 
hydrogen and oxygen If the autocatalyst, which for the saki of a defimte 
picture we may provisionally call hydrogen peroxide, is rapidly destroyed by a 
heterogeneous reaction, the whole course of the combination will be retarded 
Another factor has also to be taken into account The reaction is a highly 
exothermic one Each pair of steam molecules which ere formed have between 
them an excess energy equivalent to well over 100,000 calories, and thus may 
possibly set up what Christiansen calls a chain reaction by activating fresh 
molecules which they encounter Such a chain would be interrupted when any 

• ‘ J Inst Petroleum Technolvol 13, p 281 (1927) 
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of the highly activated molecules collided with the walls of the vessel, smee the 
time of relaxation in such a colhsion is extremely small, and molecules 
rebounding from a solid, surface are, in general, in thermal equilibrium with it 
The smaller the free space in the reaction bulb the shorter will be the 
reaction chains, and the much smaller rate in the packed vessel could thus be 
accounted for 

These two possible explanations arc not mutually exclusive, since the auto- 
catalyst, which wo have referred to as hydrogen peroxide, is probably only 
capable of existence in an activated form 

The reaction cham hypothesis has two things in its favour First, it is con¬ 
sistent with other work* on negative catalysis m general Secondly, it is 
inherently probable since the excess energy possessed by the steam molecules 
18 just of the onler of magnitude of heats of activation for reactions taking place 
in the region of 500°-000“ C It has moreover the advantage of giving a picture 
of a contmuous transition from the region of slow reaction to the region of 
explosion At the lowest temperatures the reaction is entirely confined to the 
surface, and we have complete thermal equilibrium As the temperature 
increases reaction centres appear in the gas, or at the surface, whence chains 
pass through the gas 'When the gas reaction first becones appreciable there 
are probably many unfruitful encounters which may terminate a cham, but the 
proportion is like ly to dimmish with increasing temperature The system ceases 
to be in thermal equilibrium m the sense that the heat of reaction makes each 
new steam molecule a potential source of further reaction, but it remains 
isothermal m the sense that the unreacted gases and all but the freshly generated 
steam have energies m accordance with Maxwell’s law at the temperature of 
the nails of the reaction chamber At lust a point is reached where the rate of 
production of energy in the system is so great that even the unreacted gas no 
longer remains in thermal equilibrium with the vessel, and inflammation occurs 
The large and complex variation of the reaction velocity with temperature and 
pressure is thus understandable 

A more detailed investigation may render possible the determination of 
the energy of activation, the length of the reaction chains and the fruithdness 
of colhsions at different temperatures To this end an examination is being 
made of the combmation of hydrogen and oxygen in a porcelam bulb, with 
which more accurate results are obtainable A comparison of the two 

* Chriitianwo, ‘ J Physical Chem ,’ vol 28, p 146 (1024), B&okstrOm, ‘ J Amer Chem 
Soc,’vol 49, p 1460(1927) 
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investigations will probably yield interesting results which it is hoped to 
communicate in due course 


Summary 

An examination has been mode by a static method of the complete course of 
the combuiation of oxygen and hydrogi n, at constant tcmiicrature and volume, 
over a range of temperature extending from the region of jnirely c.italytic sur¬ 
face reaction up as nearly as possible to the point where the combination ceases 
to be isothermal and posses into explosion 

In the last 60° of this range a reaction conies into prominence, which is 
quite different from the low-order, heterogeneous reaction It is of high but 
variable order, the influence of pressure being on the average approximately 
that corresponding to a niac tion of the fourth order , it is strongly autocatalysed 
by steam, and has a high tcm^ieraturc coeihcient At high temperature the 
normal positive catalytic (fleet of the walls of the reaction chamber gives place 
to a negative effect, which may be due to the catalytic destruction of an auto¬ 
catalyst for the prmcijial reaction, or the interruption of " rcactiou-chauis,” 
or to both causes It is concluded that the reaction measured is the true gas 
reaction between hydrogen and oxygen 
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On Electrostatics in a Gravitational Fidd 
ByE T Copson,M A., Lecturer m Mathematics in the University of Edinburgh 
(Communioatcd by E T “Whittaktr, F 11 8 —Kcocivcd December 1, 1927 ) 

§ 1 [jdrodudwn 

In a recent pajier, Prof Whittaker* has discussed the effect, according to the 
general theory of relativity, of gravitation on electromagnetic phenomena In 
particular, ho has discussed electrostatics m gravitational fields of two kmds, 
namely (i) the field due to a single gravitating mass, in which case space-tune 
has the metric discoveroil by Schwarzschild, and (u) a limiting case of this, 
called a quast-umform held, in which the gravitational force is, m the neighbour¬ 
hood of the otigm, iimform 

Whittaker’s general method, so far as elcctrostatical problems were con¬ 
cerned, was to solve the partial differential equation satisfied by the electro¬ 
static potential in terms of generahsed harmomc functions, and then, from these, 
to build up other solutions In this way, he succeeded in finding an algebraic 
evpresHion n hich represents the potential of a single electron m the quasi-uniform 
field, he did not, however obtain a corresponding algebraic expression for the 
potential of an electron in the Schwarzschild field 
The chief result of the present paper is the solution of the problem which is 
thus presented, namely, to determine the potential of an electron in the Schwarz- 
schild field in an algebraic form In order to obtain it, I have departed alto¬ 
gether from Whittaker’s method of investigation and have reUed instead on 
Hadamard’s theory of " elementary solutions ” of partial differential equations 
I show first, m § 2, how the solution obtamed by Whittaker for the quasi-umform 
field may be obtamed by the aid of Hadamard’s theory, and then show, in § 3, 
that the same methods yield the solution in an algebraic form (3 G) for the 
Schwartzschild field In the last section, the new solution is expanded m terms 
of generalised harmomc functions, some of the relations obtamed m this section 
are beheved to be new properties of the Legendre functions 
The following bnef r68um6 of Hadamard’s theory of elementary solutions is 
given to make the rest of the paper mtelligible 
The solution [(* — a)* -f- (y — 6)* -!-(* — o)*]“* of Laplace’s equation m 
three dimensions is distinguished from all other solutions by the following 
properties — 

* • Roy Soo Proo ,’ A, vd 118, p 720 (1927) 
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{i) it u continuous and differentiable as often as we please in any finite 
region of space, except in the neighbourhood of the singular point 
( 0 , b, c ). 

(ii) it becomes infimtc, to as low an order as possible * <it the singular point 
and on all the isotropic lines through it 
But the isotiopic lines are the “ bicharacteristu s "f of Laiilace’s equation 
This suggests at once the appropriate generalisation 
Let g^, h*, k be holomorphic functions m a ccrtaui domain of real values 
of the variables (x^, x®, x") Then HadamardJ has shown that the 

partial differential equation 




possesses, when m is odd, a umque solution which is continuous and differ¬ 
entiable as often as we please in the domain where A*, k are 
holomorphic, except m the neighbourhood of one smgular point 
(o', o*, o") and the bicharacteristics through it, m the neighbour¬ 

hood of the singular pomt, this solution becomes infinite to as low an 
order as possible, and may be expanded in the form 


r“^(Uo + Uir-f u,r*-i- ) 

r here denotes the square of the geodesic distance from the smgular 
pomt to (x', X*, x") in the space whose metric is 

is* = S g^d^dj? , 


the functions Ug, U^, U,, are holomorphic m the given domain 
This solution is called the “ elementary solution ”, 


[(*-»)* + (y-6)* + («-c)*]-‘ 

18 obviously the elementary solution of I^aplace’s equation Accordingly 
we shall assume that the potential of an electron in a gravUatumal field 
ts the dementary solution of the partial differential equation of eleclrostatic 
potential 

• It is thu property which distinguishes [(* — a)’ -f (y — t)* -]-(* — c)’J * from the 
solution (» - a) [(* - a)* -|- (y — 6)* -!-(*- c)*]-5 
t On “ bioharaoteristios," boo Hadamard, “ Lectures on Cauchy’s Problem m Linear 
Partial Differential Equations " (Yale Umversity Press, 1923), p 76, rt seg 
t Lee oit, Book 11, chap 3 We make use here of the tensor notation Thus and 
9 ^ an oonetponding elements in reciprocal determinants We shall later write g (x) 
tor the valne of the determinant | g.^ | aKx*.**, .x“) 
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In the course of his proof of the existence of the elementary solution, Hada- 
mard shows how to construct it, thus the equation 

determines Uq Here integration is along the geodesic from the smgu- 
lanty to a;*, , a:*), with respect to the arc « of the geodesic The 

other functions U„ are given by recurrence relations 


§ 2 Electroatatica %n tho Quan-Uniform Gramtatwml F%di 
The electrostatic potential in the quasi-umfonn gravitational field satisfies 


the equation* 

o 

II 

(2 1 ) 

If we apply the transformation 



l+^=(l + 5)*. 

SJ'b 

II 

(2 2 ) 

this equation becomes 

3*u 1 3*« 4 3*m 
35* arj* 31? ■ 

- ^ - 0 + 

(2 3) 


In terms of these co-ordinates, the metric of space tune is 
** = (1 + 5)* (ft* -^((f5* -f (fv)* -f (ft?), 


so that 5, Y), X, represent actual distance 
It 18 a consequence of Hadamard’s theory, that the elementary solution is, if 
1 + $ 18 positive, 

r-*[u„+Uir-fU,r*+ ] 

where 

r = (5-«)* + (7,-p)»-f-(!:-Y)*. 


The formula for is 


im 


,3^4 _ i_§I 

■^ 37 ,*'^ 0 !? 5 + 135 


- 6 } 


_JL_] 

4(5-«)J 


* Whittaker, loe (13) 

t Thu equation would also occur, in classical electrostatics, as the equation of potentia 
when the specufio mduotive capacity is (1 -{- 
t Hadamard, loe ed, p 94 (41) 
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The recurrence relatione, from which the functions U^, Uj, ore to be 
determmod, arc* 


U, = - 


_ h _ 

2(2n-l) (S-a)* 


Ja U. L 0 ? 


, 0»u._,, a*u,_i 


l+l 35 


where mtegration is along the straight line from (a, p, y) to (5, >), 5) We 
easily find that 

Ux=tUo(i+rMt+«r 

U*--.“„Uo(H-r*{l+a)-» 


and, generally, that 
where 


u.=i.Uo(H-5r(i Nr 


A.= 


(2/i+l)(2n-3 ) 
4 2n(2n-l) 


The constants k, are therefore the coefficients m the expansion of 
(l + Jx)(H-i*)-‘ 

Hence the elementary solution, having singularity at (a, p, y), is equal to 


pf^'^*'(l + 5Hl + a) + ^*(l + 5^(l + a)«+ J 

= f* )(^ + 4 (1 + y (1 + «)) 

=_ [(5-a)«+ (Ti-P)«+ (i:-y)«+2 (1+5) (!+»)] _+ 


(24) 


If (a, b, e) IS the point in the original co-ordinate system corresponding to 
(i, p, y) the elementary solution becomes, m terms of x, y, z, 


[2-f2^(x + o)-f^{(y-6)*-f(*-c)*}j 


l+|(* + a)+^{(y-6)* + (*-c)*} 

J \/l + ^ [(x-a)'-f (y-6)*+ (e-c)*-}- ^ (a:+a){(y-5)*+(2-c)‘} + ^J(y-6)*+(*-c)*}*J 
*Ihtd,f 96 (44') 

fit will be observed that this has a imgulanty at the image point of (OtSiV) in — 1 
This is not of importance since the r^on ( s - 1 is inaccessible m the relativity case 
It is of interest when the P D E is regarded as the classical potential equation with 
K — (1-f {)“*, K becomes infinite for { — 1 
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This 18 precisely the formula given by Whittaker* for the potential of an electron 
in the quaai-umform gravitational field 


§ 3 Eledrostalica tn the Fteld due to a Single Grav\lat%ng Centre 
The metric of space-time about a single gravitating centre is specified by 
Schwartrschild’s formula 




- + R* dO* + R* sm* 8 


m this field, the equation of electrostatic potentialf is 

(' - R ia-R M ' + s-ITo re r Ve, 

If wo transform to the ivitropic co-ordmates specified by 


+ _L. ^ = 0 
^ sm* 0 3^ 


a a 

the partial differential'equation becomes 



where 

® — r sm 0 cos y — f sm 0 sm « — r cos 8 
In terms of the isotropic co-ordmates, the metric of space-time i8§ 


( 31 ) 


(3 2) 


(3 3) 


the transformation conformally represents the spatial part (R > a) of Schwartz- 
schild’s metno on to the part (r > 1) of Euclidean space In these co-ordinates, 
r = 1 IS an inaccessible boundary 

The potential of an electron at (0, 0, a), being the elementary solution of 
equation (3 3), must have the form 

r-‘[u„ + Uir-f u.p-f ] (3 4) 

where F == »• -j- y* -f (z — a)* and where Uo, Uj, Uj, are holomorphio for 
r > 1 

♦ lor «<, p 727 (19) 

t/W,p 729(215) 

X Tbit equation would occur m classical eleotrostatios if the specific inductive capacity 
were assumed to be (r -(- !)•/»* (r — 1) 

S Of de Sitter, ‘ Amsterdam Akad Verslagen,’ vol 25, p 232 (1916), or Eddington, 
“ Mathematical Theory of Relativity,” p 93 (1924) 
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The Hadamard formula for Ug is 

where integration is along the straight line specified by 

a; = s sm (i cos Y, y = « sm ^ sm Yi z = a -1- s cor p, 
where p and y are constants But evidently we have 


(f* - oz) — = (« -J- a cos p) = r dr , 




Instead of using Hadamard’s recurrence relations connecting Ug, Uj, Uj, 
, wo may apply the process by which they were obtained, that is, we may 
substitute (3 4) m equation (3 3), regarding U|, as holomorphic functions 
of r (> 1) If we do this, we obtain 


U, = -_- 

Uj = — ---, 

* 8 (r»-!)«(«*-1)*’ 


and so on Hence the elementary solution is of the form 

,(p + i). p (..-i) III 3_ r _ii v 

o(r+l)>L(ii‘-l)rl I 2(t«-l)(o>-l) 


The form of the first three terms m the elementary solution suggests that, 
instead of determmmg successively the remammg U«, we should substitute, 
m the equation (3 3), 


where 


^r+l)« 




Y=r/(f«-l) 


If we do this, we find that F (y) is a solution of 


2|Y*+(a*-l)Y)^ + 3{2Y + o»-l}^=0, 
and hence that 


F(y) = A + B 


2y Ko»-1) 


where A and B are arbitrary constants 
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The elementary nolution of equation (3 3) with singularity at f = a, 0 = 0, 
18 thus seen to be a constant multiple of 

^j^,[2r + (o«-l)(r*-l)][nH r(a*~l){r*-l)]-‘* (36) 

_ r h aV+l- 2 afcos 6 't / r« + o*- 2 arcos 0 yi. .3 g, 
(f 4-1)* * ' 1^ + 0 * - 2of cos 0 ' vo*r* H- 1 — 2af cos 0/ J 

When we transform back to the co-ordinates (R, 0, if>), this expression for 
the potential becomes rather comphcatcd In any practical application it seems 
preferable to use the isotropic co-ordinate system The figure below shows 
the equipotential surfaces due to an electron E at R = 1 56a, 0 = 0 , corre- 
spondinir to o = 4 With the exception of the two surfaces nearest to the 
electron, the diflcrcnco of potential between consecutive surfaces is constant 
It will be observed that R =3 a is always an equqiotcntial surface 



* A oomporuon of this formula with (2 4) shoHS that (2 4) la the limiting form d (3 S) 
when the Sohwartzsohild metric deKcncratea into the quasi uniform metric This la, of 
couree, what one would expect 

'f' This ahowa that there is a aingnlaritjr at r => a, d = 0, and at ita image point m the aphere 
r = 31 In the relativity case, thia latter aingnlanty does not oonocm ua, but when we 
regard (3^) aa the olaaaioal deotroatatio potential equation with K =• (r -f — 1) 

it is of some mtereat Cf footnote p 187 
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If wo put; a = 1 m the potential (3 6), we find that it Toduoes to a constant 
multiple of R~', m other words, the potential of an electron on the boundary 
sphere R = a is independent of its position on the sphere, a rather curious 
result 

§ 4 The Expansion of the Potential tn Term of Generalised llarynontc Functions 
It has been shown* that the equation (31) possesses the particular solution 

^ ‘ (B - «)P.’(?)!■.-(«» 6)(41) 

if n = 1, 2, 3, , where pa — 2R — a, this solution reduces to 

R-P.”(co8 0)^S«^, 

when a tends to zero When « — 0, the expression (4 1) is meanmgless and 
should be replaced by 1 It may lie shown in a similar way that, if n = 0, 
1, 2, , then 

13 the particular solution of the second kind, which reduces to 
R-«-‘P,»{cose)^m^, 

as a tends to zero, for n = 0, the second solution actually is R~* These 
functions (4 1) and (42) may be called generalised harmonic functions Any 
solution, algebraic in cos 0, of the partial differential equation (3 1) must 
possess expansions in terms of them, which arc vahd for certam ranges of values 
of R We now propose to investigate the expansion of the elementary solution 
m terms of these functions, incidentally this will show us whether Whittaker's 
infimte senes of generalised harmomo functionsf is or is not the elementary 
solution 

Consider then the elementary solution with singularity at R = B, 6 — 0, 
corresponding to r = 6 If we choose the constant multiplier so that the 
potential is symmetneal m r and b, it has the form 

Y__ 46r r/ f» —26roo86 + y y . /6 V —26fco804-l \*~[ 

~ a(6-fl)»(f + l)*LW-26fcose + l'"’"\»^-2l>rco8e + WJ ^ 

* Whittaker, toe at. p 7M (31) 
t /hid, p 730 (S3) 
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If r > 6 > 1, the value of this potential on 0 = 0 is 
V ^ I r-h br-ll 

® a(6+l)»(r + l)*L6f-l^ f-hJ 


+(‘‘-2+p)i+, 


Now Schlafli* has shown that 

{p+v 7 ^ir 

Term-liy-term differentiation may be easily shown to be valid here , it givea 

-lEiV^r 


„to 2;r m!(m + n)' 


Vp^-1 


m - 0 iTT ?»' (m + «) ' 


If we substitute this senes for the vanmis inverse powers of r in the expansion 
of Vq, wo have 

2(R-a)| v“; v/w«+i| 1 \ ip I 2/« hi r(p-i)r(2m+p+i)y, , . 

+ £ f (' 6 «*+*_ 24 --l-) ^f+2"»+ .l r( /)-i)r(2w+ y+ ^) Q. / '] 

^«-o,to\ 27t pl(2m+p+l)! 

2J^r£ i > +_!_] 2n+j n<-iJ . r(2n-f . + . . 

Ba L,Zo.^^»r -+6*'-'W ill (I(2n-t + i)! 

4- f S (6*<*-‘>+H _I 2H^r(t-^)r(2n-t + ^)Q, / > 

-i:(»+y)<)'t(i;)] 

Now by the use of the expansion 

(1 _ (1 _ ib-iytfi ^ I m ^ + i)) ’ 

* See Whittaker and Watson, ‘ Modem Analysis ’ (1020), p 334, ex 31 
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we can easily show that 

^ 2n(2n + l) ^ , 1 \ ^{t-k)r{2n-t + ^) 

_ (2n + l)(2n + 2) g, 1 i r«-i)r(2w-( M) 

n »=.nl " /!(2a-t + 2)! 

If we use these expansions and write p for J |- wo lind that 


(‘+t)«'* 

where 

E. (R, 0) = Li2LlI^«-x (R _ a) V\ (p) P. (COB 9), 

y'.lplP.lcoB 6) 

Now V, which 18 given by (4 3), is a solution of the partial differential equation 
(31), 18 algebraic m cos 0, and does not involve ^ Accordingly, for a certain 
range of values of B, it is expansible m the form 

S^a,E,(R, 0)+ £h.V.(R, 6), 

where a», do not involve R and 9 But, on 9 = 0, V takes the value given 
by (44), if R> B>« Hence, if R> B> a, 

V--^+^EE.(B.O) F,(R,01 (45) 

Similarly, if R < B, we can show that 

V = -J^+SF.(B,0) E,(R,0). (46) 


VOL oxvni—A 
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We have thus shown that 

Tht deatno potentnai at the pmnl (B, 0, 4>) to a uiut potni^harge at rest at the 
point (R = B, 0 = 0) tn fA« gravUationalfidd due to a mass at the ongtn ts 

ibr r/ t^-i^feroose + y ^* . / 6M - 26rcos 6 +1 ^1 
a(6 + l)«(r+l)*n6*r«-26roo8e+l/ \ r*-26f cos 0 + 6^/J’ 

where 

15 = («• + !)* ^ _ (6 + l)« 

a f ’ a 6 


This potential may be expanded in the form 

t/R>B>a 

When a tends to sero, the senes (4 6) and (4 6) reduce to the classical formuln 
S B*R-»-‘P, (cos 0), S B—‘R"P. (cos 0), 


which hold when the mawt of the gravitstmg centre vaiushcs Whittaker’s 
infinite senes is sinular to the senes (4 6), and both have the same bmit when 
a tends to zero, they differ in that the constant coefiScients are not the same 
and in the presence of the term ~ a/2BR It seems unlikely that Whittaker’s 
series can be expressed in terms of algebraio functions 


In conclusion I should like to thank Prof Whittaker for his kind mterest and 
encouragement during the progress of this work, and for his advice dunng its 
preparation for pubhcation 
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Some Cases of InstaMUy tn Fluid Motion 
By Harold Jevvbeys, F R S 
(Received October 24, 1927 ) 

1 In a recent paper* I obtained a numencal solution of some problems 
concerning the stability of a layer of mcompressible fluid when the temperature 
decreases upwards The results depended on the solution of the sixth-order 
differential equation 

( 1 ) 

In this solution the co-ordinates were x, y and z, the last being taken vertically 
The depth of the flmd m h, and 

( 2 ) 

Z IS the factor of the disturbance of temperature that involves Z The other 
factor 18 supposed to be of the form sin he sm my, and 


= + m*) A* (3) 

Further 

X = -y«pAV'cv (4) 

where g is gravity, a the coefBcient of expansion of the fluid, ^ the undisturbed 
vertical gradient of temperature, k the coefficient of thermomctric conductivity, 
and V that of kinematic viscosity Here C a, and X arc all (wsitive numbers 
The previous solution was obtained by L F Richardson’s method of fimte 
differences f An alternative method is to use the pnne iple that the solution 
of (1) IS a combination of exponential functions, and therefore has no singulanties 
for fimte values of the argument Hence it must be expansible for 0 < IJ < 1 
in a senes of sines of multiples of On assuming such an expansion and 
substituting in the equation we might expect to be able to equate coefficients 
of corresponding terms But the result is obviously that terms of different 
arguments do not combine at all, and the inference would be that the only 
solution IS one where every term is zero, which is not the case The reason for 
the error is that where r is great the coefficients of the terms m the sme-senes 
will ordinarily decrease like r~^ or r~* The tngonometnc senes obtained by 
differentiating more than twice are therefore divergent But the denvatives 
of the solution, hke the solution itself, are linear combinations of exponentials, 

* ‘ PUl Msg ,’ vol 2, p 8S3 (1926) 
t ‘ Math Ooietto.’ July, 192S 
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and have valid expansions m sine'senes In fact the senes obtained by 
differentiating the senes for Z term by term are not the correct senes for the 
dcnvatives of Z, and if we are to substitute m (1) and equate loefficicnts we 
must use the correct Fourier expansions 
We can, however, work from the other end We lan assume a trigonometnc 
senes for d*Z/rfi;*, and then obtain forms for lower derivatives and for Z itself 
by integration The constants mtroduced by the integrations give a poly¬ 
nomial of the fifth degree in Z, while the trigonometric portion gives a senas 
converging like r"' or r"'*—that is to say, very rapidly The divergence of the 
denved series in the former attempt anses from the Founer series for the poly¬ 
nomial , but in the present method we have the whole of the {lolynomial in 
finite terms and can cmivemently deal with it si parately 
We put then 

^ — 111; = to/a, (6) 

so that ^ = 0 and n at the liimts Put also 

a — nb, X =- |ji7i' (0) 

Then (1) can be written 

ji|,-6«}‘‘z-Hn6*Z_0 (7) 

We now assume 



II 

sin 


(8) 

whence, on repeated integration 


I B* /i 1 B(i 


Z = B, 


11-5)*' 






(9) 

Let us 

1 denote the polynomial by P» Then 

(7) 18 

equivalent to 



S {(r- + 6*)* - sinr^ + [( 

f 

dV’ 

6»f-f[ifc*}p = 0 

(10) 

Put 






/; 


(11) 

S X, 

^1 

+ 

V 

1 

I 

II 

a 



(12) 


=,36*{B4 1-B,7)) - 36« (Bj - 

f- Bs^i 




(b\- (x6*) (Bo + Bi>j 

^2 ' 


1 B5 5 

+ 61’’ 





(13) 
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say Then 


(14) 

where 



>*r = f^Q 8m 

(15) 

The A, thus become determinate functions of the six B's Also 



1 /)" sm = 0 

(16) 


if n and r both odd or both even, and otherwise 

= 2f i}*8inr5d5 

Jo 



Hence 


iwX, = {36«B4 - 36‘B, ^ (6« - 


+ (iTr)*[l 


Hi*-^1*1 




when r is odd, and 

iicrX, in {36*B„ - 36‘B, + (6* - ^6*) BJ 


+(w|i - Uif] I-•j!'’*®’ + 


(18) 


(19) 


when r is even ^ From those expressions, together with (9) and (14), we can write 
down the formal solution of the differential equation Wo sec, as expected, 
that when r is great the coefficients m the tngonometni senes included iii Z 
decrease like r~'’ It also appears from the form of the coefficients that if the 
boundary conditions are such that the same derivatives of Z are zero at the top 
and bottom the even and odd B’s enter the solution entirely separately, and the 
possible solutions break up into two sets, one symmetrical and the other anti- 
^rmmetnoal about the median plane 

2 Itayletgh’s problem*- In this the boundary conditions were that 
Z, Z", and Z*^ vanished at the top and bottom The trigonometric part 
* ‘ Phil Msg Td 32, p 628 (1910) 
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contributes nothing to any of these denvatives when ^ i 
umditions for the symmetrical solutions are 

8 0 or TT, and the 

B. ff|(W+2»(I>t)' = 0 , 

(1) 

B, + f}(W=- 0 , 

(2) 

84 = 0 , 

(3) 


whence all the B's, and thence by 1 (18) and (19) all the X’s are zero The only 
poBBibility of a solution different from zero is therefore that one of the denomina¬ 
tors m (14) may vanish, when the solution will reduce to a smgle tngonometnc 
term The lowest value of is then given by r = 1, and we have 

(x6* = (l-l-6*)». (4) 

which IS equivalent to 4 (2) of my previous paper and to npiations (42) and (44) 
of Bayleigh’s 

3 Two boundanes wlme Z, Z", and 7J" vantitli — Here 2 (1) and (2) still 


hold, but (3) IS replaced by 


-i7rB4-fSA,/f»-0. 

(1) 

while 


Bo-/r(KB*, B4 = -i(i7t)*B4. 

(2) 

Substituting lu 1 (18) and simplifying, wo find 


\nr-K = {36* -1- 35Vi* + (6« - p6»)/r‘} B*. 

(3) 

whence 



(4) 

^ (r* + 6*)»-p6*' ‘ 

and our required condition of consistency is 



(6) 

the summation extending over odd positive values of r 
condition 

But with this 

2:i/r*==j7r» 

(6) 

and we have finally 


-4 

I, ^ 0 

(r* + 6»)»-p6* 

(7) 


For a given value of b, the lowest admissible value of p is evidently larger than 
in Rayleigh’s problem, and will make the first term of (7) negative, but all the 
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others positive We can improve the convergence as follows Restore a and 
X, thus obtaining the equation 


and use the identity 


i:_ OL _= 0. 

(fV + oV-Xa* 


tanh \a = 


V 4o 
^r^ + o* 


( 8 ) 

(9) 


Prom the latter we derive the further identity 




-V - 

(/*"*+«*)* 


( 11 ) 


Comparing (8) and (11) we have 

^ + «*)*- Xrt*} “ “ 

where K denotes the known function on the left of (11) The terms of the 
senes diminish like f“*, and the second is of order 3“* compared with the first 
Wo shall therefore have, very nearly. 


whence 


Also 


AO-lt- — —JC 

(Te* + a*)>{(«* + o*)*-Xa*} “ * 

K(7 i« + o^)" _ (n« + a»)» 

K(t:* + o«)»~w* l-7tV(^ + o*)»K 

64K = - tanh Ja + 6 sech* Jo + « sech* Jo tanh la 
a 


(13) 


(14) 


Working out the values of X for a number of values of a, we find 

a 26 28 30 32 

X 1066 1053 1061 1076 


Hence X has a rather flat mmimum m the neighbourhooil of a = 3 0, and its 
value IS 1051 withm at most a few units 
When this problem was tre-ated by the method of hmte differences, X was 
found to take the values 640, 793 and 928 when the intervals d were J, J, J 
Extrapolation to jsero on the hypothesis that the error was of the form 
Ad* + Bd* gave X = 1140 But if only d = J and J are used, extrapolation 
on the hypothesis that the error vanes as d* gives X = 1101, which is nearer 
the accurate value 
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4 Two rtgvd oonduolmg boundaries —The problem of the previous section 
was mvestigated under this title m my former paper, but I overlooked the 
fact that the full boundary conditions 

V' = 0, V=V'-=0, iv*V'=0, (1) 


reduce, when V' is of the form Z sm lx sin my, to 


i-. 


-(P + w*)f = 0, 


and the last of these conditions does not reduce to Z'" — 0 If we use the 
substitutions I (2) and (3) it becomes 

<»> 

ami by 1 (6) 

The solution follows the same lines as m § 3 Equations 3 (2) (3) (4) still 
hold, but (1) 18 replaced b^ 

- iwB. + 6*I- H S ^ + 6* ^ - 0 (6) 

On substitution for A, and B, we find 


(only odd values of r arising) and therefore 


which IB equivalent to 


X + =0 

(r*n* 


and subtract from (10), we have 

_ K -4- Tfl* yf __ 

(«»-f a*)* {^*-("• + «•)*} ■ (rV + a*)«{(»V + a*)»- Xo*} ' 
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wherethefluinmationoathenglitoovotathevaliiPsS, 6,7 off On account 
of the high power of r involved these terms are very small for the lowest value 
of 1 that satisfies the equation and we have the first approximation 

where K is to lx* found from (12) On proceeding to calculation we find 
a 1 3 12 14 4 

X 2166 1726 1717 17.14 1964 

By interpolation the least value of X occurs when a = 3 17, and is nearly 1717 
We can now obtain a second approximation by substituting m the small terms 
in (13), and altering (14) accordingly The new value of X is 1709 5, the 
corresponding value of a is hardly chaii^ed Hmce a is nearly equal to n, the 
wave-length m a two-dimensional disturbance is nearly 2/t The cells m a 
vertical plane, bounded by the solid boundaries and by neighbouring upward 
and downward currents, are therefore nearly square 
3 Rujid conducting boundary at base. non-conductwg free surface at top — 
In the previous paper it was supposed that the conditions of this problem 
could be realized by taking Z, Z", and Z'" zero at = 0, and Z', Z" and Z'’ 
zero at II — 1 These are not quite correct the proper conditions are 


Z-- 0, 

Z"-a*Z -=0, 


- a»Z) 0 

at II ^ 0 

Z' = 0, 

Z"-«»Z ^0, 


-a»Z)^0 

atll^ 1 


The conditions being dissimilar, the full set of odd and even powers of t) is 
requured in the solution, and six constants of integration have to be determmed 
The former solution is, however, pcobabl} not far wrong, and the necessatx 
revision has not yet lieen undertaken 

6 Effect of a Current - A K Low* has callerl attention to the fact that when 
instability occurs through heating below, but the liquid is already in steady 
flow, the form of the disturbance generated differs from that when the hqmd 
18 ongmally at rest In the absence of a current the liquid forms mto roughlv 
regular hexagonal or pentagonal cells, rising m the centres and sinking around 
the edges A current elongates the cells into stnps, the greater dimension 
being along the stream The reason for this can be seen easily When there 
IS no current the factor sin be sm my in the disturbance of the temperature 


‘ Natura,' vol 116, pp 399-^1 (1936) 
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affects the differential equation 1 (1) only through the number a, that is, through 
P + All disturbances with the same value of this quantity should begm 
to develop at the same time, the ultimate preponderance of the honeycomb 
structure, with cells as nearly symmetrical as jiossible, is to be attributed to 
terms of higher order m the differential equations The cause making for 
motion 18 that an element of fluid hotter than normal tends to rise, and there¬ 
fore to draw up from the bottom locally a column of warm and light fluid, thus 
intensifying the differences of pressure over horumntal surfaces The action 
18 resisted by conduction and viscosity, which tend to spread out the inequahtios 
of temperature and velocity 

When there is a permanent current m the direi tion of x increasing, on the 
other hand, the bottom la>er of the liquid is at rest, and the remainder is 
shearing over it Thus a vertical column of warm flmd is distorteil into a curved 
sloping one, and the possibility of a steaily cellular motion disappears But 
when the type of disturbance considered is such that the variables «, v, w, V 
are all independent of x, a shear parallel to r leaves the a arm vertical planes 
unaltered, and the condition for instability is the same os m the absence of a 
current To put the matter formally, we notice that m equations (1) to (3) 
of the previous paper, when a permanent current of velocity U exists, d/dt is 
equivalent to 0/3/ -1 U0/0X, except m the equation of motion parallel to x, 


where ue have 


du _ du 


+ U 


0U 


Tx 


( 1 ) 


M being now the departure of the x velocity from its mean value U But if 
It, V, w, y arc independent of x, d/dx in all cases gives zero In passing from 
(6) to (7), agam, we formed the divergence of the equations of motion , but m 


our conditions 



so that the terms involving U make no contribution to the further work The 
same applies to the boundary conditions Thus the effect of a steady current 
18 to promote stability for all modes except those with l — i), for these it has 
no effect This explains why it causes the convective disturbance to occur 
m Btnps instead of m roughly symmetrical cells 
7 Flmd betw«n Two Rolatvig Cyltnderg -Prof G I Taylor and Major A K 
Low have both suggested to me that there should be an analogy between the 
conditions m a layer of bqiud heated below and m a liquid between two coaxial 
cylmders rotating at different rates In Taylor’s discussion of the latter 
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problem* the equations of motion are referred to (yhndrical cO'Ordmates r, 
z The undisturbetl velocity is V m the direction of <f, increasing, where 
V=Ar + B/r (1) 

and A and B are constants determined by the rates of rotation of the inner and 
outer cylinders Symmetry about the axis is assumed for the disturbed motion 
Taylor takes the components of velocity to be m, V -f », w, and assumes 

u ~ Mj cos Xs (2) 

V t'j COS Xc e'*, (3) 

w = w^ 8111 X2 e"', (4) 


where Uj, and Wy are functions of r only The relevant equations reduce 

? 1 -^ +»«■.-». ( 5 ) 

X»-®)t',-2A»,, (6) 

11{(V - X'- f)«H) = - 2(A + fi)., - vIV.. - x<- ^ 

(7) 

Now if we are considering only marginal instabilitv o = 0 Also 

+ <*> 

In all cases fully worked out by Taylor the difference between the radii of the 
cylinders is a fraction, a quarter to a twentieth, of either radius separately 
Wo can therefore m a first approximation ignore 1 Ir in comparison with 3/3r 
and reduce the equations to 

^>*1 + ( 9 ) 




( 10 ) 


From (9) and (10) we obtsm iq and Wj m terms of r. Substituting in (11) we 
have on simplification 

* ‘ PUl TransA, vol 123, p 280 (1923) 
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llh be the distance between the inner and outer cylinders we pat 
}Ji = a, r = + const, 


The components of velocity at the inner and outer boundanes are all pre¬ 
scribed by the motion of the cylinders, and therefore Mj — Vj = tcj = 0 there 
Hence from (10) ~ 0, and from (9) 

(15) 


The conditions are the same as those satisfied by the disturbance of temperature 
V' in the thermal problem with njpd conducting boundanes at the top and 

bottom, namely, V' = 0 , V* V' =• 0, ^ V® V' = 0 But the differential 

equation (14) is not quite the same Whereas m the thennal problem the 
coefifioient of V' on the right was a numencal constant — Xo*. that of here 
involves r A complete analogy is therefore not to be expected Nevertheless 
if A -f B/r* always has the same sign, that is, if the cylinders rotate in the 
same directaon, the comparison indicates that instability should be possible 
if A and A -f- B/r* have opjwsiti signs This means that rV decreases with r, 
giving the result that the circulation must decrease outwards for instability 
If, on the other hand, A -f B/r* changes sign, A and A -f B/r* have the same 
sign m an outer region, which is therefore stable, instability arises near the 
inner cylinder Thus Taylor’s results that the stronger currents occur m the 
inner region, and that the velocity needed for instability is greater when the 
cylmdirs rotate in opposite directions than in the same direction, are m accord¬ 
ance with what we should i xpect A general quahtativc correspondence there¬ 
fore exists between the tw o problems, but quantitative agreement is not to 
lie expected on account of the variability of A -f B/r* 

We may recall that Taylor’s fundamental equations assume that the dis¬ 
turbed motion has cylindrical symmetry Ho does not, however, prove 
tbroretically that the hist mode to become unstable will actually be symmetrical, 
and the question naturally arises why it has this property A full discussion 
would have to start from the full equations of viscous motion in cylindrical 
co-ordinates But we may notice that 



f- 


ar*' 


(16) 
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80 that if we neglect l/r in companson with 0/0r we can take 

which 18 finalogoiis to the Cartesian form The corn spendencc of to-ordinates 

IS 

Thermal problem Taylor’s problem 


The chief effect of the velocities is to make 

di S+“5-, ' — 3* + "-S’ 

0 V 0 

if the (Quantity operated on is small, this reeluces f^ ^ The second 

term corresponds to the extra term U 0/0x in the thermal problem Tajlor’s 
problem is, in fact, not analogous to the thermal problem with the fluid initially 
at rest, but to that with steady streammg parallel to the axis of x In the latter, 
instability first arises for disturbances not involving x, and therefore, by analogy, 
the first instability in Taylor’s problem is for a disturbance independent of <f>, 
that 18, a symmetrical one 

The analogy could lie pushed further if A + U/r* was nearly constant, with 
Taylor’s notation fl,/ Ilj = fi must be nearly 1 Putting flj and £lj both 
equal to fl we have the condition for nmrginal instability 


Taylor’s first approximation when p is nearly 1 is (equations (5 43) and (7 08) 
of his paper) 


7rV(Ri + R,) 0 0671 (H-p) 


which 18 equivalent to 


=-1706 

* O OB71 


This 18 m good enough agreement with 1709, obteinwl by the methods of this 
paper 

A curious result emerges from (14) if the radii of the cylinders are made 
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very great while h remama the same The outer radius being Rg, we take the 
inner cylinder to be at rest and the outer to have a bnear velocity V, so that 


(R, + R,)AA = R,V, (21) 

while 

A + B/i*^V/>/hRj (22) 


where p is the distance from the inner plate Then the coefficient of aHij on 
the nght of (14) is 

Av* 


which tends to zero for all values of p when R^ is made great enough Thus if 
the plates are flat the equation (14) takes the same form as for the thermal 
problem with no gradient of temperature The system is then thoroughly 
stable, and wo infer that instability cannot arise from the shearing of one flat 
plate over another 

[Added January 20, 1928 —^This result, like the others of this paper, is to be 
read in conjunction with the first section of its predecessor, that is, it depends 
on the postulate that the method of exchange of stabilities is applicable to 
problems of the types here considered The postulate is certainly vahd for 
the stability of steady states of holonomic conservative systems, and of many 
dissipative ones, but it has not been justified universally The apparent 
simplicity of the method of the last paragraph, in companson with the difficult 
discussions of the stabihty of steady motion by Orr and others, is therefore 
somewhat illusory, to prove that the method is valid would probably be as 
difficult as On’s work The justification of the postulate, m fact, lies at present 
in the general agreement of its results with experiment ] 

8 The Effect of a General Rotation - -Rotation of the sohd boundanes about 
a vertical axis influences the treatment of the consequences of heating a fluid 
below by mtroducmg terms — 2<iw, 2 «m into the two equations of horizontal 

motion It IS easy to see that in some cases they will senously alter the results, 
since they may be larger than the viscosity terms In the problem of the 
biimmg of pomdge, which was used as an illustration m the previous paper, 
the kmcmatic viscosity was probably about 1000 cm* /sec, and the vertical 
dimensions a few centimetres Hence v0*u/dz* was of order lOOOu, while 2<Mt 
18 only about 10~*u, when (o arises from the earth's rotation, and the rotational 
(or geostropbc) terms are quite unimportant But m a flmd of depth 10 km 
with the same rotation the viscosity would have to be about 10* cm */sec to 
make the viscous terms equal to the rotational ones Thus rotation may have 
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an unportant influence on stability in meteorological phenomena It is mterest- 
ing to notice that the critical viscoBity w actually comparable with the observetl 
ooefiioient of eddy-viscosity (though this is only another way of expressing the 
well-known fact that the effects of surface fnction extend up for a kilometre 
or more) 

A quahtative discussion of the effects of rotation appears worth attempting 
The tendency to instability m a non-rotating fluid heated below comes, as has 
been said, from the fact that a loc^ heated mass of fluid tends to rise and draw 
up a column of new hot fluid from the bottom Instabihty occurs when this 
effect 18 enough to overcome the tendency of conduction and viscosity to redis¬ 
tribute the temperature and the velocities horizontally In a rotating fluid, 
however, we have as a hrst approximation the exjuations 

hi 

whence 

+ p) 

showing that there is no accumulation of fluid withm any vertical column, 
whatever the pressure distribution may be * There is no indraught into the 
heated r^on, and the cause making for instability has disappeared except for 
the small amount due to flow across the isobars due to fnction at sohd boun- 
danes If the horizontal and vertical scales of the motion remam the same as 
before, the effects of viscosity and conduction remain much the same Ilencu 
the effect of rotation is to mamtam stability 

The vertical scale of the motion is practically fixed by the depth of the fluid, 
but the horizontal scale may vary If it becomes so small that the terms like 

-f ^ become greater than the rotational terras, the theory given for no 

rotabim will agam be a useful first approximation, but a much larger gradient 
of temperature will be needed for instabihty on acooimt of the increase of a 
In air, for instance, with 2<i> = 3 and v = 0 2, m c g s umts, such an approxi¬ 
mation would work if the horizontal scale was of the order of 40 cm But then 
we shall have 

o« = (f« + »n*)A» = (A/40cm )*, 

* This consequence of the geoetrophio rdation was given bj Proudman, ' Roy Soo 
FreeA. vol 92, p 420 (1016), and experimentally verified by G I Taylor, ‘ Proc Csmb 
PhlL 800voL 20, pp 328-329 (1921), </ also ‘ Phil Mag ,* vol 38, pp 1-8 (1919) 
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and if we keep Kayleigh’s form as a good enough approximation at the present 
stage we have nearly 

X — — (A/40 cm 


But with our formula 1 (4) for X and with values of the constants suitable for 
air this gives 

- ±3 „ 0 (10 -- degrees C/cm ) 

KV 40 

= O (1° C/km ) 

The depth of the atmosphere, A, cancels during the work It appears that 
even m such a case as this the lapse-rate of temperature does not need to become 
much greater than the adiabatic to produce instability The small horizontal 
dimensions mdicated ate suggestive of tornadoes, dust devils, and waterspouts 
but the apparent agreement depends on the initial absence of turbulence from 
the air before these phenomena develop 
On the other hand, if the air is turbulent and the eddy-conductivity ami odd} - 
viscosity botii of order 10‘ cm ‘/sec, rotation is no longer of primary importance, 
and we shall have roughly 

X-=-SS#l = 0(1000), 

KV 

giving 

-s O (10"“ degree C /cm ) 

In presence of rotation, high viscosity and conductivity may actually make 
instabihty easier to produce, by preventing the effects of rotation from being 
dominant The effect of heating from the bottom an atmosphere originally 
perfectly stagnant might therefore be to give first disturbances of the nature 
of tornadoes, but with increasing turbulence these would spread out and give 
movements on a larger honzontal scale, comparable with the height of the 
atmosphere, or with tropical cyclones and thunderstorms Such considera¬ 
tions as these suggest the character of the effect of rotation on the instabihty 
though further development will probably requuo increased knowledge of the 
factors that determine the amount of the eddy-viscosity 
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Studies m Adfiesion —II. 

By Sir William Hardy, F R S , and Miluoent Nottage 
(llLt.ncd Iun.‘ ^ 1927 ) 

(Kijwrt to tho LubiKAtion Rrspar^li Committee of the Department of Scientitie and 
Industrial Ttesearch ) 

[Platf 3 ] 

Part I —Experimental. 

[In this jjuper the results of measurements of the tensile strength of a joint 
between a cylinder anil a plate are described Such measurements are made 
with difhculty owing In the sensitiveness of the joint to vibrations It is 
therefore the more imiwitant to state that the values recorded in the following 
pages arc entirely due to my collcagueS patient t and skill -W B H ] 

An admirable summary of jirevious work on adhesion is given by McBain 
and Lee* in a paper which breaks new ground, and should be read in con¬ 
junction with what follows 

To olitain the measurements a clean metal cylinder was pkiced upon a clean 
metal plate m a chamber hlled with clean air and warmed above the melt mg 
point of the lubricant,f some of which was also placed in the chamber ^VhLn 
the lubricant w as melted and the temperature steady, some of thi* now flunl 
lubricant was allowed to be drawn under the cylinder by capillary attraction 
until the space bctw'ccii cylinder and plate was completely filled Enough 
lubricant was then added to form a large pool Vfter a tunc had chpscil 
suflii lent to jM-rinit orientation of the molecules by the attraction fields of the 
solids to become complete, the lubricant was frozen by allowing the ti>mperature 
to full to 18^ C The i \ccss lubiiiarit was then trimmed away from the basi' 
of Ihi cylmdir, and the plate with the attached cylinder rimoved from the 
chambi r to a special clamp which could be Iccclled V jian was then attaihed 
to th< < nd of the cylinder and weights added until the joint broke This gave 
the adhesion value B In other cases the pan was connected with the cylinder 
as closi as possible to the jomt and in such i way as ts) ipjil the external force 
tangentially The tangential pull required t-o break the joint is the value S 

* ‘ Roy hoc Trot A, vol 113, p liOb (1027) 

t Throughout this series of papers ujion friction ami adhesion the word “lubneant” 
lias been used to in Iieatc the substance present between the solid faecs It is retained 
in this stuily of the tensile strength of a solid joint 


VOL rwiir—A 
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The cylinder had always the same diameter and weight as those used m the 
previous* paper, namely, 1 cm and 5 6 grammes, and both cylinder and plate 
were pobshed to “ optical " surfaces 

If it was desired to vary the load, weights were placed on the top of the cylinder 
before the flmd lubricant was run underneath 

Up to this stage the procedure exactly resembled that followed m obtaining 
value A of the last paper—value B and value A refer therefore to mechanically 
corresponding states 

The temperature fell from 56“ to 18“ in about 20 minutes, from 84“ to 18“ 
in about 40 minuti'S, and adhesion nas measured at any time from 3 to 20 hours 
after the jomt had been made The effect of errors in the form of the surfaces 
was tested by comparison betueen the values taken after prolonged use and 
immediately after rcfacing 

The pressure adhesion cur\e obtained after refacing was more regular and 
the values for each pressure more concordant, but the difference was not groat 


Steel on atiel Mynstio acid 

Pressure \arying from 7 1 to 3160 grammes 



Mean 

Mean difference between highest 


Miluts 

and lowest values for i och load 

Before repolishing 

19120 

91 — 0 6 {icr c( nt 

After repolishing 

202«»0 

34 = 0 2 „ 


The effect of untrucncsb of the surface was, as might be expected, greater the 
hcaMcr the load —that is to 8n>, the thinner the layer of lubricant—this appears 
from the curves fig 1 

The temperature at which lubrication took place had little or no mfiucnco 
The following values illustrate this 


Cetyl Alcohol Adhesion (B) lu grammes jicr square centimetre 


Tempenture of 
lubricatiiin 

Cylinder | 

Stool 

I Copper 1 

Steel I 

Copper 

Plato 

Steel I 

Steel I 

c„pp.. 

I Copper 

M 




1 

14000 ] 

17480 

06 


10900 

14000 

14580 

18360 

84 


15300 

14470 

14040 

12380 


• ‘ Roy Soc Proc A, vol 112, p 62 (1926) 
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either to the cylinder nsing or falling in the pool of lubricant to a position of 
equilibrium, or to the alteration m the structure of the lubricant due to the 
orientation of the molecules by the attraction of the solids It has been dis¬ 
cussed fully in earlier papers* In these experiments the age of the sohd 
jomt had no influence upon adhesion, changes took place only whilst the 
lubneant was fluid, and the latent period appeared to be due wholly to onenta- 
tion This follows from the fact that, though each of the acids gave a latent 
penod of about 60 minutes and the one alcohol available a period of about 30 
minutes, the symmetrical paraffins gave no detectable latent penod The 
following IS an example 


Palmitic \cid M P, 62° Temperature of Lubncation, 68® 


I iquid lUto iiuuntainc-d 
for— 

1 Adhemon 

Meel on ateel 

1 I 

Copper on steel 

miiiiitcs 

40 

13000 

11660 

SO 

14040 

13720 

(10 

1 15880 

14080 

70 

1 15860 

15030 


The values underlined are steady values independent of time 


Eicosane M P , 36 7® Temperature of Lubrication, 45® 


Liquid state maintained for— 

Steel on steel 

iiiiniil..s 



0* 

S0S2 


20 

8563 


70 

8600 



The time value “ starred ” was the least possible, namely, that taken up by 
the solidification of the lubricant when the heat was cut ofi at once 
During the latent penod the structure of the lubneant is becoming more 
orderly in the sense that its molecules arc moving mto positions of equilibnum 
* Soc oHpeciaUy ‘ Roy Soo ProcA, vol 104, p 20 (1023) ' 
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with respect to the attraction fields of the solids Therefore, since adhesion in- 
vanably increased when lubricants with polar molecules were maintamed in 
the fluid state long enough to permit the molecules to orient themselves, we may 
conclude that orderliness as defined above increases adhesion just as it decreases 
friction 

This conclusion is in conflict with the finding of MeBain and Lee (foe cii), 
namely, that disorderly structure increases adhesion The study of the micro¬ 
scopical structure of the plate of lubricant leaves no doubt as to the orderliness 
of the disposition reached when a critically pure lubricant was allowed to come 
into equilibrium With the forces acting upon it All that need be said at this 
stage IS that “ order ” and “ disorder ” need careful definition and that no 
generalisation is yet possible No exception has been found to the rule that 
adhesion rises dunng the latent period when the lubricant is composed of a 
single pure chemical substance unless this bo a paraffin, m which case there is 
no latent period When the lubricant is composed of two chemical substances 
sometimes adhesion falls sometimes rises dunng the latent penod when the 
structure is becommg more orderly 

Effect of Chance Impurtiy —On a few occasions the supply of pure air to the 
chamber failed after the lubricant was in place, but whilst it was still flmd, and 
on some of these occasions the procedure was carried through in the ordinarj 
way and the adhesion measured It was always found to be from 60 to 70 per 
cent below its value for the pure substance 

The Purity of the LiAnoards —Normal parafifins, their related normnl acids 
and one alcohol were tested In studies of adhesion as in those of friction when 
the lubncants are ontically pure, and the tests made under mechanically corre¬ 
sponding states, orderly results of remarkable simplicity are obtained, the 
ontenon of punty adopted is therefore of great importance m the logical scheme 
It was neither more nor less than the attamment of this same orderimess 
This may seem to bo reasoning m a circle, but the assumption that orderhness 
18 evidence that the number of vsnables is small and under control is implicit m 
all tests of chemical punty 

The final stages of purification were earned out by recrystallisation. This 
was contmued until adhesion became constant and the character of the fracture 
r^ular 

A few figures are quoted below to illustrate two things that the adhesion 
given by impure lubncants was charactenstically vonable, and that purifica¬ 
tion foxsed the value for all the long cham acids used and for the single alcohol, 
and lowered it for all paraffins The irregulanty m the values is without doubt 
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related to the uregnlar character of the sarfaoe of break of impure 
lubncanta. 


SnbrtMMe 

Cylinder 

SUte 

Plate 

Steel 

1 Copper 

Steel 

Copper 

Steel 

Steel 

Copper 

Copper 

Cetyl akohol 

Impure 

Inteimediide >tete 
Steady Taluee 

14270 

lifilO 

1S860 

12840 

12600 

14M0 

12420 

11800 

14M0 

11100 

11730 

13380 

iMirio sold 

Impoie 

Intennediate 

Steady Taltioe 

8736 

0S6S 

10600 

6633 
6606 
0872 ; 

6270 

8086 

0024 

M14 

7077 

0006 

Fklnitia Mid 

Impon 

Several reofyatatluatioDa 
Later ttagee 

Steady valnee 

Fi' 

SOM 

12000 

13120 

16860 

'gniec too e 

10820 1 
11620 
16030 

rratio to q 
8013 
7041 
0636 
14080 

”^740 

6606 

0311 

1 14100 

BiooMiie 

Imparo / 

Nearly pore < 

11610 

12200 

8736 

8663 

10740 

8048 

7473 

7362 




The adhesion of acids and of the alcohol is much greater than that of paraffins, 
and therefore the effect of unpunties is perhaps what might have been expected 
The want of concordance in the values obtained at the same stage of purifica¬ 
tion is owing to the fact that two time values are mvolved m the changes of 
state of an impure lubneant, namely, the tune occupied by the onentation of 
the molecules of the lubneant itself, and the tune occupied by the positive or 
negative adsorption of the unpunty on to the face of the solids and at mter- 
faoes withm the layer of lubneant The layer of lubricant on fracture was 
always found to be crystalline, and as punfication proceeded the crystals became 
larger An unpunty would condense at the mterfaces between crystals, and the 
small size of the latter was no doubt due to bazners of impunty being set up 
between centres of crystallisation The rate of cooling would therefore be 
likely to have a great influence upon the structure of impure lubncants The 
irrqpilanfy in the values, the irregulanty m the fracture and the small size of 
the crystals are different aspects of tiie same phenomenon, namely, the redis- 
tnbution of two or more components during fluidity and crystaUisation. 

Strueture and Th*eknes$ of (As Layer of Lubneant —On breaking the jomt, a 
crystolhne cake of lubneant was left on either the cylinder or the plate or partly 
on one and parUy on ^e oHier The cake was easily vinble to the naked eye 
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and obviouBly became thinner as the load was increased As it thinned it showed 
Newtonian colours 

Lubricant, mynstio acid 


PrtMire 

Colour 

Texture 

gnunmai 

7 1 

White 

Long narrow {datM laid flat and in fan-shaped 



maseea 

147 

831 

Very funt red 

Decided red and green 

Crystals smaller and narrower 

1009 1 


1783 y 
3122 J 
8706 

Bright blue and yellow 

— 

Uniformly a browniah yellow 

Crystals Tory much smaller and narrower 


The character of the break was studied m detail under the microscope When 
the lubricant wm impure the break occurred anywhere and the crystals were 
small The surface of break therefore was irregular As purification proceeded 
it became more and more regular until the break occurred, so far as the micro¬ 
scope or the unaided eye could detect, at the mterfaoe between solid and lubri¬ 
cant (ace Plato 3, figs 2b, 3a) The break actually occurred, however, not at the 
metal-lubncant interface, but withmthe lubricant at a distance from the mterface 
so small as to leave behmd on the metal a fibn of totally insensible thickness 
That the film was there was proved by comparing the fnction of the surface 
of apparently clean steel or copper with that of the clean surface of the plate on 
which lubricant had not been placed 

Cylmder, steel, plate, copper 

Lubricant, eicosane 

Fnction measured with a glass shder 

Where the lubneant had been broken away p = 0 176 

Clean part of the same plate p = 0 8 

A plate of chemically pure lubneant which has been frosen tn ntu is there¬ 
fore composed of a central plate of flat crystals enclosed by two primary layers, 
one on each of the enolosmg sohds. Each of these primary layers is possibly 
one and certainly not more than a few molecules m thickness, and the break 
under either normal, and, as we shall see later, under tangential stress 
appears to occur at one or both of the surfaces between the primary film 
and the {date of crystals 

These surfaces mark the limit beyond which the attraction fields of the solids 
are unable to prevent crystaUnstion. They do not, of course, mark the limit 
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to wboh orientation spreads from the metal face into ajhnd lubncant This is 
fixed by the kmctic energy of the molecules m the fluid state By X-ray 
examination Tnllat"' found stratification and orientation of long cham mole¬ 
cules to persist up to at least 5 p. from a solid face 
They might mark the bmit of the adsorbed layer of an impurity in the lubri¬ 
cant which was more strongly adsorbed by the solids than the latter The known 
effect of added impurity, however, does not favour this interpretation (see 
later) 

The position of the surface of break, that is to say, whether it was at one or 
at both of the surfaces mentioned in the last paragraph but one, was found to 
depend upon whether cylinder and plate were or were not of the same material 
A diagrammatic section through the layer of lubncant when both sohds are 
the same is given in fig 2 The surface of rupture is a, b, c, d It is shown not 
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at the interface but at an insensible distance within the lubricant for reasons 
just given A break of this kind can be seen in Plate 3, figs 1 and 4 
The process of punfication was by its nature asymptotic, and it is legitimate 
to assume, recollecting the extreme sensitiveness to impunty, that, at the 
theoretical hmit when both soUd faces are identical physically and chemically, 
the lubncant absolutely pure, and the poll perfectly normal, the break would 
occur simultaneously near both sohd faces 
When the sohds were different the surface of rupture was near the metal 
with weaker attraction field, as in fig 3 Plate .3, figs 2 and 3 show that frag¬ 
ments and sometimes a whole crystal were left attached to the copper when the 
of^ier surface was of steel, but agam, at the unattainable hmit of experimental 
precision, it is certam that the surface of break would be close to the copper. 
The crystalline structure was apparent in the thinnest films obtained by the 
* ‘ Ann de phj'siqne,’ vd 10. p 5 (1026) 
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heaviest loads but, as the load increased, the crystals became smaller (Plate 3, 
fig 4) The law defining the position of the break stated above held for the 
thinnest films and for all the lubncants tried Discussion of the significance 
of this law must be postponed until after the effect of the nature of the soUd 
has been further described 

The structure of the plate of lubricant gives objective reality to the con¬ 
ception which has been reached inductively of the presence in colloids of free 
and bound water, the latter being water so firmly attached to the solute as to 
be mcapable of being frozen * The free and bound portion of the lubricant arc 
sharply divided as the diagrams show, but the freesable portion could not bo 
expected to have the same relations to temperature as the same substance in 
mass, but would be best described as “ capillary ” If the solids were moved 
further apart we should finally have really “free” lubricant between the 
faces 

Effect of Added ImpurUy —^The position of the surface of break could be 
altered at will by impurity locabsod at one or other interface To effect this, 
ailk, freed from cxmtanunatmg substances by prolonged extraction with purest 
benxeno, was lightly rubbed on the contaminant and then lightly rubbed on 
one or both of the metal faces previously heated to above the mcltuig point of 
lx)th contaminant and lubricant when the latter was myristic acid (M P 54°), 
and to a temperaurc below that of the contaminant and above that of the 
lubricant when the latter was eicosaue (M P 36 7°) The quantity of con¬ 
taminant conveyed in this u ay to the surface must have been exceedingly small 
A pool was then formed of the pure lubricant and adhesion measured in the 
ordinary way (See Table on p 218 ) 

The figures give the adhesion in grammes per square centimetre 

This table merits careful consideration It illuminates vividly the whole 
subject and has much practical significance The adhesion value of myristic 
acid IS greater than that of eicosane, and of steel greater than that of copper 
The table shows that an insensible him of contaminant at one mterface leads 
to the following — 

(1) When one surface only is contaminated the break occurs at the con- 
tammated surface when the adhesion of the contaminant is weaker than 
that of the lubneant, and at the uncontaminated surface when the 
lubncant is the weaker adhesive 


•Roy Soo Proo,’A,\ol 112, pp 30and 47 (1026) 
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Load 5 6 grammes 


Liubnoant 

Cylinder 

Contaminant 

Plate 

Steel 

Copper 

Steel 

Copper 

Poeition 

of 

break 

Steel 

Steel 

Copper 

Copper 

MynatM acid 

Blcoeane on plate 
Biooeane on o^nder 
Biooeane on plate 

10360 
10820 1 

8846 

7011 

7291 

6702 

AtpUte 

At cylinder 

At plate 

EbeoMHW 

1 Myriatio acid on plate 
Mynetio acid on 

finder 

0638 

08M 

8085 

8730 



At cylinder 

At plate 

Myrutwaoid 

Eiooaane on both plate 
and cylinder 

0249 

7678 



At both plate 
and cinder 
At the plate 

laocwane 

Mynatio acid on both 
plate and cylmder 

10S40 j 

0017 



At both plate 
and eylitider 
At the cylinder 

Ifyiiatio aotd 
EioOMIM 

None 

None 

13200 

8644 


12440 

7416 

11080 



(2) Wben both surfaces arc contammated the ordinary relation between the 
position of the break and the adhesion values of the solids is not inter¬ 
fered with 

(3) A weak contaminant lowers the adhesion value and to its own value m 
one case A strong contaminant raises the adhesion though the surface 
of break may not be near the contaminated but near the uncontommated 
surface 

Therefore, a film of contammant of the order of one molecule in thickness 
introduces a surface of weakness or of arength, the latter being the more signifi¬ 
cant theoretically, and imposes its own value on the adhesion of the entire 
joint, though as relation (2) shows not to the extent of obscuring the character¬ 
istic effect of the nature of the sohd The position of the surface of break 
proves that the contaminant did not diffuse throughout the lubricant 

Pabt II— Stbady Values 

The steady value which we call value B is the adhesion per square centi¬ 
metre Its relations to the variables ore described m this section. 

Temperature —A small chamber containing a coil of tubing was built about 
the clamp and cylinder, and the temperature at which the sohd joint was 
broken controlled by fluid run through the tubing Mampulation was difficult 
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and to this may be asonbed the irregulanty m the values In the following 
table the temperature is that at which the joint was broken 


Load 6 6 grammes, Cylmder and Plate of Steel 


Lnbnosnt 

Tempeiatuie j 

Adheuim value B 

Myrbtio Mid (M P , 04°) 

4 

12070 

8 

13100 


18 

13200 


38 

13710 

Pslmitio add (M P. 02°) 

4 

10810 

0 

10700 


8 

15430 


14 

16000 


18 

16860 


42 

10820 


06 

10474 


Within the limits explored adhesion seems to be independent of temperature 
It IS remarkable that the value should bo the same so near the melting pomt of 
the lubricant This relation proves that the break was uncompboated by a 
viscous flow of the lubneant, and the most careful microscopical examination 
of the lubneant after the jomt had been broken failed to reveal any signs of 
such flow 

The Nature of the Enclosing Solids —Throughout these studies both fnction 
and adhesion have been found to obey what might for convenience be called 
the mean value rule, which may be stated as follows — 

When the enclosing sobds are different, being composed of substances M and N, 
the value of friction or of adhesion is the mean of what it is when both solids 
are composed of M or both of N The general equation therefore is 

Xmk = J (Xjoi + Xnif) 

As it IS important from the theoretical pomt of view to know whether this 
equation holds exactly or only as an approximation a senes of cntical deter¬ 
minations of value B were made with the followmg results 
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Load 6 6 grammes, Temperature 18° C 


Lubnoant 

Moleoiilar 

weight 

steel plate 

Copper plate 

St«l 

cylinder 

Copper 
cylinder | 

Steel 

cylinder 

Copper 

cylinder 

Launo aokl 

200 

lOftlO'l 

107fi0 V10683 
10090j 


899 


MyritUo acid 

228 

13280\,,_^ 

12460 1 12420 

12437 


Palmitic ftoid 

256 

16840'! 

16000 U6863 
16780j 

1S}i“36 I 14980 

16007 

14260-I ..180 
14110/***“ 

Steario aoid 

284 

183801 

18330 >18397 
184S0j 

17817 

168201 

16710/**’®® 

Mean valuea 

Mean for steel o 
Mean for steel o 

nBteeland < 
n copper 8n< 

14646 

jopper on copper 
1 copper on steel 

13753 I 13727 

12917 

13731 

13740 


The m(an value rule seems to hold exactly and the figures fur the parafiins 
confirm this 



Mole 

cnlar 

weight 

Steel plate 

Copper plato 

Time 
(mins ) 

Steel 

cylinder 

Copper 

cylinder 

Tune 
(nuns) 

Stool 

cylinder 

Copper 

cylinder 

Eioosane 

282 

10 

16 

86631 
8664 j 

^ 8608 

5Si} 

10 

10 

7147 

C„H^ 

310 

10 

16 

94961 
I 9387J 

^9441 

““} 8I!1 

6 

10 I 


««®«\6841 

8678/"*** 


422 

40 

18 

0 

128101 

12710 

12710, 

K12743 


10 

80 


SSS}"" 

Mean values 


1 10264 ^ 74M 

1 8876 
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It was pointed out m an earlier paper on friction that the mean value rule 
seemed to prove that the influence of the attraction field of each of the enclosmg 
sohds extends to the surface of slip The direct knowledge of the position of 
the surface of break shows that it extends nght through the disc of lubricant 
Consider for example the acids When both surfaces were of copper the 
mean adhesion was 12917, and when both were of steel it was 14546 When 
one surface was of copper and the other of steel the break took place near the 
copper at a surface removed from the steel by a layer of lubricant at least 4 (i 
in thickness If the influence of the steel had been only of molecular range the 
adhesion would have been that of copper Instead it was the mean between 
that of steel and that of copper 

The effect of contaminants is equally remarkable When mynstic acid was 
applied to one solid face, both sohds being alike and the lubricant bemg the 
weaker adhesive oicosane, the break took place m pure cicosane at a surface 
near the uncontammated fac-c and removed, say, 3 (x from the mj^nstic acid 
Yet the adhesion was not that of pureeicosane but always somethmg larger than 
this and between the values for pure eicosane and pure myristic acid 
Molecular Wetyht —The adhesions in the tables on page 220 are plotted 
against molecular weight in fig 4 By an oversight the observed values and 
not the values per square c^entimetre were plotted The relation is Imear for 


AiffTeskm-Molecular Weight 
Tangetiiel PuU-Molecular Weight 



Fio 4 

the acids and paraflSns Owing to the depletion of our stock of pure substances 
it was not possible to confirm this for the alcohols, but the great body of evidence 
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accumulated m these papers justifies the statement that for the same ohemioal 
senes the equation is Imear 

Pressure —The pressure is the load in grammes divided by the area in square 
centimetres 


Mynstio Acid Steel plate and oyhnder Temperature 16° 


Lesd 

Preature 

Adhesion 

B + Pieemue 

5 6 

7 16 

13^}*®“® 

1855 

115 1 

147 


123 5 

250 6 

331 


60 8 

1400 

1783 


22 5 

13 4 

2451 

3122 


7 86 


The values are plotted m fig 1, curve I Curve II gives the values for the same 
cylinder and plate but before refaoii^; 

The fact that adhesion increases as the layer of lubneant decreases is part 
of the general expenence of mankind and is indeed recorded m the directions 
how to use any commercial cement, it may therefore be claimed to be a general 
property of films enclosed by two continuous sobds It is not, however, easy 
to explain, for in the case under consideration the break occurs close to one or 
other or both faces, and pressure merely vanes the thickness of the median 
plate of crystals 

An attempt was made to measure directly the distance between the surfaces 
of the cylmder and the plate, when the one was resting on the other either loaded 
or unloaded and with vanous lubneants For this purpose a spherometer was 
specially constructed by Messrs Hilger so that the measurements of the distance 
between the upper surfaces of the cylmder and of the plate could be made m 
clean air, and the firm also made two pairs of cybnders and plates The first 
pair, owing to the nature of the steel, were the less perfect Call this pair “ A ” 
and the more perfect pair “ B ” 

The first set of measurements revealed the totally unexpected fact that the 
distance between cylmder and plate was of the same order when the lubneant 
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-vas clean air as it was when some liquid had been allowed to displace the air, 
indeed, within the limits of accuracy the distance h was found to be mdependent 
of the nature of the lubricant whether the pair “ A ” or the pair “ B ” was used 
This left us with measurements of the variation m value of h, but without the 
absolute value because we did not know the length of the cylinders 

The Metrology Department of the National Physical Laboratory were good 
enough to measure these lengths, which they did by wnnging the cylinders down 
on to a plane surface, a standard gauge being used for reference They dis¬ 
covered on cylinder “ A ” two minute bosses which Were removed before it was 
measured They also subjected the spherometer to critical examination and 
found the screw to be free from penodic error, but to have a total error over the 
length used of — 0 009 mm 

Each value in the following tables is the mean of five measurements taken 
at different points on the top of the cylmder To show the variation in these 
individual readings three diagrams are given The circle represents the top of 
the cylmder, and the figures are placed where the measurements were taken and 
are the readings on the circular scale of the spherometer Each division of 
the scale is 2 0 p The examples were taken at random from the notes 
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Save where the contrary is stated once the cylmder was placed on the plate 
it was not moved imtil all readings had been taken 
If H be the distance between the upper surfaces of the cylinder and the plate, 
and L the length of the cylinder, then H — L is equal to h, the distance between 
the opposed faces In the follownng tables Aq is the value when cjdmder and 
plate were clean and m clean air, and A the value after liquid lubricant had been 
run m The procedure was as follows — 

H was measured at 18°, the temperature was raised above the melting point 
of the lubricant, and the melted lubricant then run undemeach The tempera¬ 
ture was lowered to 18°, and when it was steady, the lubricant being now sohd, 
H was again measured In those cases m which the lubricant was fluid at 18° 
It was simply run underneath and H measured at once 
The first senes were made before the cylmders and plates had been sent to 
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the National Phyucal Labotatoiy and therefore before the two bosses had been 
removed from the lower face of cylmder “ A ” 



Labnoant 


Lubricant 

h 

Diffetenoe 

SencB I—Cylinder A (bo 
fore treatment at the 
NPL) Steel plate 
Load 6 6 graromea 

Air 

o”<W70 

0 0070 

0 0070 

0 0070 

0 0062 

0 0066 

0 0067 

0 0070 

0 0067 

0 0070 

0 006S 

Palmitio acid 
Cetyl aloohol 

1 

mms 

0 0070 

0 0070 

0 

0 

Moan value 


0 006S 


0 0070 


8enc» II—Cylinder A 
(after treatment at tho 
NPL) Steel idate 
Load 6 6 grammee 

Air 

0 0046 

0 0038 

0 0037 

0 0040 

0 0043 

0 0046 

0 0037 

0 0040 

0 0042 

Ootane 

Capiylic aoid 

Ootyl alcohol 

0 0042 

0 0042 

0 0040 

Negligible 

Negligible 

Negligible 

Moan value 


0 0041 

- 

0 0041 


Senes III—Cylinder B 
(before mcasuroment 
at NPL) Steel 

Plate 

Air 

1 

0 0040 

0 0044 

0 0039 

0 0038 

0 0049 

0 0036 

0 0031 

0 0041 

0 0036 

0 0031 

Ootyl aloohol 
CapiTiio aoid 
Octane 

Ootyl alcohol 

0 0049 

0 0044 

0 0036 

0 OOM 

0 

Negligible 

0 

Mean value 


0 0039 

- 

0 0041 


Senee IV—Cylinder B 
(after measurement 
at NPL) Steel 

Plate 

Air 

0 0041 

0 0041 

0 0038 

0 0044 

0 0041 

Octyl alcohol 
Cetyl alcohol 

Octane 
faprylio aonl 

0 0039 

0 0041 

0 00.44 
00044 

Negligible. 

0 

0 

Negligible 

Mean value 


0 0041 


0 0042 



If more accurate methods should confirm the figures, the distance k between 
the cyhnder and plate would be the same for a gas as for a hqmd and 
mdependent of the chemical constitution of the lubricant and of the endoeing 

Bohds. 
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The decrease in the value of h due presumably to the removal of the bosses 
on cylinder A is remarkable 

It was inferred from earher measurements of fncbon and adhesion* that 
when a cylinder or shder was forced down m a pool of lubncant it rose rapidly 
when the external pressure was removed This inference was confirmed 
The figures give the readings on the circular scale of the spherometer Each 
division IS equal to 2 6 |x 


Cylmder “ A ” Weight 6 6 grammes. 


Labnoant 

Unloaded. 

After being loaded 
with 1400 granunai 

Air 

65 2 

66 2 


Octyl Alcohol 

66 2 

66 2 


66 6 

66 6 



The load m the case of air was left on for 24 hours Measurements com¬ 
pleted m from 10 to 15 mmutes after the load had been removed 
The load (1400 grammes) in the second case was left on for 30 minutes which 
would allow of only a slight descent m the pool of alcohol 
The effect of a normal pressure upon the value of h was detomuned as follows 
Headings were taken with the clean unloaded cylmder standing on a clean 
plate m clean air at 18° The cylmder was then loaded to the required amount 
and the temperature was then raised to slightly above the melting point of the 
lubncant Whilst the load was still on melted lubncant was run underneath 
and a pool formed m the usual way The temperature was then lowered to 18° 
when the lubncant froze The load was then removed and a second set of 
readings taken 

In the following table the readings on the circular scale are given, those m 
the third column being for the unloaded oyhnder m air at 18°, and those m the 
fourth oolumn being for the cylmder at 18° but fixed to the plate by the sohd 
]omt which had been formed and frozen under the pressure given m the second 
column The difference is the distance the oyhnder was forced down by the 
load and h is this value subtracted from the value of K when the pressure was 
7 1 grammes, namely, 0 007 mm 


••Boy Soo Proo,’Avol 104,p 27(19*3), iWI, A, vol. 112, p. 67 (1929) 
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(Cylinder and Plate " A ” 


(Readings taken before the bosses were removed) 


iHibdouit 

Pracura 

Reading* 

Differano* 

A 

FalmJtM Mid 

SSI 

55 5 

66 1 

1 mm 

0 0016 

Jt- 
5 5 


SSI 

55 4 

56 1 

0 0017 

5 S 

1 

1783 

55 S 

56 7 

0 0035 

3 5 


3160 

55 2 

57 0 

0 0045 

2 a 


6560 

55 3 

57 5 

0 0065 

1 7 


7185 

55 2 

57 6 

0 0067 

1 3 


8768 

55 4 

57 8 I 

0 0060 

1 0 


In fig 6 A IS plotted against the pressure The curve for adhesion and 
pressure (fig 1) is of the same form Both curves tend to become horuontal 
as pressure mcreases When the pressure was 8768 the cake of lubricant was 
still clearly visible to the naked eye and still showed Newtonian colours 



The surfaces of cylmder and plate " B ” were of proof plane order of accuracy, 
and they were used to determine whether the distance h was different for dean 
and contaminated surfaces If on adsorbed substance neutralises some fraction 
of the attraction fields of the metals the Leehe pressure which supports the 
load should be leas for contaminated than for clean faces. The cylmder had to 
be lifted between the measurements to aUow of the appboation of the film of 
palmitio amd, but octyl alcohol was applied as vapour, the cylinder being left 
in position 
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Cylinder “ B ” of Steel 



Pkimitio add 
Ootyl akohol 

“ Oteaae ” adaorbed from air of rc 
Palmitio aold 
Ootji aloohol 

“ Greats “ adiorbed from air of n 


Difference 0 7 => 1 7 


19 S 
19 8 
19 0 
19 7 
19 3 
19 8 
19 4 


Therefore hoi«B — KuatumuM = 1 7 

These measurements were repeated with oyhnder and plate “ A ” after the 


former had been trued 



Clean 

After contanunation by 

“A” 

66 6 

Palmitic acid 57 6 


56 4 

Contact with ordinary leather 07 6 

“B” 

18 4 

Palmitic acid 19 6 


18 3 

Contact with leather 19 7 

Mean diSerence 1 2 



It will be noticed that the differences are all m the same direction, h always 
being less for contaminated surfaces When the surfaces were dirty running 
lubnoaat under the cyhnder produced no detectable change in h 

Surfaces contaminated by contact with ordinary leather— 

“ A ” 67 6 Caprylio acid run under 67 7 

“ B ” 19 7 „ „ 19 6 

Ootyl alcohol and palmitio acid were also run under the oyhnder when the 
Borfaoes of both qylmder and plate were contammated by contact with the 
ordinary air of the laboratory and the level was not changed We therefore 
seem to have 

(1) h independent of the state or chemical nature of the flmd run underneath 
whether the surfaces are clean or contaminated, and 

(2) k IB less for oontaminated surfaces m pure air than for clean surfaces m 
pure air 

The method of measurement was only a tough one but it seems to have 
established the following facts The thickness of the air film when the surfaces 
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were plane and the normal pic ae aro Tree 7*1 grammes was of the order of 0*004 
mm., and thiS'Taloe was not greatlj changed by replacing the an by a bqnid. 
The value was, however, decreased when the surfaces were contaminated. A 
long chain molecule with 20 carbon atoms would be about 2 8 x 10~^ om m 
le^h, therefore 4 is equal to about 1600 such molecules arranged end to 
e^ 

Pabt III —Tanobntul Pull. 

A few measurements mtended merely to determme the relation to molecular 
weight and the order of magmtude were made of the tangential pull S required 
to break a jomt The external foroe was applied in the plane of the plate and 
as low down on the oybndet as was possible 


Steel Plate (S value m grammes per square centimetres) 


Labiiesnt 

Steel eyliader 

Copper ojdinder 

CiiHi, 


5S}““ 



22} 

Lsorio said 

flOSOl BB-. 
6868/ ^ 


Pslnutio sold 

I0«)0\ioa„ 

10S80/™’* 

r}«« 


The values m the table are per square oentimebre, that is the observed values 
divided by 0 786 The observed values are plotted against molecular weight 
in the curve m fig 4 

Under the miorosoope the fracture was seen to take place at the some surfaoe 
as it did with a normal foroe, the surface of break therefore was the immmi m 
tile two oases S was m each mstanoe much leas than B, The break away 
was sudden, the resutanoe falling apparently instantly to that of simple external 
fiiotion. 

DESCRIFnON OF PLATB S 

Fio 1—Uifarioint,a>jriBti«sokL CljUadw sod piste q< copper (a) ClyUnder. (b)PUle. 
tta d copper, plate c< steeL (a) Plate, (ft) C|]diacler 

FW. 8—Plate d ot^per, o^inder ol steel, (a) Plate, (ft) Qjdinder. Load 6*8 gnamwa 
(pnaeon 7 1 giamiDee) for figi. 1, A and 8 

Pm. 4-€!]diiid(r aad plate d eteeL (a) Plate, (ft) PrUnder Load 889*8 gnnaaes 
( p tes stt e 881 ipaautes). 
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S um m a ry. 

1. Tie adhedon of and tangendal poll reqaind to dide a o^inder attaohed 
toaidatebyaMdidjomtaTedeaonbed Tie jomt was formed by xtuming floid 
lobcioant between the oylinder and plate and free&ng litn a%tu 

8 . nie disc of lubricant was found to be oompoeed of a plate of orystaLi witii 
an adacorbed layer on each aide. 

8 The relation of the value observed to the temperature, pressure, chemical 
oompoa i tion of the lubricant and composition of oylinder and plate is 


The Photo-Electric ITireshold Frequency and the Thermxonxc 
Work Function 
By B H Fowlkb, F R S 
(Received January 15,1928 ) 


11 Sommetfeld’B revived electron theory of metals has already had mariked 
Buoo e sn e a, and gives a oonvumung account of all their equihbnum thermoelectno 
propeitiea. It is baaed, of course, on a greatly simplified modd of the mtenor 
of a metal as a region of uniform potential Xg/s positive relative to free space, 
so that the work Xa is requued to extract an electron from rest m the metal to 
restatinfinity The electrons, however, are not all at rest, but form practically 
a perfect gaa—a gas, however, at such a concentration that they are almost 
tigjht-paok^ and obey the Femi-Dirao statisbos. The theory also yields, as 
1 have shown m a recent note,* tiie remarkably satis&otoiy formula for I, the 
thermionio saturation current at temperature T m amperes per cm*, 


I-120(l-r)T*e-*^ 


( 1 ) 


In this fonnula r is the fraction of electrons inoideiit on the metal from out¬ 
side which are reflected at the surfsoe, and x is the customazy thanmonio work 
function. It is related to Xo by the fcnrmula 


^ ^ 2in\tnp/ 


In fonnula (8) » is the oonoentrarion of *' free ” electrons m the metal—for 
umvalsttt metals d the ordn of one per atom—and p(=>i 2) is the weight of 


* fowler, rntpre. p. 58. 
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the free eleotron. The second term m (2) anaes from the thermodynamio partud 
potential of the tight-paoked electrons 
§ 2 TAe Phot(hdectno Effect —In a recent very mtereating paperf 0 W 
Biohardson has pointed out that no theory hitherto has been able to eiqilam 
the existence of a ihorp photo-electno threshold frequency v,. Adimttedly it 
IB not always sharp, but that it ever is so is sufficient to establish the difficulty 
He makes suggestions as to the nature of the “ free electrons which provide the 
requisite sharp threshdd Though these euggestiocs may be formally oozreot, 
they seem to me to be unnecessarily complicated It follows, as I shall now 
show, quite generally from the simple theory of Sommerfeld, and independently 
of any paitioulac assumptions as to the nature of the surface action— 

(i) That there exists a sharp photo-electno threshold frequency Vg. 

(u) That the energy corresponding to this threshold frequency is equal to 
the thenmomo work function, that is 

Av„ = X (3) 

Equation (3) has long been surmised 

It follows from Sommerfeld’s theory that the electrons are almost tight- 
packed at temperatures up to 1000-2000" K At room temperatures therefore 
tile tight-psoking may be taken to be absolute, and the » electrons m unit 
volume wiU be found occupying the n smallest energy values, or, if it is preferred, 
represented by the functions corresponding to the n smallest oharaotenstios 
of Schrodinger’s equation for free electrons in the volume containing them 
The charactenstios may be enumerated m the usual way t If the greatest 
chaiactenstio required is c* then 

= ,4, 


c* 




( 5 ) 


Thus it happens that the mammum energy of the electrons is equal to the con- 
tnbution of them partial potential to the work function. 

Let us now consider the nature of the photo-electno effect A quantum of 
v-radiation strikes the metal and is absorbed by one of the " free ” elections, 
of energy c This is not a possible process for genuine free elections, but there 
IS nothing to prevent its happening m the metal However, we are oonoerned 
to W.Bioha(dson,‘IU7 Boo Ftoo,'Avol 117,p 719(1928) 
t See, for example, in this oameotion, Dino,' Bey Soo Proo,'A voL 118, p 801(1928)^ 
Fowler,<(jrf,voI 118,p 482(1928) 
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only wiih tihe energy aoooont of the proceee, as long as it is a possible one The 
eleotron has then energy Av + c and can escape from the metal with energy 
where 

e'<Av4-«-Xo (®) 

Since c Ki e*, we have c' < Av — (xo — «*). 

= Av-x (7) 

This 18 the relation (3) The sharpness of the edge comes from the almost 
complete absence of electrons (at these temperatures) with energy greater than 
c*, together with the distribution law for the energies of the bound electrons 
The number with energies between c <md c -j- dt, by diflerentiating (4), can be 
seen to vary aay/tdt If electrons of any energy are appromnately equally 
likely to absorb the quantum of v-radiation, and we ignore energy changes 
subsequent to absorption, we get a spectrum of emitted electrons with the 
energy distobubon shown m the figure The fall to sero on the right of Av — x 



18 actually a violent exponential curve The sharpness of the observed threshold 
18 amjfiy aooounted for 

We have cast this argument mto an extreme form, which represents the actual 
state of affairs more clearly than the eiract formula, but a more exact formula 
for the various numbers of c-electrons at temperature T, and therefore of 
c'^photo-elecrtions on the forcing assumptions, b easily given It is 

»(*')*' = («' = * + A^-Xo) (8) 

Smoe s* and x ore of the order of 6 volts, s*/AT is of the order of 200 at room 
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temperature Thus m the photo-eleotno ourremt, eleotroos of energy greater 
than Av <-> X by 1 per cent of x are infrequent, and greater by 3 per oent 400 
tunes less frequent than the oommonest The frequent^ threshold is equally 
sharp. 

Perhaps I may be permitted to mention m conclusion that Sommerfeld’s 
theory appears to give an equally satisfactory account of the currents extracted 
from cold metab by mtense fields 

\NoU added Fthruary 9,1928 — With the help of Notdheim’s theory of the 
reflection coefficient r, it is now possible to take account to a first approxi¬ 
mation of this factor, which may be the most important neglected factor 
concerned m modifying the distribution law n (s') for the emerging electrons 
It may be of mterest to indicate the nature of the effect Equation (8) puts 
n (s') = n (c) If we still ignore scaUertrtg tweets, that is losses of energy by 
the future photoelectron m collisions suffered after absorption but before 
complete escape, we may replace equation (8) by the more exact 

n {*') « n (s)«(v, «) D (* + Av), 

m which a (v, c) is the fraction of v-quanta which are picked up by one 
c-dectron, and D (c + Av) is the fraction of (t -f Av) electrons which penetrate 
the boundary field It is unlikely that a (v, s) will vary so fast m the relevant 
range as to affect the general form of n(c') Nordheun has calculated 
D (c -f Av) for vanous simple forms of the boundary potential gradient, and 
has shown that, for a simple potential step, 

D(. + »v) - 4y^(i±i^) (.-)t.-»v) 

If c < Xp Av escape is impossible, D = 0 The coefficient D should tend to 
aero m a somewhat sunilar way for any type of boundary gradient The 
curve of c'-electrons bounded m the figure by two vertical ordmates will 
therefore be rounded off on the left into a parabola with a vertical tangent 
at s' =» 0, and on the n^t mto a steep exponential curve To the beet of 
my knowledge this is m excellent qualitative agreement with the observed 
distribution curves of photoelectrons ] 



The PoiUmty of Thunderclouds 

By B P J SOHONLAND, M A., Ph D, Senior Lecturer m Phyoica, Umveraity 
of Cape Town 

(Oommumcated by C T R WilBon, P R 8 —Received November 21, 1927 ) 
[PtATKS 4 and 5 ] 

§ 1 ItUroduclton 

In a paper on “The Electno Fields of South African Thunderstorms,’’* Mr J 
Graib and the wnter described some observations made at Somerset East during 
1926, from which it was concluded that the majonty of the storms examined 
were of positive polanty The study of these storms has been continued 
during the present year and a number of fresh pomts have been examined 
In this paper some further evidence as to the polanty of thunderstorms will be 
discussed 

After the observations had been made, an important paper by Dr G C 
Simpsonf appeared in which the effects to be expected from a cloud of negative 
polanty, formed according to the breaking-drop theory, were discussed and 
considered to be in agreement with oui 1926 measurements I hope to be 
able to show, however, that our original conclusion as to the polanty of the 
clouds was correct 

§2 ApparcUtis 

The mam equipment of the station has already been descnbed * In order 
to obtam more observations of the field-changes due to distant storms, a sin^e 
horizontal wire aerial was erected This was 18 0 metres long, 5 0 metres 
above the ground, and 0 71 mm m diameter, with one end joined to the ball 
and the other to an ebomte-sulphur insulator attached to a mast, so that the 
whole arrangement could be quickly dismantled on the approach of a storm. 
The calculated capacity of the elevated system, including the ball, was 186 cms 
and a diaplaoement of 1 mm on the photographic records represented a change 
of 11 >3 volts per metre m the potential gradient With this aenal system the 
range of observation using the capillary electrometer was extended to storms 
at a distance of 40 or 60 ImiH Some eye observations were made on still more 
distant storms by joining the serial to a Wulf quarts fibre electroscope 

* ' Roy Soo. Fioo.,’ A, roL 114, p. SS9 (19S7) 
t ‘ Boy Soo. Proo,’ A vol 114, p. 87ft (1987) 
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In order to oorrelate observations of the appearance of flashes with the 
changes produced by them, the outside observer was provided with a clock 
synchronised with another inside the hut and used for tuning the record He 
also had a simple arrangement for determining the azimuth of any special 
pomt in the doud such as the beginning or end of a flash 

§3 Meteorolog%eal 

All the storms were moving from west to east with a velocity which ranged 
from 10 to 40 kma an hour They could first be seen about 100 kms away to 
the north'West, some five hours before they came overhead 
Very little ram was discharged by any of them, presumably because they 
onginated m the drought-stneken districts of Aberdeen and Qraafremet The 
total rainfall during the months of January and February, 1927, when the 
observations were made, was 2 02 inches 
The lower surface of the clouds were about 2 kms. above the ground 
and the tops sometimes five times as high No hail was observed nor did the 
douds present the greenish appearance associated with had 

§ 4 Tests to Determine the Polarity of a Thunderdoud 
Without recapitulating the discussion given m the previous paper of the 
fidd-ohanges and other efiects to be expected from thunderdouds at vanous 
distances, it is necessary to consider the manner m which these effects may be 
used as tests to determme the polanty of the doud The doud will be assumed 
to be of positive polanty, and each effect will be examined to see whether it is 
peculiar to such a doud or whether it can also bo produced by a cloud of negative 
polanty, m other words, whether it may servo as a defimte ontenon of cloud 
polanty For tho doud of negative polanty the discussion by Dr Simpson 
already referred to will be used 

(1) Ftdd-changes due to Distant Disdmges unthin the Cloud —A distant cloud 
of positive polanty may be considered as a positive pomt charge elevated above 
a negative one Except in one special case all discharges within such a doud 
should produce negative changes of field, since they mvolve a downward move¬ 
ment of positive charge The exception arises when tho two poles are not 
vertically above each other and tho lower pole is sufficiently near to the observer 
for the field due to a positive charge situated at the upper end of the discharge 
path to be less than that due to the same charge situated at the lower end An 
example is afforded by a discharge between a positive pole at a hei^t of 5 kms 
and a horizontal distance of 20 kms and a negative pole at a height of 8 kms. 
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and a horizontal distance of 16 8 kms , which would produce a positive change 
of field 

The greater the distance of the storm, the more mclined must the discharge 
be m order to produce a positive field-change, so that positive field-changes 
should be tare m the case of discharges within clouds more than 20 Wma away 

Discharges within a distant cloud of negative polarity, on the other hand, 
should frequently exhibit positive field-changes due to the neutralisation of the 
upper negative pole by the lower positive one It is possible that the lower 
positive pole may often give nso to native field-changes by moving down¬ 
wards as a branched “brush” discharge,* but positive field-changes must 
necessarily be frequent if the upper lu^tive polo exists 

If, therefore, positive changes of field associated with discharges within a 
distant cloud are found to be rare or absent, the cloud is defimtoly of positive 
polanty If they are found to be frequent, the cloud is equally definitely of 
negative polanty 

(2) AasoctatioH ofPostttve Field-Changes teUh Dxseharges to Ground —Owing to 
the difficulty of seeing distant discharges within a cloud in daylight, it is not 
always possible to apply the precedmg tost It may, however, still be possible 
to see flashes between the cloud and the ground, and if it is found that practically 
every positive change of field is associated with such a flash, this is clear evidence 
that practically no positive changes are caused by discharges within the cloud, 
and indicates that the cloud is of positive polanty 

A distant doud of negative polarity, on the other hand, should frequently 
give nse to positive changes of field which cannot be identified with discharges 
to ground, because they take place between the poles of the cloud 

(3) Fteli-Ohangea due to Discharges taking fdaoe to Ground at any Distance — 
The sign of the field-change caused by a lightning discharge between cloud and 
ground at any distance is a defimto indication of the sign of the pole which 
Bupphes the charge Since this will generally bo the lower pole, observations of 
this kind might be expected to bo of use in determining the polarity of the 
doud. Thus a cloud of positive polarity should generally give nse to a positive 
change of fidd m such a case, as a result of the disappearance of its lower and 
negative charge, while a cloud of negative polanty should give nso to a negative 
diange of field 

Simpson* has, however, suggested a type of cloud of negative polanty which 
has a posthvdy charged base m front and a negativdy charged base at the rear 
With such a cloud, discharges to ground might be expected to produce both 
* Simpson, be. «<. 
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positiTe and negative field-changes according as the flashes involved the rear 
or the front of the cloud 

(4) The Reversal of the Sign of the Ma^oniy of the Fteld-Chonges with Du- 
tanoe —In every storm bo far examined the flashes m the clouds far outnumber 
those passing to ground The ratio of the two types of discharge has been 
directly determined by outside observation on several occasions and vanes from 
60/1 to 6/1 with an average value of about 10/1 • 

From what has been said it follows that distant storms of positive polanty 
should exhibit a marked preponderance of sudden n^ative changes of field due 
to discharges withm the clouds As the clouds approach, the field-changes due 
to these discharges will reverse m sign and a marked preponderance of positive 
changes of field should accompany an overhead storm 
The same type of reversal will, however, bo shown by a cloud of negative 
polanty if the most frequent disohai^ withm the cloud is the downward 
" brush ” discharge of the lower pole already referred to Thus the reversal 
efieot IS not m itself a cntenon of cloud polanty f 
(6) The Sign of the F%M-Changes from Overhead Storms —When a cloud of 
positive polanty comes overhead, the discharges between the poles of the cloud 
will almost always produce positive changes of field, smce they mvolve a down¬ 
ward movement of positive charge Discharges between the lower pole and 
the ground will also give nse to positive field-changes, and negative changes 
can only be caused by discharges from the upper pole to the ground and by 
oertam exceptional discharges withm the cloud which are sufficiently inclined 
downwards away from the observer In these oases the field due to a positive 
charge situated at the upper end of the discharge path must be greater than that 
due to the same charge when situated at the lower end An example is the 
discharge between a positive pole at a height of 6 kms and a negative pole at a 
height of 3 kms which would cause a n^ative field-change if the horuontal 
oo-ordinates of the two poles were 3 and 6 kms respectively Inclined du- 
dharges of this type and discharges from the top pole to ground are not likely 
to occur very often, so that negative changes of field from an overhead storm of 
positive polanty should be oomparatively rare 
On the other hand, m the case of clouds of n^ative polanty, negative field- 
changes should be frequent, since they are caused by discharges between the two 
poles of the cloud as well as from the lower positive pole to the ground 
If, therefore, negative changes of field are found to occur but seldom while a 
* Ml flashes in the olrads and 50 flashes to groond. 
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storm IB overhead, there can be httle doubt that the cloud is of positive 
polanty 

(6) The Steady Fields due to Near and DmtarU Storm —The steady field of a 
thundercloud has been defined* as the field produced just before the passage 
of a lightning discharge between the poles, when the cloud charges have reached 
their maximum values Unless these charges are very different, the steady 
fields due to near and distant storms should be of the same sign as the charge 
on the lower and upper poles respectively 

In view of the stipulation as to the relative strengths of the oloud-poles and 
the difficulty of dissociating the steady field of a distant storm from that due 
to other charged clouds, this effect does not offer a certain test of the polanty 
of a thundercloud except in one particular case This is when the steady field 
IS definitely observed to reverse m sign on approaching the station For no 
arrangement of the strengths or positions of the charges in a cloud of negative 
polanty will enable it to produce both a positive steady field at a distance and 
a negative steady field when overhead 

Of the effects discussed in this section, numbers (1), (2) and (6) offer a defimte 
decision as to the polanty of the cloud and numbers (3) and (6) promise useful 
information bearing upon the question Number (4), while not offering a 
ontenon of cloud polanty, is of considerable interest in other ways 

Numbers (1), (2) and (3) call for the correlation of the field-changes with 
the appearances of the discharges producing them, and this, besides reqninng 
the special attention of a framed observer, cannot always bo earned out m day¬ 
time, when the majority of the storms ooonr, owing to the difficulty of seeing the 
discharges Numbers (6) and (6) can only be examined m the case of storms 
which pass overhead For these reasons it has not proved possible to apply 
these tests to every thunderstorm withm the range of the station, but only to 
thoee for which conditions of visibility or distance were favourable 

§ 6 Correlation of the Sudden Field-Changes wUh the Appearance of the 
Flashes 

In this section an account is given of observationB made both m 1926 and 1927 
in connection with effects (1), (2) and (3) just discussed 

(1) Distant Discharges within the Cloud —The results obtamed from a corre¬ 
lation of distant flashes m the cloud with the sign of the corresponding sudden 
changes of field are shown m the following table, which refers to storms at a 
* Sobonltnd and Oaib, {d& oit, p. SSS. 
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distance of more than 16 kms. The figures represent the number of field- 
changes of a particular sign accompanjing discharges withm the cloud 


Table I 


Storm 

Dutance 

Field-changee 

Be marks 

PoiitiTo 

Negative 


ltni« 




1?} 

20 

20 

0 

1 

118 

39 

At night 

19 

>60 

0 

9 

At night 

20 

SO 

(3)* 

7 

At night *Hoilsontal 

31 

16 


6 

At night 

gj 

40 

2 

222 

At night Three storme 

S-' 

30 

0 

28 


2} 

30 

0 

04 

Two storms 

so 

25 

0 

26 

At night 

Total 


6 

617 



The total for the two years shown m the table is 617 negative and 6 positive 
sudden field-changes associated with discharges taking place within the cloud 
Thu u decisive evidence that most of these twelve storms were of positive 
polarity Two more storms, Nos 12 and 16, were examined for this ofEect m 
1926 and gave 77 negative and 4 positive field-changes between them, but they 
have not been included m the table as they wore each at a dutance of only 
10 kms and inolmed discharges easily produce positive field-changes from a 
cloud of positive polanty at thu dutance Storm No 13 of 1926 was pre¬ 
viously included m error • 

Storm 20 shows an mteresting case of two positive changes associated with 
flashes m the doud Conditions for outside observation were good and sketches 
of the flashes showed that these two positive field-changes were due to the only 
two horizontal discharges observed, the other discharges passing downwards 
and producing negative changes of field These two flashes thus illustrate the 
discussion of inclined discharges given m § 4 (1) 

An examination of the details of the table shows that m the case of nine of 
the storms the absence or ranty of positive field-changes defimtely indicates 
that their polanty was positive, and that while the observations upon the 
remaining three (19, 20 and 31) ate insufficient for a defimte decision, they are 
* Ths obsarrar’s report mds “Flashes in olondi win upwards ” 
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in favour of positive polarity No evidence has been found of the frequent 
positive field-changes which must accompany discharges within a cloud of 
negative polarity at a distance 

(2) PostUve FxM-Changea from Distant Storms —The following table shows 
the number of positive field-changes found to be due to distant flashes m the 
clouds and to ground respectively on those occasions on which a tost could be 
made The storms were all at a distance of more than 16 Irma 


Table II 




1 Poutive field ohangea j 



Dutanoe 

llMohai^ 

Duoharge 
to ground { 


17 (1926) 

knw 

20 

j 

0 


0(1926) 

20 

0 

12 


20 

50 

(2)* 

0 

* Horizontal 

27 

50 

0 

1 


31 

15 

1 

2 


32. 33, 34 

40 

2 

20 


44 

30 

0 

1 


47,48 

50 1 

0 

6 


49,60 

is 

0 

7 


ToUl 


6 

48 



This table shows that out of 54 positive changes of field due to distant storms, 
6 have been found to be associated with discharges taking place withm the 
cloud, and two of those were caused by horizontal discharges These observa- 
tions therefore agree with those just considered m showing that positive field- 
changes due to flashes m the cloud are rare 13 storms have been ezammed, 
and out of 523 flashes within the clouds only 6 produced posiUve changes of 
field, two of which at least are easily accounted for, 48 more positive changes 
were due to discharges between the clouds and the ground 
(3) The FiM^hanges due to Flashes to Ground at any Dxstance —The Mowing 
table shows the numbers of positive and native field-changes found to be 
associated with flashes between the cloud and the ground taking place at all 
distances from the station — 
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Table III 


storm 

Field-ohanget 

Bemarki 

FbdtiTe 

Negative 

3(1086) 

8 

1 


0(1986) 

IS 

0 


80 

0 

(2)* 

• From top pole 


4 

0 


87 

1 

0 


SOsndSO 

6 

0 


81 


0 


88,83,34 

20 

2 


86 

2 

0 


44 

1 

(l)t 

t Second part of double flash. 

47,48 

6 

(Dt 

t Second part of doable flash 

40,60 

7 

1 


Total 

67 

4 



Fotu nagative cbangos have been excluded from tbe totals, two of these 
formed the second portions of double dashes and may have come from the top 
of the doud, the other two were defimtely observed to proceed from the top 
of the cloud, the flashes havmg downward forks within the cloud and starting 
from the highest active portion 

These particular cases are instructive m considering the remamder of the 
observations, for the great raajonty of these field-changes must be due to 
discharges between the base of the cloud and the ground The large preponder¬ 
ance of positive field-changes, which were found m 67 out of 71 such observa¬ 
tions, indioate that a flash of this kind almost always mvolves the negatively 
charged portion of the cloud and therefore that the part of the cloud base active 
m producing flashes to ground is native 

While this ooncluBion offers steong support for the view that the clouds 
examined were of positive polarity, it has already been said (§ 4 (2)) that it is 
not a definite cntenon of doud polanty The results will be referred to agam 
when the observations on the steady fields immediately below thunderdouds 
have been examined 

1^ One further pomt must be emphasised m connection with the observatums 
given above, it will be found m the next section that of the fidd-ohanges due 
to the distant storms examined m 1927,188 were positive and 1931 native 
The observations of Table II show that 48 of the former were found to be due 
to discharges to ground, and this number represents 89 per cent of the test 
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obaervationa which could be made It is therefore reasonable to suppose that 
only about 19 of the 188 positive changes were due to dashes within the cloud 
and incorrect to say that 188 — 48, or 140, tan lie ascnbed to such dis¬ 
charges I mention this point because our 1926 observations have been 
interpreted m the latter manner by Sunpson * 

§ 6 Further ObeerrOtwna wpon the Sign of the Sudden Field I 'haivjes causal 
by lAqhtnxng Dtsdharges 

The sign of the sudden ohanges of field produexHl by light mng discharges at 
vanous distances is of interest in connection with the general i Ici'tncal mechanism 
of the thundercloud apart from the question of polanty The work done in 
1926 on this subject showed the importance of an accurate knowledge of the 
distances of the discharges, and special attention was paid to this point in 1927 
For reasons which will appear later, the storms have bi eii dividetl mto thn e 
classes, “ distant ” when more than 16 kms away, intt rmediate ” when 
between 15 and 7 kms off, and “ near ” when within 7 kms 
The results obtained from 19 distant storms in 1927 are shown m Table IV, 
the arrangement of which is similar to that employed in the previous 
paper except for the second column, which shows the nature of the observing 
arrangement The letters A E refer to observations made with the aerial system 
and the Wulf electroscope, AC to those with the aerial and the capillary 
electrometer, and B to those with the ball and the capillary electrometer 
The table shows a marked preponderance of negative over positive sudden 
changes of field, the ratio being 10 3 to 1 (1931/188) and the prejionderniK e 
holds for every one of the 29 storms The results are in general agreement 
with those obtamed m 1926, which gave 444 negative and 62 positive changes 
and so a ratio of 7 2 to 1 f The totals for the two years are 2175 negative and 
260 positive ohanges of field due to distant lightning dischorgi s 
As the 1926 observations were all obtained with the aid of the ball, it is of 
interest to analyse the figures in the table according to the method of observa¬ 
tion employed The aerial and electroscope wore employoil to examine storms 
at an average distance of 60 kms and the value of the numbers of native and 
positive field-changes obeerved in this way was 17 9 to 1 (449/26), the aerial 
and capillary electrometer were employed on storms at an average distance 
of SO Ifwis and gave a ralao of 9 8 to 1 (1299/133), the ball and the electro¬ 
meter were used for storms at an average distance of abont 17 kms and gave a 
* Lac. at., p. 394. 

t For distanoM greater than 14 kma. 
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ratio of 6 1 to 1 (183/30) The ball observations are hardly sufficiently 
numerous to warrant any senous attention being paid to the mcrease of the 
ratio from 6 1/1 to 9 8/1 between 17 and 30 kms , but the further nse in this 
ratio to 17 9/1 when the distance is increased to 50 kms needs explanation 
It may only be due to the fact that the positive changes of field from very dis> 
tant storms were generally very small in comparison with the negative ones 
and liable to be missed in the eye observations with the electroscope For this 
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reason it seems advisable to discard the observations on the electroscope and 
to take the value of the ratio for 1927 as 9 1 to 1 (1482/16*1) 

The following table contains the results of an examination of the field-changes 
due to storms at intermediate distances, some or all of whose flashes took place 
within from 7 to 15 kms of the station, as judged by the lightning-thunder 
interval either marked upon the records or observi d outside the hut 


Table V 



Although the observations are not very numerous, the totals m this table 
show no marked preponderance of field-changes of one particular sign Those 
storms at the outer limit of the mtermediato region show more negative than 
positive changes and those at the inner hmitmore positive than negative ones 
That the negative field-changes found in the case of the distant storms are 
changing m sign withm this region is clearly shown by the observations on 
near storms shown m the next table 

This table contains the observation on storms most of whose flashes oocorred 
withm a distance of 7 kms as judged by the lightning-thunder interval, although 
it was not possible, for obvious reasons, to determine this interval in the case 
of every flash 

It will be seen that these near storms show a very considerable preponderance 
of sudden positive changes of field, the ratio of the total numbers of positive 
and negative changes observed being 21/1 

The preponderance of negative field-changes at a distance and of positive 
ones when near is a defimte mdication that the most frequent process m every 
storm exammed is a discharge of^KMitive electricity downwards, and the reversal 
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effect ahowa that such (hschargos do not evtend to the ground It has been 
found necessary to replace the eoncept of a reversal distance, at which the 
field-changes due to those discharges pass through zero, by that of an inter¬ 
mediate reversal region, because the two ends of the discharge^are not often 
in the same vertical Ime and inclmed discharges mtrodace complications 

Take, for example, the field-change due to a discharge of positive electricity 
from a height of 6 to one of 3kms If the discharge path is vertical, this field- 
change will be zero at a distance of 6 8 kms from the nearest end of the flash 
Consequently 6 8 kms is the reversal distance for an ideal doud of this type, and 
discharges at greater and smaller distances would be expected to produce 
negative and positive field-changes respectively If, however, the upper and 
lower ends of the discharge had horizontal co-ordinates 11 and 8 kms respec¬ 
tively, the field-change would be found to be positive, though the distance of the 
flash would be determined as 8 6 kms Again, if their horizontal co-ordinates 
were 2 and 5 kms respectively, the field-change would be negative, although the 
distance would be determined as 6 8 kms 

The effect of these departures from the ideal vertical discharge is to replace 
the reversal distance, at which the field-changes abruptly change in sign, by 
an mtermediate region m which field-changes of either sign are equaUy probable. 
Evidence of this region is afforded by Table V and it probably extends from 7 to 
12 kms from the station, though occasional exceptional discharges may occur 
at any distance 

To decide whether this frequent downward discharge of positive deotiioity 
takes place between the poles of a doud of positive polarity or whether it is 
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merely a downward movement of the lower pole of a cloud of negative polanty, 
the disonssion given in § 4 (5) may be apphed to the results of Table VI This 
table shows that when the cloud is overhead, n^ative field-changes are com¬ 
paratively rare, ocoumng only once in every 22 discharges The observations 
therefore speak against the view that the clouds examined were of negative 
polanty, for they imply that upward discharges of positive electncity 
place between the poles of such a cloud are rare They are in accord with the 
view that the clouds were of positive polanty, the few negative changes being 
due to discharges of a special type 

The observations of near storms m 1926 have not been considered here 
because it is probable that some of the field-changes were due to flashes at a 
distance of more than 7 kms 

§ 7 The Steady Ftelds doe to Thunderclouds 
Distant Storms —Few direct observations of the steady fields due to distant 
storms were made in 1927, because the aenal system was largely used m place 
of the ball It was, however, found that approaching storms when studied m 
thw way usually caused a steady movement of the mercury meniscus in such a 
direction as to indicate an increasing positive field A good example is afforded 
by fig 3 The effect was observed m the case of four storms when no ram was 
falhtig and no local clouds wore present 
Direct measurements were mode by lowering the ball m the case of three 
distant storms, and these, together with the effects found with the aenal, are 
shown m the last column of Table IV Two were positive and greater than the 
fine weather field of about 60 v/m, while the third (storm 50) was negative 
There is other evidence that the polarity of this storm was positive (Tables I 
and II), and it is described m the next section 
These results support those of 1926 m associating positive fields with distant 
storms 

ItUemedvUe Storms —Measurements of the steady fields due to 6 storms at 
distances between 7 and 16 kms from the station are shown m the third column 
of Table V In only one case was the storm at what seems to have been a 
reversal pomt for its steady field, m the other oases the field within the inter¬ 
mediate region was negative, and smaller if the cloud was approaohmg than if 
it was receding 

Near Storma —On approaching still nearer, the small negative field rapidly 
ineiwuifid as m 1926, the passage of an active storm overhead mvanably 
produced a strong and persistent negative field below it To the 11 near storms, 
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whoso fields have been given in Table VI, and in Table IV of the previous paper, 
two others must be added whose fields were determined although records of 
the field-changes were a failure These were storms 4 and 38, which gave fields 
of — 7000 and — 12,600 v/m respectively Thus 13 active storms have so far 
been observed to pass close to the station, all of which produced persistent 
negative fields below them The maximum field observed was — 16,600 v/m, 
m 1927 

Strong positive fields were only observed on two occasions under active 
storms and only for a few mmut<*s in each i aso On two other occasions they 
were produced for a longer time by mammatifonn cloud-residues which did not 
discharge, but in no case were these fields greater than 6000 v/m The most 
careful watch was kept for po<Htivo fields During 1027 negative fields exceed¬ 
ing — 6000 v/m were oliserved for 300 minutes, and positive fields exceeding 
-}- 6000 v/m for 6 minutes, when the storm-centre was within 7 kms The 
corresponding figures for inactive cloud residues were 53 and 37 minutes 
respectively 

While it IS perfectly true that “ the sign of the field at a single observing 
point IS no critonon even of the polanty of the cloud,”* it is permissible to say 
that the almost complete absence of positive fields liolow active thunderclouds 
18 not only m accord with the view that the lower pole is negative, but difficult 
to reconcile with the opposite view The jiersistent negative fields below these 
clouds must bo compared with the fact (§ 5 (3)) that practically every discharge 
between the base of the cloud and the ground which has been examined has 
earned a negative chaigo to the earth 

Positive steady fields have now been found to bo associated with 10 out of 
11 distant storms examined and negative steady fields with all the 13 storms 
which passed near to the station In the case of storms 10, 12 and 41, an actual 
reversal of the steady field has been observed, showing definitely that these 
storms were of positive polarity 

§ 8 Discugston of Results 

Simpson has concluded that our 1926 results can be regarded as supporting 
his discussion of the nature of a cloud of negative polarity formed according to 
the breakmg-drop theory It has, however, been pointed out that one step 
m his interpretation of the observations is not justified, for it has now been 
pstablisbed that practically every distant discharge responsible for a positive 
change of field takes place between the cloud and the earth 
* Simpscxi, foe, at, p. 391. 
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In this connection Simpson has stated* that “ If a thundercloud 

IB of positive polanty and it is observed that all the dischargoH are within the 
cloud, these discharges can only produce negative field-changes at a distant 
point If in such oircumstanoes both positive and negative field-changes are 
observed, this is clear proof that the polanty of the cloud is not positive ’ I 
have shown (§ 4 (1)) that inclined discharges within the cloud can sometimes 
give nsc to exceptions to the aliove statement The true entenon of positive 
polanty is the ranty, not the absence, of positive field-changes duo to distant 
discharges within the cloud 

The observations discussed in this paper may be summed up as follows 

(а) No evidence has been obtained that discharges within a thundercloud, 
near or distant, over involve an upward movement of positive clinrge such as 
must frequently occur withm a cloud of negative polarity On the contrary, 
the results indicate that those discharges are invariably downwards, as would 
be the case if they took place between the poles of a (loud of positive polanty 

(б) Confirmation of the view that these clouds were of ixisitivo polanty lias 
been obtained m other ways , the charge earned away by a flash between the 
base of the cloud and the earth was practically always found to be negative, 
the strong fields below active clouds were mvanably and persistently negative, 
and the fields due to distant clouds practically always positive, when they could 
be measured 

Finally, it may be pomted out that smee outside observations show that 
about 1 in every 10 lightning flashes proceeds from the cloud to the ground and 
since tests have shown that practically every such flash produces a positive 
change of field, we should expect that about 263 of the 2625 distant flashes 
desenbed m § 6 should have boon discharges between tho cloud and the ground 
and should have produced positive changes of field The actual number of 
positive field-changes observed was 260, so that, even allowmg for the roughness 
of the estimate of the relative frequencies of the two kinds of flashes, only a 
very small percentage of flashes within the clouds could have given nse to 
positive changes Such a conclusion implies an absence of upward discharges 
of positive electricity, and this m its turn means that the negative pole of the 
cloud was below and not above the positive pole 

§ 9 Photographo Records 

In this section some photographic records will be described to illustrate the 
points which have been raised 

• Loc. cit, p. 400 
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Dtdanl Slorm Fig 1 Storms 24 and 26 24/1/27 13 h 39 m to 13 h 

47 m. Thu record shows the field-changes (60 native and 1 positive) due to 
two storms at a distance of about 40 kma It was obtamed with the aenal 
Fig 2 Storms24and26 Aenal, 14h 26m to 14h 31m Thetwostorms 
of fig 1 have here approached to witfam a distance of about 30 kms and tiie 
record shows 22 negative and 3 poutivc field-changes 
Fig 3 Storms 47 and 48 22/2/27 Aenal, 15 h 21^ m to 15 h 34 m 

Two storms were m action, one of which was approaching the station The 
record shows a rapidly mcreasing positive field which caused one mercury 
meniscus to move out of the field of view and the other to enter it Thu 
positive field was destroyed by a lightmng flash at 32^ m which took place 
withm the cloud at a distance of 12 6 kms This flash caused a field-change 
of at least 640 v/m, for it duplaced the original meniscus below tbo limits of 
the record Seven other flashes have thunder-marks which give their distances 
as from 23 to 27 kms 

At 28 m the outside observer noted the only flashes to ground dunng the 
record and sketched two discharges to earth travelling along different paths 
These are represented in the record as a positive field-change followed after 1 1 
seconds by a negative one The remaining 66 negative field-changes occurred 
within the cloud 

Fig 4 Storm 27 31/1/27 Aerial, 13 h 7 3 m to 13 h 17 3 m The 
record shows 39 negative and 2 positive field-changes and the flashes were at 
distances ranging from 17 to 31 kms A oontmuous watch was not kept but 
the positive field-change at 16 8m, identified by the shutter-mark immediately 
foUowing it, was due to a flash to ground from the foremost portion of the base 
of the cloud The flashes in the cloud could not be seen owing to daylight 
Fig 6 Storms 49 and 60 22/2/27 Aerial, 19 h 6J m to 19 h 18 m 

Two storms were m progress, the nearer at a distance of 27 kniH The record 
shows 66 negative and 12 positive sudden field-changes, all except one of the 
latter bemg very large The maximum positive and negative changes were 
+ 170 v/m and — 90 v/m respectively 
No flashes were observed between the clouds and the ground until 9} m, 
when the first discharge of this kmd occurred and was followed by others at 
11^, 13,14,16 and 17 m ,* accounting for 6 out of the 11 large positive changeii. 
It u quite likely that the remaining 6 were of similar ongm, for it was not possiUe 
to keep a oontmuous watch on both clouds No note was kept of the freqnnit 
disoharges m the clouds 
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TIib only three positive changes of field on a record immediately following 
fig. 6 were defimtoly due to discharges to ground One other flash to ground 
gave a negative field-change, and the remaining 24 negative changes were due 
to discharges withm the cloud This record, which is not suitable for repro¬ 
duction, shows also that at 19 h 27^ m the steady field due to the cloud was 

— 60v/m 

The discharges to ground were of unusual length, determined as 3 6 to 4 0 
kms from the angular elevation of the point from which they appeared to start 
The rounded top of the cloud was illuminated at intervals and had an elevation 
of 18 6°, so that it was at a height of 9 kms if at the same horizontal distance 
as the active portion The top of the active part of the cloud did not extend 
to a height of more than 6 kms 

Inlmneiutte iStomu—Fig 6 Storm 26 24/1/27 16 h 7 m to 16 h 

12 8 m, about 1| hours after fig 1 

This is a portion of a record taken on the ball, which had to be lowered to 
a height of 1 metre above the ground, owing to the negative field of — 4000 v/m 
prevailing The following outside observations were made 7^ m flash in 
doud 8 0m double flash to ground at 10 4 kms 8^ m flash in cloud 
storm getting nearer 9| m flash to ground at 6 kms 10^ m flash 
m doud 12 m flash in cloud at 6 kms The storm now came overhead 
and gave a strong negative field of — 5000 to — 10,000 v/m accompanied by 
heavy ram which conveyed a positive charge to the test-plate The record 
shows 22 positive and 16 negative field-changes 

Fig 7 Storm 41 16/2/27 16 h 18 m to 16 h 23 m This record was 
taken on the ball at the usual height The storm moved over the station at 
about 30 kms per hour When distant it gave 7 negative and 3 positive 
fidd-changes During this record it approached from 11 3 kms (flash at 
18 8 m) to less than 7 kma (at 20 8 m ) and at 26^ m a flash to ground took 
jdaoe at a distance of 2 8 kms The field, which was — 6.30 v/m at 21 8m, 
increased to — 6000 v/m as the storm came overhead The fidd-changes at 
20*8 m and 21 4 m were double, -f 680 and + 1080 followed by — 360 and 

— 760 v/m respectively at mtervals of about 0 6 second The record shows 
7 positive and 3 negative fidd-changes 

Fig 8 Storm 30 31/1/27 This record was taken on the ball during 

the approach of the storm and shows 18 negative and 7 positive sodden field- 
dianges. Flashes to ground oocurred at 18*4 and 20*4 m whmh the record 
diowa to have produced positive changes of field 

The ban was bwered to measure die field at 17*3, 19 6 and 21 4 m 
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Initially — 109 v/m, the field rose to — 420 v/m as the stonn approached, 
and later became so strong as to dnve the memsous out of the field of view 
At 32 m, after the close of the record, it had reached — 10,000 v/m, and the 
next record, which is shown in fig 9, was obtamed 
A record made at 17 h 10 m , when the storm was at a distance of 11 kms , 
showed that the steady field was then + 40 v/m 
Near Stonna —Fig 9 Storm 30 Test-plate, 17h 34m tol7h 44jra 
The distances of 9 of the flashes have been determined from the thunder-marks 
following the field-changes and he between 3 0 and 6 4 kms The test-plate 
was tmeovered at 34J m and coven d for a few seconds at 37,37J, 40 and 42J m , 
the field varying from — 8800 to — 10,600 v/m The largest sudden change of 
field, at 35 5 m, amounted to -f 11,800 v/m and was due to a flash in the 
cloud at a distance of 4 4 kms It was followed 3 seconds later by a change of 
— 3000 v/m The other negative change, — 2000 v/m, occurred at 39 6 m 
Bain started to fall at 35 5m, was noted as heavy at 40 m and as very heavy 
from 41J m to the end of the record This is the cause of the upward slope of 
the record, which indicates an average current of 6 6 x 10~“ amps /sq cm 
from 34| m to 42^ m The peculiar hump at 43| m is probably due to the 
heavy rainfall Flashes to ground occurred at 37 6 m (5 4 kms ) and 38 8 m 
(3 0 kms) The record shows 34 positive and 2 negative field-changes 
Fig 10 Storm 36 9/2/27 Test-plate, 14 h 6 5m to 14 h 22 m The 
distances of 12 of the flashes liavo been determined and lay between 2 0 and 7 2 
kms The test-plate was covered for a few seconds at 7, 10, 11 7, 13 6, 18 2 
and 19 0 m , the field varying from — 11,800 v/m to—3,600 v/m The largest 
sndden change of field amounted to + 11,800 v/m and occurred at 9 4 m, 
momentarily reducing the field to zero 
Three small negative changes of field occurred at 8 7, 11 3 and 12 2 m , the 
first two being due to discharges at distances of 6 4 and 11 2 kms respectively 
Two larger negative changes occurred at 16 6 m at the end of a half-mmute 
interval during which a positive field of the order of 6000 v/m prevailed They 
reduced the field by 14,000 v/m m two jumps of — 4700 and — 9300 v/m about 
1^ seconds apart 

Bam fell at 12 m, becoming heavy at 13 m, and the upward slope of the 
record indicates that this was pc»itively charged and gave an average current 
of 4 9 X 10“^* amps /sq cm between 11 7 and 15 2 m 
The full history of this storm is as follows At 12 h 20 m it was approaching 
from a distance of 40 kms and gave 90 negative and 4 positive field-changes. 
At 13 h 12 m it was 6 kms away and gave nse to a field of — 7000 v /m which 
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rose to — 16,000 v/m at 13 h 41 m and continued to vary from — 8000 to 
— 12,000 v/m (except for the half-minute of positive field referred to) until 
14 h 27 m During this half-hour the discharges were between 2 0and7 2kms 
off and 72 positive and 6 negative changes* were observed Another record 
was taken at 14 h 27 m , just after fig 10, when the active centre was reported 
to be moving away and the flashes were at distances lying between 7 and 10 kms 
This record shows 9 positive field-changes followed by 8 negative ones and the 
sign of the field-changes evidently reversed The steady field, however, remamed 
between — 6600 and — 8100 v/m for another 31 minutes 

My thanks are due to Prof C T R Wilson for his interest m these 
experiments, to my wife and Mr J Lmton for assistance with the outside 
observations, and to the South African Research Grant Hoard for a grant 
in aid 


§ 10 Summary 

A discussion is given of the ti'sts available for determimng the polarity of 
thunderclouds and further observations at Somerset East are described, which 
appear to support the conclusions of Craib and the writer that the polarity 
of these storms was positive 


* One of these wm outside the reversal distance, at II 2 kms 
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The Interchange of Eledru^ between Thunderchude and the Earth 
By B F J ScHOHLAiTD, M A , Pk D , Senior Lecturer m Physics, 
University of Cape Town 

(Communicated by C T R Wilson, F R S —Received November 21, 1927 ) 
[PiiATB 6 (Upper figure)] 

§ 1 ItUroduclxon 

Prof C T B Wilson* has suggested that the exchange of electricity between 
thunderclouds and the ground may bo an important factor in the maintenance 
of the earth's negative charge, the replenishment of which, m view of the 
fine-weather air-earth current, is an ontstanding problem m atmospheric 
electncity He has shownf that such an exchange can take place in three 
wajrs, by the momentary currents due to lightning discharges between the 
cloud and the ground, by the convection currents earned by ram, and by the 
oontmuous currents carried by ions moving in the powerful electric fields 
below the cloud This last effect may be expected to be considerable since 
such ions will bo produced in quantity as a result of point-discharges from trees 
and bushes below the cloud 

In the present paper an attempt is made to estimate the magmtudes of these 
three factors m the exchange Before describing the measurements, it may 
bo recalled that in two studiesl of the strong elcctnc fields below these clouds, 
it has been found that negative potential gradients are very much more frequent 
and considerably stronger than positive ones Indeed, occasions of strong 
positive fields below active thunderclouds are so rare as to be noghgible, and the 
predominance of strong negative fields must cause the pomt-discharge currents 
to be mainly upwardly directed The earth must therefore gam a negative 
charge from this efiect 

It has also been found that the great majority of li ght nin g discharges between 
these clouds and the ground involve only the negatively charged portion of the 
cloud This factor in the exchange must therefore also result m a gam of 
negative charge by the earth 

The ram, on the other hand, may be expected to convey a positive charge 
* ‘ PhiL Tmm.,’ a voL 221, p 112 (1921) 
t Qlseefatbok’i “ Diottoiaiy of Af^died Fhysiot,” voL 3, p 100 
X Sohonlaiul and 0»lb, ‘ Roy 8oo Ptoo A. voi, 114, p. 220 (1927) j Sohonlaod, wpra. 
p. 233. 
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to the earth if the point discharge current is large, for the falling drops, whatever 
their initial condition, will generally intercept enough of the upward-moving 
poeitive ions to reach ground with a charge of positive sign * 

It IS perhaps necessary to point out that the measurements to be described 
are independent of any discussion ooncermng the polarity of the thundercloud 
The conclusions of Craib and the writer (he cU) on this point are only invoked 
when it IS required to generalise from the results obtameil by direct 
measurement 

The observations were made at Somerset East, South Africa, m January and 
February, 1927 

§2 Apparatus 

The ordinary equipmi at of the station, which has already been described,! 
IS sufficient for the examination of the first two factors The sign and the 
quantity of the electricity discharged from the cloud in a flash to earth, as well 
as the rate at which such dischargen take place, can bo found from observations 
of the field changes produced by distant storms The sign and quantity of the 
deotneify earned down by ram can be determmed by collecting the ram m 
the earth-filled test plate 

In order to obtam an estimate of the third factor, it is necessary to set up 
some natural source of pomt discharge, bush or tree, which it is possible to 
regard as typical of the district and to measure the current passmg upwards 
from it The choice of a typical tree m the Somerset East distnct is an easy 
one, for it is fairly thickly covered with Acacia Karroo, a small thorn-tree 
growing to an average height of about 12 feet and plentifully provided with 
long and sharp thorns A suitable tree was therefore cut down at the base and 
mounted upon ebonite-sulphur insulators Similar insulators were placed in 
the stay-wires, which kept it upright, and shields were provided to protect the 
msulstors against dust and ram The tree was 7 metres to the N E of the 
hut and was jomod to the cnrreat-measunng mstrument by means nf a wire 
passing m m insulators up the centre of an iron pipe This instrument was 
a umpivot galvanometer with one terminal jomed to the tree and the other 
to earth, and could be read to tenths of a micro-ampere 

The top of the tree was 4 metres above the ground and the branches spread 
out in a rougih oude of 1 6 metres radius The leaves withered m a few days 
but the thorns remained Fresh twigs and branches were wired to it oooasion- 


* ^rasoa,' PUL Ttana.,’ he. eU. 
t flnhmiland sad CHlb, fee. oC 



254 


U F J Sohonland 


ally, but it 18 doubtful if tbi8 was really necessary A photograph of the 
tree is shown in Plate 6 


§ 3 Observations of th' Tree Current during Storms 
The following table shows approximately the relation found to hold between 
the strength of the electric field below the cloud and the upward current due 
to point discharge from the ttLC 


Table T 


Field 


Current 


t/n, 

- 3,500 

- 5,500 

- 11,000 
- in 000 


mii'ronmppnM 

0 07 
0 20 
1 00 
4 00 


The rapid rise in the current with increasing field is very marked and in 
accordance with other observations upon point discharge The maxi m u m 
current observed was 4 5 microamperes Data for positive fields are too few 
to draw any conclusion as to the effect of the sign of the field of force upon the 
current 

While a storm is overhead the electric field is constantly altcnng as a result 
of lightning discharges and the subsequent recovery of the cloud charges, and 
these changes in the field affect the current from the tree The sudden field- 
changes give rise to ballistic deflections of the galvanometer needle, after which 
the current increases until the next flash occurs To determine the mean 
value of the current while the storm was near to the station the galvanometer 
reading was taken at regular mtervals and without reference to the actual 
field prevailing at the moment The mean values obtained are shown in 
column 6 of the following table Columns 3, 2, 4 and 6 give the distanoe 
of the active part of the cloud, the average value of the steady field, the tone 
during which observations were made, and the number of observations used 
to find the average current Column 7 shows the total quantity of positive 
eleotncity discharged upwards from the tree during the period of observation 

The table shows that during 230 minutes of strong negative fields the fzee 
discharged 0 0129 coulomb of positive electricity upwards, while dunng 10 
nunutes of strong positive fidds it discharged 0 0001 coulomb of negative 
electricity The latter effect was due to a mammatiform cloud residue, the 
actual storm having receded far away 
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Table 11 




10 j - 10 fllMI 

11 , SOOO 

J«i 10 (HMI 

08 ' - 11 OOO 

18 ' fl(KH( 

43 I II.IMIO 

3b (t,IH)0 


re at inutx) (hiii lo kiiH 


()ii mill 
i 1 h( Imi^i 


(I 


0 0018 
0 0030 
0 OOlift 
0 00130 
0 OIWOI 
0 IH1081 
0 00013 


These observations may be supplemented by the statement that during the 
passage of seven storms over the station in 1927 the steady field exceeded 
— 6000 v/m for 300 minutes and 5000 v/m for 6 minutes The corresponding 
figures for cloud residues were 53 and 37 minutes respectively, but for the 
present we shall consider active storms only and it is evident that the positive 
fields and negative upward currents can in this case be neglected 

It IS interesting to compare these observations with those made by Wormell* 
m England, who used a single pomt-disoharger at a height of 8 metres, which 
18 stated to be likely to produce similar effects to those from a small tree The 
currents obtained in the two cases are of the same order of magmtude, though 
in Wormell’s experiments values as high as 10 microamperes were frequently 
observed A siimlar predominance of upward currents was found It would, 
however, appear that the point-dischargcr used by him was more effective 
than my tree, for currents of the order of 3 microamperes were found to be 
produced by fields of strength 3000 v/m, which in my experiments would only 
give rise to about 0 1 microampere 

The downward current from the tree during fine weather was measured on 
several oooasiona and found to be about 9 1 X 10'^ amps m a field of strength 
60 v/m. 


14 Sshmate of the Total Upward lonitatwn Current belote an Active 
Storm 

In order to form anestimato of the total upward current due to pomt-disoharge 
below an active thundercloud, it is necessary to determine (a) the principal 
• • Eoy Soo Proo.,’ A, voL 116, p. 443 (1927). 
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Bouioes of point discharge (b) the average upward current from each such source 
at vanons distances from the aoiave centre of the thundercloud and (o) the 
number and distnbution of these sources below the cloud To obtam this 
information especially that under (b) at all accurately would require a more 
exhaustive study of the problem than has yet been made Sufficient mforma 
tion 18 however available for an estimate of the order of magmtude of the 
upward current 

(а) and (c) As already mentioned the pnncipal so urce of point discharge 
18 the thorn tree described Four fifths of the district over which the storms 
travel is thickly covered with this tree the remainder consisting of cleared 
ground with occasional taller trees of the blue gum vanety The thorn trees 
are on the average about 6 m tr s aj art and as they would shield small bushes 
between them from the full effects of th electric field they may be considered 
as the only importont sources of pomt d scharge The grass m the open spa es 
IS very poor and short and can hardly be an important factor 

(б) —To obtain an idea of the total effect of these trees it is necessary to 
decide at what distance from the active c ntro of the storm the field and so the 
tree current may be consi lorcd as n^bgible The evidence so far obtained 
indicates that the field is usually very small at a distance of about 8 kms and 
grows rapdly as the storm approaches reaching — 6000 v/m at about 6 kms 
and — 16 000 v/m when the storm is practically overhead At a distance of 
6 kms the field is about — 3000 v/m and falls off rapidly with further morease 
in the distance 

The average effective fields are loss than and often only half the above values 
owing to the sudden reductions in field strength caused by lightning discharges 
Thus the tree current will bo considerably less than 0 1 microampere m a 
field of maximum strength — dCOO v/m anl we may proceed by negledang the 
oontnbutioiis from all trees more than 5 or 6 kms away from the active centre 
This distance is measured from the lower pole of the cloud whose hei^t may 
be taken as 3 kms so that all the trees within a cucular area of radius 4 to 
6 kwM may be expected to make an effective contnbntion to the upward 
current 

Those trees near the centre of this area will bo giving a mean upward current 
of about 2 5 microamperes and those at tiie cironmferenoe about 0 1 micro 
ampere The data available are hardly sufficient for an aoonzate knowledge 
of the ourrmit firom trees at various distances from the centre Table II 
however mdioatee that an average value of 0 8 muroampere over the whole 
area will probably not be very far from the truth 
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In oidec to form the estunate of the total upward point discharge current it 
will therefore be assumed that the trees are 5 metres apart that the effective 
area has a radius of 4 5 Icma and that the average upward current from a 
tree withm this area IS 0 8 microampere From these figures the total number 
of trees effective m pomt discharge below the thundercloud is 2 6 x 10” and 
the average total upward current from them is 2 1 amperes 

§ 6 The fffect of Lightning Flashes b^ween Cloud and Grounl 

In order to estimate the effect of dashes of lightning upon the transfer of 
eleotncity between the cloud and the ground wo require the sign and magnitude 
of the average quantity so transferred and also the average frequency of such 
flashes 

As concerns the sign it has been shown m a previous paper* that the groat 
majority of flashes to ground (more than 90 per cent) produce a positive change 
of field and so convey a negative chaige to the earth h urther the electric 
momenta of 73 distant discharges wore measured m 1926 and found to have a 
mean value of 93 coulomb kdometres f This result has been confirmed by 
further unpublished measurements inadt in 1927 and if the average vertical 
length of the discharge path whether to ground or in the cloud be taken at 
3 kms, it gives 16 coulombs for the average quantity of electricity mvolved m a 
discharge 

To determine the average frequency of flashes to ground use is made of the 
fact that practically every positive change of field observed from a distant 
storm IS caused by a discharge to ground The photographic records of 30 
such storms show that 89 positive and 734 negative sudden changes of field 
occurred dunng 232 mmutes so that a flash to ground took place on the average 
once m every 2 6 mmutes This result is m accord with outside observations of 
the storms 

The effect of the momentary currents carried by lightmng discharges is thus 
equivalent to a steady current of 16/166, or about 0 1 ampere, m an upward 
direction 

§ 6 The Conoedum Current earned by Chaiged Ram 

In order to form an estimate of the part played by charge 1 ram, the average 
current entering the test plate during periods of rainfall has been determined 
from the photographic records obtamed with the oapiUaiy electrometer Such 
measurements include the effect of ionisation currents as well as ram currents, 

* Sohoolsad, be eU 
t Sohoolsna and Craib, toe, oti. 
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but the former were found to be negligible in comparison with the latter, smoe 
the surface of the tost-plate was not provided with any important source of 
pomt-diBoharge The method has been shown by Wilson'* to be free from the 
disturbing effects of splashing 

Observations were also made of the duration of the rainfall The results 
for seven storms are shown m the following table, the last column of which 
gives the quantity of positive electricity earned to the earth in each shower of 
ram, measured in coulombs per square centimetre of the test-plate 


Table 111 


Stom 

thstanci 

kield 1 

Ounent 

DureUun 

Quantity 


knu 

v/m 

amps /sq cm 1 

m.n« 

ounlomfas/iq om 

26 

6 

- 0.000 

-1- 7 9 X 10 “ 

10 

Ul 3 X 10-“ 

28 

3 

8,000 

1-23 Of 

12 

30 

li 

- 10,000 

-1-6 6 

12 

4 7 

34 


- 8,000 

-1-10 0 

10 

9 0 

36 

36 

3- r. 

4— 6 

j - I6,(K»0 

f 0 7 

J- 6 I 

12 

}’> 

36 

n* 

- 6 000 

1 0 

10 

- 1 8 

36 

D* 

i 6,000 

- 10 

10 

-0 0 

41 

4 


Nucam 



41 

4 


No rein 




* Active coutre »l muru lli»a 10 kitm 
t Heavy ram 


It will be seen that in all cases of strung ui5gativo fields due to active storms 
the ram was positively charged The only occasion on which negatively 
charged ram was associated with a negative held was when storm 3G was receding 
and at a distance of aliout 10 kms The occurrence of negatively charged ram 
m association with the positive field due to a cloud residue of storm 38 is 
mteresting Although the current is small its sign and value were carefully 
determmed 

The largest ram-currcnt observed was + 2 $ x 10 amps /sq cm Uighci 
values were found on two occasionsm 1926 when currents of -j- 2 Ox 10”“ (?) 
and -|- 6 0 X 10"“ amps /sq cm were recorded, but the rainfall was then 
heavier than any which occurred in 1927 For the storms under discussion 
the average ram-current will be taken as 1 0 X 10~“ amps /sq cm 
We now require an estimate of the average area over which ram was falhng 
If the average velocity of the storm be taken as 25 Imis per hour and the 
* Wilson, ‘ Roy Soo Proo.,’ A, voL 92, p. SOB (1916). 
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average duratiou of the rainfall at any point a‘» 12 minutea, this area is about 
6 kma in diameter and amounts to about 20 sq kma The total convection 
current over this area is therefort 20 x lO*" X or U 02 ampere This 
current is quite negligible lu companstm with the 2 I amperes earned upward 
from point-discharge 

This result can be seen m another way , the tree may bi taken to ropn'simt 
the mam source of pomt-discharge within an average area of 20 sq metres, so 
that the loss of positive electncity by point-discharge from this area during 
the five storms of Table II was at least 0 013 coulomb Table III shows that 
the gam of positive electricity by the agency of charged ram during the same 
five storms was 1 84 X <x)iil /sq cm or (» 000037 coulomb ovf r the area 
of 20 sq metres The ratio of the loss to the gam is 360 to 1 

§ 7 The Total Current between Active SUrrnta and the Earth 
The estimates of the preiediiig sections may now be combined to hiid the 
total current between an active thundercloud and the ground This current 
18 made up as follows 

Pomt-dischargi 2 I amjx're 

Lightning discharges 0 1 ampere (equivalent) 

(Charged ram -0 02 ampere 

The total (urrent may therefore be estimated as 2 2 amperes in such i 
direction as to convey a negative charge to the earth 

These oliservations conhrm Wilson’s remark that of the three kmds of 
olectnc current which may accompany precipitation—the ixmveetiou current 
earned by ram, the momentary currents of lightning discharges, and continuous 
cumnts due to tlu* intimsi* electric heldB--it is quite possibly the last which 
contributes most to the interchange of electricity In'twceii thi earth and the 
atmosphere ”• 

The comparatively small value of the effect of lightning discharges is interest¬ 
ing It would seem probabk that this effect is more iniporlaut m Jiurope 
than m South Africa, but it is hardly likely to be an imjiortaut factor wh( ii 
averagtnl over the surface of the earth Ubservations from as far north as 
Nyassaland (lat 14° S ) agree with those made m South Afnca and m India 
as to the marked pn>ponderance of discharges w ithm the cloud 
It 18 , however, to be expected that a thunderstorm ocournng over a region 
which 18 not well covered with trees and other natural sources of point disc hargo 
• “ Ihct. App. Plqrwos,” loe. eti. 
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will be more active electrically and give rise to more discharges to ground than 
one over what is ^otamcally termed “ park ” land, for the dissipation of the 
cloud charges by point-dischargc currents will be much reduced This is 
probably the reason why the treeless regions of South Africa, such as the Orange 
Free State and the high-veld of the Transvaal, are noted for the powerful 
electrical display produced by thunderstorms It may be added, however, 
that a large proportion of Africa south of the Equator, perhaps more than 76 
per cent, is “ park ” land 

The small value found for the current due to charged ram must be associated 
with the fact that the rainfall during these two months was considerably below 
the usual value* and the district suHerod severely from drought Two of the 
storms, as is shown in Table III, produced no rain at all and none gave as much 
as half an inch of ram It is possible, therefore, that the ram effect is abnormally 
low, but unbkely that it could ever seriously challenge that duo to pomt 
discharge 

That these clouds are usually qmto capable of dealing with contmuous dis¬ 
sipation currents of the order of several amperes can be shown from a study of 
the “ recovery curves ’* of the electric field changes caused by distant lightning 
discharges The recovery curves, as found by Wilson m England,t are approxi¬ 
mately exponential and suggest a constant rate of regeneration of the cloud 
charges This rate may bo found from the initial Imear portion of the curves, 
when the dissipation is absent A number of mcasuremintH have been made 
from the photographic records of the electrir lields and they indicate that, m 
the absence of dissipation, the cloud charges would recover their original 
strength lu about 3 5 seconds This is the mean of some 80 observations If 
the average charge on a cloud pole be taken, as before, to bo 16 coulombs, 
regeneration must take place at an average rate of about 4 coulombs per second 
so that when the dissipation and regeneration currents lUtimately balance each 
other, a dissipation of 2 or 3 amperes below the clmid is not at all beyond the 
capabihties of the generating procuss, even allowing for dissipation withm the 
cloud itself 

§ 8 The KepUmshmerd of the Earth's Negattve Charge 

It has been shown m the preceding sections that the thunderstorms which 
passed over the station priHluced currents of the order of 2 amperes below them 
and m such a direction us to convey a negative charge to the earth Since pomt 
discharge was the mam factor m the c uusation of these currents, their direction 
* 2 02 loobes instead of 6 inohoe or more This u the rainy season, 
t Wilson, * Fhd. Trans.,* loo. ott. 
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was set by the direction of tho electric fields of force below the eloads, and 
this was predominantly negative Up to the present I $ act ive storms have been 
observed to pass over tho station and occasions of strong positive fields beneath 
them have been extremely rare and fleeting 

Smee the observations discussed m previous papers upon the electric fields 
of these storms and of others at greater distances can only be interpreted in 
terms of a thundercloud with a positive charge elevated above a negative one, 
there is good reason for believing that similar strong negative fields of force 
prevailed below those storms which did not pass over the station The con¬ 
clusions of other observers* arc in agreement with this view, at any rate in 
respect of the majority of the thunderclouds examined by them It is there¬ 
fore not unlikely that the estimate given for the cloud-earth current may 
apply to most of thi storms which occur over tho surface of tho earth 

It 18 unnecessary to stress the importance of this conclusion in connection 
with Wilson’s views on tho replenishment of tho earth’s negative charge, but it 
must be pointed out that further information is required lioforo it is possible 
to determme the full effect of these factors upon the electrical condition of the 
earth The currents so far considered have only been those between active 
thundcratorms and the ground, and these are practicallyalways directed upwards 
There are, however, occasions when fairly strong electric fields exist below clouds 
which arc not active in producing lightning, and these fields are sometimes 
positive in sign, giving nsc to downwardly directed point-discharge currents 
Up to tho present the observations do not suggest that there is any predominance 
of these downward currents under shower-clouds In January and February, 
1927, the field below inactive clouds exceeded -j- 6000 v/m for 37 minutes and 
— 6000 v/m for 53 mmutes, so that the effects of the larger currents below 
them practically balanced For an accurate estimate, however, it would be 
necessary to carry out expenments with integrating devices such as those 
recently descnberl by Wormell (foe cU ) In the Somerset East distort, charged 
shower-clouds seem to occur only in tho wake of thunderstorms 

My mdebtedness to he writings of Prof Wilson is apparent throughout 
this paper, and I have to thank him for his interest m these experiments. Prof 
A. Ogg for providing facilities for tho work, Mr J Linton for much help, and 
the South African Research Board for a grant m aid 

* Apidetcm, Watt and Hod, ‘Boy Soo. ^A. voL 111. p. 616 (1026), WonneU, 
loe. eU. 
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§9 Summary 

The paper descnlww observations maile to examine the part played by (o) 
point-dischargo currents, (6) lightning discharges between cloud and ground, 
and (c) charged rain, in the electrical inti rchange bi tween an iw tive thunder¬ 
cloud and the earth From these observations, {«) and (h) are estimated to 
produce continuous i urrents of the order of 2 1 and 0 I (equivalent) amperes 
respectively in an upward <lir<ction and (r) to produce a reverse downward 
eurrent of the order of 0 02 ampere The resultant i urreut is thas estimated 
at 2 2 amperes in sinh a direition ns to conviy a negative charge to the earth 


Note on the Ji'rphmimt of a so-oaUi-d “ InMmehon " Phe-imtmwn 
By N K Apam 

(Communicated hv (J I Tavlor, P R S —Roclived November 8, 1927 ) 

[I’l ATF « (lyiwer figui'e )] 

Sir Almroth Wnght* observed that a disc of filter paper soaked in coloured 
albumen solution, fixed to the under side of a cover-glass which was floated 
upon a salt solution, showed coloured streamers radiating out along the surfaoo 
In seeking an explanation, I concludedt that the streamers were due to the upper 
layer of the salt liecoming lighter, owing to loss of salt to the filter paper by 
diffusion, and that this alteration of specific gravity caused currents outwards 
towards the surface of the solution beyond the cover-glass which is slightly 
higher than the under side of the coverglass, and the only region to which upward 
streaming currents could go In confirmation of this view, T showed that if 
the cover-glass was tilted the streamers (which I assumed to mdicate the 
direction of the currents) only went to the upper side of the cover-glass, and if 
the positions of salt and albumen were reversed, so that the upper layers of 
solution would become more dense by diffusion, the streamers indicated down¬ 
ward currents Sir A Wnght:^ has criticised my explanation, and the 

* * Roy Soo. Proo A, voL 112, p 213 (1926) 
t Ibid.. A, vol 113, p 478 (1928) 
t Ibid.. A. voL 114, p 579 (1927) 
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criticiBm which seems to have most weight is that the upward currents would 
be expected to produce a uniform spreading cloud of colour, not a system of 
radial streamers I have therefore tested directly whether a slow upward 
current of water, impinging on a disc of filter paper soaked m dye solution, 
drives out the colour in a uniform cloud or m streaniors The photograph* 
shows that fine streamers are actually produced The dis« was supported in 
the surface of water, alxuit T mm above a tube I cm m diameter delivering 
water at a rate of about 30 cc p<“r minute V iriations of the niti of flow 
slightly altered the appearanc < of the streamers but a iitiiforni (loud was never 
produced 

A alow current of coloured liquid, impinging on a plate in the surface, does 
not produce streamers, the streamers are therefore to be ascribed to the 
manner m whieh the colour washi's out from the filter paper Very probably 
the colour leaves mainly at certain irregularities on the upper side, or the edge 
of the paper Glared and wavcil ^laper also caused streamers, though thcsi 
were less definite m the case of the waxed paper Drops of coloured liquid 
emerging from a hole m a glass plate did not produce fine streamers, but a 
few rather coarse streamers appeared when roloured liquid was placed m a tin 
with a number of small holes in the bottom The streamers in the case of the 
filter paper seem possibly due to the fibres of the papc't 


s Sn I’lato 0, facing p 256 
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Examples of the Zeeman Effect at Intermediate Strengths of 
Magnetic Field 
By K Dabwin 

(Communicated by Prof f' G Daiwin, VRS—Received December 8,1927 ) 
Introduction 

In a recent paper* called “ The Zeeman Efiect and Sphencal Hannomca,” 
Prof Darwm gives a set of formute from which can be determined the fre¬ 
quencies and intensities of the lines in the standard Zeeman Effect Except 
for « — p doublets these quantities could previously only be calculated for 
strong or weak magnetic fields, and the interest of the new formula) lies m the 
fact that from them we can also calcidate the frequency and intensity at any 
mtermediate field Approximate algebraic solutions are available for strong 
or weak fields, but the new method makes numerical solutions for all strengths 
easily practicable The present work gives the application of the new formulas 
to three cases which involve simple but lengthy calculation These are the 
t—p and p — d doublets and the a — p triplets, but we describe first the case 
of the a — p triplets as this illustrates most fully the method under considera¬ 
tion As these cases mvolve respectively 10, 34 and 19 Imes, it will be readily 
seen that the discussion of any more comphoated systems would lead to a 
large amount of work The simplest case of all, that of the a — p doublets, 
IS already known from the work of Yoigt (by entirely different methods) As, 
however, so much of the material for working out the a — p doublets by the 
new method is the same as we require for the p — d doublets, we have included 
in a brief form the results for the simpler case The theory and procedure is, 
of course, similar for all the three examples considered, so we now give an out- 
Ime of the calculations and results before entering mto the detail for the several 
cases separately 

Referring to § 5 of the previous paper, we find the following rules for forming 
the “ chains of equations ” on which the whole calculation is baaed 
Take 

k — 0,1, 2,. . fox s, p, d terms 
r =3 0,1,1, for singlets, doublets, tnplets 

* 'Boy Soo Proo,’ A, vol 116, page 1 (1927) Equivalent formulte are given by 
Heiaenbt^ and Jordan ('Z f Phyaik,’ vol 37, p 263 (1926)) 
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Let u be any integer between k and — k inclusive, and let t be any multiple of 
J such that (f + ») 18 an integer, and also — r S « S r w is the Larmor fre¬ 
quency and ^ IS the constant of multiplet separation in energy units The a’s 
are numencal coefficients m the characteristic functions of the atom, hut for 
their precise mterpretation reference must be made to the previous paper With 
any of the permitted values of « and « write down the equation 

— <»u-i lU P(* —tt + l)(r + » + l) + «i<..[W— p 2ii«- to(u-f-2s)l 

-a.+,._,p(i-fu + l)(r-s+l) = 0, (1) 

m which all the coefficients are integers whatever r may he Set down the 
corresponding equations in a« -i,»n and Ou, i ,_i, and carry on in both direc¬ 
tions until stopped by the condition | w | :£ A. or |«| < r The determinant of this 
system of equations will give a set of values for W (corresponding to m « -f s) 
where each value represents the separation of a level from the mean centre of 
the multiplet We distinguish the different roots of the determinant by the 
value of j, the greatest havingj = fc r and the rest being numbered by units 
downwards m order of decreasing magmtude 

Having formed the chains of equations and chosen a value for co, which 
measures the strength of the magnetic field, we have to solve for W the deter¬ 
minant arising from the cham of equations corresponding to each value of m 
In the three cases we shall deal with, the detennmant is never of higher order 
than the third A chain of equations gives us only ratios between the a’s, so 
to obtain numerical values wo have to mtroduce a normalising equation In 
the previous paper the formula) for mtensities (4 4, 4 5 and 4 6) have as 
denominators factors such as 

S « (f -f s)' (r - s) 1 (A + «)! (A - u) \ (2) 

where S means the summation over all values of u and s such that w -f « = m 
This quantity we shall call Wo might have taken — 1 as a 

normahsing equation to simphfy the calculation of intensities, but smee a 
common numencal factor often runs right through N*„' it was found more 
convenient to omit this factor m normalising The numerical coefficients are 
consequently different for each case, and so a list of normalising equations will be 
given for each system of levels as we deal with it For the purpose of numencal 
solution it was natural to fix the scale of the multiplets by choosmg ^ as a 
simple number m each case The values chosen (for reasons given below) 
were J for the p-tnplet, 1 for the p-doublet, and | for the d-doublet levels, 
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m the <-levels ^ does not ooonr The values adopted for o) were in all cases 
m the respective scales 1, 2, 6 

Having normalised according to the appropriate equation we have obtained 
numerical values for each W and ita a% and the next step is to combine the 
levels by taking the differences between the values of W for values of k differing 
by unity, for all values of and all permissible values of m We thus obtain 
the frequency of a line m energy units, or rather the difference between its 
frequency and that of the mean centre of the multiplet The general expressions 
[or intensities (4 4, 4 fi and 4 b of the previous paper) consist of three formule 

[SaJ’iaM (r h ») ’ (r - «)" {I 1 «)' (k ~ n )' V 'i 

for the perpendicular components m ^ m -1 

fSo!; Wu' 1 i (r f a) ' (r - «)' (i f «)' (/ - >•) ' 

” [ (3) 

for the other perix ndicular components m -»•»» -f- 1, and 
4[Saf, ia*-' J (r + a) I (r _ «)I (jfe + „)l {k - u) »]^/N*^NJ, '' 

for the parallel components m -> m 

These appear rather formidable but m practice they simpbfy somewhat because 
many of the factorials reduce to 0 ’ or 1 ' Also our choice of normalising 
equations makes most of the denominator disappear, and the remamder is 
mcorporab'il m a numerical factor in whnh a factor from the numerator is also 
included Finally the whole system of intensities is multiplied by a numencal 
coefficient such that m weak helds all the mtensities are integers These 
numbers were 3/2 for the « — p doublets and tnplets, and 16/2 for the p — d 
doublets The mtensity formulro as given below have already been treated m 
this way 

We thus calculate the frequency v (more strictly the difference of the fre¬ 
quency from that of the mean centre of the multiplet), and the mtensity 1, for 
all Imes at any strength of field, and the complete results appear m Tables I 
to VI In addition we give the results of approximate algebraic solations for 
very large and very small values of u These “ strong field ” and " weak field ” 
soIntionB were obtained on exactly the same principles as the numencal solutions 
for mtermediate fields, so need no preliminary discussion The numencal 
work was done with a lO-mch slide rule throughout, and the results are accurate 
to that degree 

For each of the three oases we have drawn a graph which shows dearly 
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the general features of the traneitioa from the anomalous Zeeman Effect to the 
Paachen Back Effect For this wo should naturally plot v against co, but 
the divergence of the lines for large values of w is so great that in order to 
show more detail we have distorted both co-ordinates in the ratio 1 /{g) + 1 ) 
This reduces the divirgeiue of the hues and makes the (hosen viliies of 
w(ti) = J, I 2 , 6 ) occur at even distances along the axis 'I'lie parallel 
components, m >«/, are drawn as contmuoiis lines, mid liolh sits of perpen¬ 
dicular oomiKinents m * m ± 1 as broken lines, since there is no difficulty in 
distinguishing the two latter types The intensities ire roughlj indicated by the 
thickness of the Imes, the exact values 1 h ing given in the tables In the p — d 
doublet graph howevtr, we wished to include lines whose intensities an exceed¬ 
ingly small compared to the important lines, namely, the “ forbidden lines ” 
where j = J “ J so that in this one graph the width of the lines i annot bo 
made to correspond proportionally to the intensities 
Before proceeding further I wish to express my obligation to my hiisbind, 
Prof Darwm I owe to him the original suggestion and plan of the work 
and should have been ipiite unable to carry it out without his guidance and 
criticism at every stage 


« — p TnpkUi 

We have to constniet the ‘ chains of equations ” for the particular case, 
first of the s-terms, then of the p terms The notation which has been found 
convement to distinguish the different values of W ami the o’s is W„ ^ and 
at i Smee however k has one value throughout for the n-terms, and another 
value throughout for the p-terms, the index k is omitted until we come to com¬ 
bine the two sets of terms The index y is also omitted until it is necessary to 
distinguish between different roots tn the equations for W arising from each 

olia,in 

For the s-terms we have, by the foregoing rules, 1 = 0 and r -= 1, whence 
M = 0 smee |m| S k, and* = -f 1, 0, or — 1 since |*| :S r, so that »i = -f 1, 
0 , or — 1 

The chains of equations then degenerate to 

a 0 ,ipVj — 2 <o] = 0 which gives ■* ‘ 2 c«) 

»o.o[WJ =0 Wo =0 

ao-i [W-i + 2«] = 0 W„i = -2« 

Thus an exact solution for W is effected at once for any given value of to Here 
we normalise all three a’s as umty 
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For the p-terma we have Ji: = 1 and r = 1 whence « = 1, 0, or — 1 and 
a = ], 0, or — 1 so that m = 2,1, 0, — 1 or — 2 We take p = i rather than 
1, because this makes the lines for no held have frequencies of 1, — 1, — 2, 
instead of 2, — 2, — 4 , and thus the chains of equations are 

«i = 2 a, j (W - 1 - 3<.>) = 0 

m = 1 Oo I (W — 2t.>) — a, 0 =0 

—«o i + a, 0 (W — w) = U 

m = 0 , (W + 1 - <o) - Ko =0 

-2a_,, + aoo(W) - 2o, = 0 

~4floo + Oj .,(W + 1 4-te) = 0 

m = — 1 u-i 0 (W 4- m) — a® _i =0 

—a_] 0 + -i (W 2ii>) = 0 

m ^ - 2 a_i _i (W - 1 f 3o)) ^ 0 

The normalising equations are as follows — 

m = 2 (a} >)* = 1 

m = l -1 

m = 0 4 (o’ ,)* f (o,’, (,)» + 4 (o; »_,)*= 1 

m = -1 „)« 1- (oJ-^_,)« = 1 

»» = -2 = l 

To illustrate the procedure let us now take co = 1, the middle value of the 
five numerical values of <a for which the calculations have been made, and work 
with that throughout As before we have to solve for W the determinants 
formed from each cham The several values of W m the quadratic and cubic 
equations so formed aredistmguished by the mdex;, the roots being numbered 
from the highest {j = k + r = 2) downwards From the first and last chains 
(of one member) we have at once 



We may observe that chains of one member, unlike longer ones, have a con- 
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stant value of unity for a for all values of u From the second cham (m = 1) 
we have 

(W - 26)) (W - 6)) = 1 

Solving the quadratic numerically by the usual method of completing the 
square we get 

W; - = 2 017 and Wj ^ = 0 383 

From either of the equations we can now determme the ratio of the a’s 
corresponding to either value of W, for wo have 

<>1 o/fln 1 = W — 26), 

flfl l/«l 0 = W - M, 

and these form in practice a useful check on one another and on the solution 
for W * "With this ratio and the appropriate normalising equation 
(oq -j- (oi o)* = 1 we can now get numerical values for the o’s corresponding 
to the two roots, and those are 

oj « = 0 861, ff,', } = 0 526, 

oj 2 = 0 626, «} 1 = -0 861 

An exactly similar treatment of the other quadratic (arising from the chain 
m = — 1) gives the following results — 

W‘ I = -0 383, W* { = -2 017, 
o' ' „ = 0 851, ai} „ - 0 626, 

al = 0 620, al ' , = -0 851 

It will be noticed that a numencal equality appears between the roots of the 
quadratics, and also among the values of a derived from the different roots of 
each It can be seen from the form of the oquatioiLS for any value of co that 
this will be so , but it is just an occidental property and can bo proved to be 
due to the feuit that k and r are both equal to 1, and to occur in no other case 
It will be readily seen, however, that this symmetry causetl a welcome economy 
of labour m dealing with tlie ^lairs of quadratics 1 
The cubic (for m = 0) was solved by Newton’s method, 11 , if Xj is an 

* In the uu«' whin a> w large, one of the two ratios gives a iiiik h more pi'eriso value 
than the other, and v\< must chooiie the ratio whuh gms thi> inoiv acturate result with 
the particular value of W wi arc using Similar ihsonmination is needed for the lubic 
equation when « is large. 
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approximatioii to one of the roota of the equation f(x) = 0, then a better 
approximation is equation when (■> = 1 u 

/(W) = W* + 2W*-2W-‘2*0 

and so 

/'(W) = 3W* + 4W-2 

T aking a few values of W, the following solutions were guessed 
W«= + ll. Wi=-0 7. W® = -2-6 

Two further approximations, and sometimes only one, then suffice to give 
three decimal places correctly In the present case the solutions were 
W* - 1 169 


The third root can, of course, be obtamed by considering the sum or products 
of the roots, or if they have been found mdependently (as here) we have a check 
on their accuracy, the sum being — 2 002 To determine the o’s we have the 
three relations 

1=U _!_ 

floo 2(W + l-o>) 

«t.-i - 1 

*0.0 2(W + l-fo)) 

from the original equations, and the normabsmg equation 


From these we get 


4(a-ii)* + («o.o)* + *(«i -i)*=i 


al\ , = - 0 378 


a] Ij = 0 1986 


a„:i = 0 428 


and these values can be chocked on the middle equation of the oham which 
contains all throe a’s 

The above example shows the process of the work for w = 1 The values 
of W for all bi’s are to be found in Table I To save space the values of the a’s 
(133 m number) have not been tabulated as they are only subsidiary quanbties 
necessary to calculate mtenaities The first and last columns give the results 
of the approximate algebraic solutions for weak and strong fields to three 
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powers of u The work was, of course, on exactly the same principles as that 
for the numenoal solatioos but the following alight vanations in me&od ware 
found conTement Consider the quadratic (m = 1) for weak fields We write 
the equation 

(W - 2u) (W - w) = 1 


Substituting for W in the small term, this gives 


s second approximation and substituting agam we get 

XU 3tii (1 4~ 3(i>/2) -*• 2c»>* 
^ 2 + 3a)/2 

= 1 + 3«/2 + m*/8 


The second root is obtained at onco from the fact that the sum of the roots is 
3(1) The solution of the cubic by the same method is even simpler, because «) 
only occurs in the equation as a square Thus from 

(W - 1) (W + 1) (W + 2) « o)*W 

we get as first root 1 + u’/G The determination of the a’s is by the same 
process as m the numenoal solutions and so need not be given here For strong 
fields the results are developed m powers of l/o) by a similar method 
The approximations can bo checked by substituting (o = 1/6 and u be 6 
respectively 

We have now to combine the s and p terms and obtam the frequencies of the 
Imes by takmg the difierenoes between the W’s for all permissible transitions. 
To determine the combinations we have A = 1 ->■ 0 and the three types 
m-*- m — 1, ta-»-m + li and fn~*tn This gives seven lines with m-*m, and 
SIX each with —1 and + l We will give as example the 

process for the algebraic solution m weak fields, for m -«■ m — 1 and J {2 •*■1) 

W‘.®-W?’' W{’*-Wr Wi’“-Wil 

= (1 + .3o)) - 2o) =(1 + 3<»/2 + o)*/8)-0 = (1 + co*/6) - ( ~ 2w) 

= 1 - j - <«) =* 1 + 8< ii >/2 + *= 1 + 2(1) + ( i )*/6 
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The pummcsl aoktioiifl and the algebmo appiroximationB are given m Table 
II, the frequenoxee oooupying the first half of each column and the intennties 
the second In writing the frequencies for strong fields terms in l/u have 
been omitted to save space but these terms appear in Table I which shows 
the levels and so are available if reqtured In cases where the larger terms 
are absent the leading term is given The development of a Ime arising from 
any particular vidues of j and m for increasing strength of field can be seen 
at once by reading downwards the appropriate column m Table II 
The general expressions for intensities (3) reduce m the present case to the 
following simple forms the denonunators being always unity owing to the form 
chosen for the normalising equations eombmed with the adjustment of the 

numerical coefficients The notation for the mtensities is J 



yfkmma the a s have a constant value of unity for all u s th^ are omitted 
ud this a so for all the s terms and for the end chains of the p-teMns 
von oarrm —▲ t 
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Vm. 1. t~p tnpUt. TIh oo-ordmates m« distorted so m to molnde the strong fields 
while showing detail for the weak The abedna runs from aero field to infinite 
fidd in the scale •/(«^ 1) The ordinate measures ■'/(<• +1). where v u the 
diftnenoe of the fr^uenoies of the lines from that of the mean een^ of the 
multiplet The intensities are roughly shown by the breadth of flie linea, the 
ocntiiwons lines being the parallel components and the broken lines the perpen 
dionlar componmits. 


Ab Ml example we will detemune the mtenaities at the field to =» 1 of the 
three Imee due to — 1 and j — 2 -► y =» 1 



6 

6 (0 926)* = 1 661 


T 2 


24 (0-li76)» = 0 332 
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TImm and all similar results appear m the ocdumns headed I m Table II. On 
the extreme nght of Table II is a Golumn gmng the stun of the intensitaes of 
all the Imes for eatdi strength of field This sum should have a constant value 
of 18 for each set of the perpendicular components, and of 36 for the parallel 
components, and the deviations from these figures (the greatest being of the 
order 1/300) measure the accuracy of the numenoal work Another check on 
the values of the intensities consists m appl3nng the summation rules [see 
Kroiug (' Z f Physik,’ vol 31, p 886 (1926)) and Fowler (‘ Phil Magvol 1, 
p 1079 (1926))] This we did satisfactorily for a few cases, but it seemed an 
unnecessary labour to do so throughout 


s — p and p — d DovbleU 

Before begimung the numerical work, we may note that m the case of the 
doublets, unlike that of the triplets, a complete algebraic solution would be 
possible as it mvolvra quadratic equations only For the examples we are 
discussing, the s — p and p — d doublets, we have to obtam the levels for the 
s-terms, the p-tensa, and the d-terms, and then combme them appropriately 
We b^pn therefore with a short account of the work leading to Table III, which 
gives the three sets of levels, before considering the resulting lines We use 
throughout the previous notation W^-^ and a* and the same values of 
CD as were used in the case of the triplets, namely, u =: 1, 2, 6, “ weak ’* 

and “ strong ” For the p-terms we take P = 1, but for reasons which will 
appear shortly we choose ^ = 1/5 for the d-terms The approximate solution 
for weak and strong fields, » not earned to as high a degree of accuracy as was 
done for the tnplets, and is therefore not m any way novel The work required 
m this case to obtam the third term throughout is considerably longer, and the 
results seem scarcely of sufficient int^est to jus^ it As the approximate 
Boktions for the tnplets were given m some detail we shall not comment 
further on the ooirespondmg work m this case, but shall merely molude the 
results in the tables As before, the values of a (224 m’number) have not 
been tabulated. 

F<tt the s-tenns, which are the simplest, we have h 0, r = | (for doublets), 
and the chains of equations give 

Thea’s are taken as unity 
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For the p-terms we have h te l, r and we take 3 = 1 The ohaioa of 


eqoationa then are 

«i.i/8(W3(2-2<» —1) =0 

«*0 1/8 (Wi/2 — w) — Ol, -1/2 (2) — 0 

—00.1/8 (1) + Oi,_l/* (Wi/2 4-1) =0 

0-1.1/2 (W_i/2 4“ 1) — Oo -1/2 (1) = 0 


—0-1,1/2 (2) 4- O0.-I/2 (W_i/ 2 -f to) == 0 


0 - 1 . - 1/2 (W_s /8 4- 2 tO — 1 ) =0 


In thu case we normalise according to the following equations — 

»= >/2 («!!«)• =1 

1/2 (<!«)■+2 =1 

« = -i/a 2 (ay + (aJ:'.,,,)* = 1 
m = -s/2 (ay = 1 

We wiU work out the results for to » 1 as m illustration, as we did for the 
triplets From the first and last chains we hare 

Wl/,*'* = 3 and W‘-j/8=-l, 

Ol, 1/2 = 1. 0-1 -1/2 — 1 

The first quadratic (which arises from the chain for m ^) is 
(W-to)(W 4 -l )-2 = 0 , 

which gives the solutions 

Wl/ 2 *'* = 4- 1 732 and = - 1 732 

As before the roots are distinguished by the value of j decreasing by units, the 
highest root havmg j = it 4 - r = 3/2 
From the two equations we have the ratio given by 


and 


Ol, -1/8 _ W— (0 
Oo. 1/8 2 

W4-I. 

Ol, -1/2 


and combining this with the normalising equation we get 
Oo, */i * 0*888, oj; i /2 = 0 468, 
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The eolation ci the aeoond quedratac (m » — le on exaotlj the same Imee 
and need not he given. 


Conndenng now the d-tenns we have to form the ohaina of equations nhen 
A as 2 and f | In most spectra the d levels of the more important lines are 
much closer together than the p levels In order to represent this fact, but to 
avoid the d levels exhibiting nothing but a Faschen Back Effect, we have 
arbitrarily chosen ^ as 1 /6,1 being the value we used for the p levels We thus 
get the following oharns 

o*.i/t (W®/* - ! - 3w) 

= 0 

<*1 i/t (W*/i — i — 2(1)) 

— Os.- 1 /s 4 =0 

~-oi 1/1 i 

+ OS,-l/8 (W»/s 4- 4 

oo,i/s(Wi/i — «) 

- 01 . 1 /S 4 =0 

4 

+ <*1 -l/S (Wi/8 + 4) =0 

0 i.i/t (W_vi + i) 

1.1/s i 

— O 0 .- 1 /S 1 =0 

+ Oo - 1 /s (W-i/» + w) =0 

0-8, VI (W-3/s +! + <■)) 

— 0-1. -lit i =0 

■~0-a,i/8 t 

+ o_i,_i/* (W_3/s — 4 + 2 ( 1 )) = 0 


0-2, -1/2 (W_6/t — 1 + 8(1)) OJ 0 

The quadratics were dealt with exactly as before, the normalising equations 
being in this case as follows — 

m= 8/2 

0 ( 2 . i/s)* =1, 

ei = 3/2 

(oi. i/i)* + 4 (oi, _ i/i)* = 1 , 

m= 1/2 

2{oo,i/,)* +3(01, _!,*)« «1, 

fii = -l/2 

3 ( 0 - 1 , i/i)* + 2 (oo, - 1 / 2 )* =* 1. 

« = -3/2 

4 (o-j, i/j)* + (o_i, _i/i)* = 1, 

m«-6/2 

(0-2. -!/,)• *1 


We now nee these data to obtain the freqoenoMB and intennties of the 4 — J> 
and p — d doaUet hnee 
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« — p DoubUta. 

For the frequencies we have to take the differences of the W’s for the s-terms 
and the j»-terma for all possible transitions of; and m, bub as the process was 
given in detail for the triplets we do not describe tt h^ It is sufficient to say 
that the results are arranged in Table IV on ezao!^ the same plan as the 


Table lY t — p Doublets 



corresponding ones m Table 11, the frequencies appearing m the first half of 
each odunm and the uitensitiee in the second half The expressions for 
intsnaitMS take the Mowing very simple form. As before, the denominators 
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Fia. S. 4~-pdotAht$, Hw oarvw •» plotted in the mum way u in fig 1, and 
tte intouMee an again ahoim ^ breadth of the Knee. 
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The expreMOonB hold for all valnea of j, and the steaightforwaid calculation 
they involve needs no further comment 

p — d DoubUta 

We have here to take the diflerences of the W’s for the ji-terme and d-terma 
for all possible transitions Again we will merely indicate the arrangement 
of the results Table V gives all the hues arising from the transitions 
j — 6/2 -*■ j = 3/2 and j = 6/2 * j = 1/2 the frequencies being placed m the 
first half of each column as before, and Table Vl on an exactly similar plan 
gives the lines for j = 3/2 -»• = 3/2 and j = 3/2 -► j = 1/2 The calculation 
of intensities is considerably more labonous for the p — d doublets than for the 
other two oases, as the general expressions do not reduce to such simple forms 
We can give them, however, with their denominators omitted throughout, 
and with a omitted wherever it has the constant value unity for all strengths 
of field. 

—-'[J’/Z - 

[s/ 2 ^ ” 'iys"] 

f J -*■ 1 = 30 (a*’^ 1* 

[-112 --3/2J 

3/1'] = 

\_Jlj2 1/2] ~ -1/*)* 

[—'3/2 —1/2 ] “ ^ l/ 8 +®-l, -i/*®o -1/*)* 

r2.j ^ i,f 1^00 

L-6/2 -S/2J 

[s/ 2 ^ - 

[1/2 j “ ®^(^o;i/**o!i/i+^i;-i/i®i;-i/»)* 

[-IJ2 = 

[> 3/2 
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The rerahe appear m Table V and VI, and it will be noticed that the mtenntiei 
of the" forbidden lines " (j » 5/2 a 1/2) are zero at strong and weak fielde, 
and rise to a small value (m no case above 15) at intennediate fields 
It may be remembered that m Table II we checked the intensities of the 
triplets by taking their sum at each strength of field We^have’not recorded 
this detail for the doublets, but when a similar summation is camed.out m this 
case we find that the total intensity for either set of the perpendicular com¬ 
ponents comes to 300, and that for the parallel components to 600~with a 
maximum error of 1 m 300 




Table V j» — d DoabletB 
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^ The Analyns of ihe Absorption Spectrum of CohaU Chionde tn 
Concentrated Hydrochloric Actd 

By Wallace B Bbose, PhD, Fellow of the John Simon Guggenheim 
Memonal Foundation, Liverpool Umversity 

(Communicated by E 0 G Baly, F R S —Received 15th December, 1927) 
[Platb 7 ] 

Thu paper presents the absorption spectrum of cobalt chloride in concentrated 
hydrochloric acid os a solvent, and a discussion of the data obtamed with regard 
to certain theoretical possibilities of its complex structure No 4ittempt has 
been made to present or discuss theories concerning the nature of the cobalt 
ions or complexes m various solutions and compounds 

The absorption spectrum of cobalt chlonde m hydrochlonc acid has been 
observed and studied by a number of mvestigatois • In many of the earber 
papers the work was quabtativo in character and the complexity of the absorp¬ 
tion band was undetected In the first of these mvestigations the band was 
recorded as a smooth curve with but two or throe apparent maxima With an 
increase in the accuracy of the methods and apparatus for absorption spectra 
measurement, recent observers have resolved thu complex band into four 
bands 

Because of the apparent complexity of the absorption band and the possi- 
bihties of the appbcationof these component parts to absorption spectra theories 
as well as to the determination of the nature of the cobalt ion m the solution, 
it was felt desirable to make a detailed study of the absorption spectrum of 
thu coloured solution The observations were, for Ihe most part, made on a 
new modd of the Hilger-Nutting spectrophotometer Seven bands of rather 
bi gh mtensity, as well as two weak bands, were observed m thu mvestigation 
It has been possible to analyse thu complex band mto components by a 
mathematical procedure, and it has been further shown that a definite mathe- 
malaoal relation exists between these analysed component bands 


* RiHwell,‘Roy Soo Proo,’ vcA 82, p 258(1881), Hartley,• Trans Boy Soo DnUin,* 
<2)v(d.7,p 268(1900), ‘J Ohem. Soo,’vol 88, p 401 (1908), Jones and oo-wockacs, 
*AiB.G9>eaL J,’ro) 87,p.l20(1907), Pn^ioatlonsoftheClanlegielnstitaUonofWaaUng- 
taa,Nos 60, no, 180, and 100, HiU and HoweU, ‘ PhU Mag.,’vol 48, p 888 (19M). 
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Apparatus and SohUxona 

The apparatus used m this mvestigatiou was a uew model of the Hilger- 
Nuttiog* spectrophotometer In this instrument the essential parts, t e, 
bght source, light deflectors, photometer, and spectrometer, are all mounted 
on a single rigid metal base, and other improvements have been made which 
have mcreased the accuracy and general scope of the apparatus The cells 
used consisted of glass tubes and end plates which could fit in an adjustable 
holder for various lengths of tubing In general 0 5 cm cells were used, but 
for observations on extremely dilute and concentrated solutions, cells varying 
from 0 08 to 10 0 cm were used The solutions were prepared from a reagent 
quahty of nickel free cobalt chloride (CoCl, 6HgO) which had been recrystal- 
lized from distilled water The hydrochloric acid used as the solvent was 
the synthetic material oontaming quahty of approximately 37 per cent HCl 
Measurements made on the same solution at various times over a period of 
several days gave no mdication of any change m the intensity of the absorption 
bands 

Method of Cbseroation 

Each indicated observation point m the data herewith presented represents 
the average of not less than ten separate photometer readings at the selected 
wave-length Observations were made at every 2 mjA from 716 to 676 m|i, 
and at every 6 mji from 576 to 440 m|i The data are presented graphically 
m fig I, and the average values, together with the average deviations, are 
recorded in Table I Although in previous papersf the method of setting 
the transmission at defimte extinction coefficient values and coming to a 
match by adjustment of the wave-length has been recommended, m the 
case of these cobalt chloride solutions this procedure would have failed to 
give the accuracy necessary for the resolution of the general absorption 
band mto its components This earlier suggested method of observation 
18 mtended for the study of bands which are quite sharp and pomted 
The absorption spectrum of cobalt chloride m hydrochloric acid presents a 
rather flat bo that the setting ot the wave-length to defimte values and 
tile adjustment of the sztinotion coeffiaent by means of the photometer yield 
mote aoonxate and consistent results 

A study of Table I will give a defimte idea of the accuracy of tiie data 
preaentsd. It will be noticed that m general the average deviation is less 
• Adam ffilgar. Ltd., Loadoo, 
t Btoda,' J. Am. Ohem Soo.,’ vol 40, p Ml (1M4) 
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than 0 026 unha m the eztmction coefficient and that the error of obaervation 
m most oaaee u lees than the size of the circle used to indicate the observed 
points in fig 1. 


Table I —Absorptaon Spectrum Data for Cobalt Chloride m a concentrated 
Hydroohlonc Acid Solution between Wave-length values of 720 and 
595 mp Concentration 0 10 g CoCl, 6H,0 per 100 c c of solution. 
Cell thickness = 0 6 cm 


WkYC LMtgth 

(•nji) 

Frequency 

(/) 

No of 

ObeerfUiona 

Extinction CoelBolent 


Ar DeTiation 
from the mean 

720 

416 0 

0 

0 480 

0 046 

71» 

418 0 

8 


0 002 

711 

421 0 

10 

0 908 

0088 

700 

423 1 

10 

1 022 

0088 

707 

424 3 

10 

1 082 

0 087 

70S 

426 6 

10 

I 807 

0 018 

708 

426 7 

10 

1 207 

0 080 

701 

427 0 

“ , 

1 834 

0 010 

000 

420 1 

18 

1 808 

0 080 

007 

480 4 

18 

1 418 

0080 

000 

481 7 

18 

1 400 

0 088 

008 

482 0 

10 

1 407 

0 018 

001 

484 1 

18 

I 404 

0 080 

080 

480 8 

10 

1 304 

0 086 

687 

480 8 

10 

1 880 

0 080 

086 

688 0 

14 

1 312 

0 082 

688 

480 8 

18 

1 808 

0 088 

081 

440 6 

10 

1 883 

0 018 

070 

441 0 

10 

1 840 

0 086 

077 

443 1 

11 

1 881 

0 084 

076 

444 6 

10 

1 814 

0 018 

078 

440 7 

10 

1 808 

0 080 

071 

447 1 

10 

1 886 

0 086 

000 

448 4 

14 

1 388 

0 018 

067 

440 7 

18 

1 884 

0 080 

000 

401 1 

18 

1 807 

0 014 

068 

408 6 

10 

1'837 

0 081 

001 

408 8 

10 

1 806 

OOU 

060 

406 2 

10 

1 808 

0088 

007 

400 0 

IS 

1 170 

0 017 

000 

408 0 

10 

1 067 

0 011 

668 

600 4 

18 

0 888 

0 088 

001 

400 8 

10 

1 008 

0 086 

660 

4oi«a 

10 

0 881 

OOU 

067 

408 7 

14 

0 874 

0 080 

060 

400 1 

10 

0 808 

0068 

668 

406 0 

10 

0 818 

OOU 

661 

460 0 

10 

0880 

OOM 
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Table I—(oontmoed) 



Wa/e Length-np 


l^nie Afaaocptioo Speotrom ol Cobalt Cblocide in ooooentiatad Hydxoobloelo AoU. 
(a) 670to740ii]Ai; oonooiitntloii — 1 OOg of Ooa, 8H|0 pn litre of aolntion, call 
thioknew >105010 (5)4S5to586m^j ooooentzation ■> U 0 g. of OoGi OHfO 
pw litre of aolatioa, oell tUokneae-■ 0 Som. 

VOL. axvni.—▲ u 
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To check the data obtained by the Hilger-Nottiiig spectrot^Oftometor 
method and to temove the poanbiltiy of praaonil at instmmental ezior, photo- 
gtapha woe made with Ilford panchromatic plates on a Jndd-Lewu photo¬ 
meter and a littrow spectrograph These plates were read by meam of a 
Moll reooirdmg microphotometer The spectrum between 600 and 700 mp 
(1 0 cm. on the j^te) was magnified to 16 cm by the recording microphoto- 
meter. Plate 7 shows a portion of one of these plates and an “ eidubition ” 
set of photometer readings In this set of photographs, as was true with all 
other observations given m this paper, a comparison cell of the same length 
oontamiiig the solvent was used Theso comparison photographs are the 
upper qpectrum m the upper half of the plate and the lower spectrum in the 
lower half, the cells being reversed m the photometer to correct slight instru¬ 
mental deviations Because of the rather small sbt used, 0 10 mm, a number 
of sht lines appear in the photograph, but these did not mterfeire with tiie 
photometer observatums which measured the photographic density of the 
entire width of the spectrum photograph The photometer record under 
the photograph m Plate 7 Vras prepared from the plate above it for Qlustrative 
purposes. In making the actual measurements on thu and other {dates only 
one absorption spectrum, together with its corresponding comparison spectrum 
and reference line for wave-length calibration were recorded on a photometer 
strip. Only three oompsnson spectra photographs (e) are recorded on the 
photmnster stnp m Hate 7 These show tiie steep falhng oS on the left or 
red side of the plate caused by the decrease m the sensitivity of the plate and 
a more gradual falling off of the plate density on the right, caused by an amber 
screen which was placed m front of the two photometer beams so as to cut off 
the unwuited blue portion of the spectrum and prevent to some extent fogging 
of the plate by stray light From the data thus obtained (Table II) and as 
oui also be seen in the photographs and photometer curves, emstenoe and 
pontitm of the abeorption bands observed by the ]ffilger-Nutting spectro¬ 
photometer method have been confirmed 

Dtaaunon cf Data 

A study of fig 1 will show the presence of seven bands in the intense portion 
of the spectrum and two ormoxe in the weak portion (676 to 440 m)i) Since 
the ahaorptum band at 628 has a molecular extinction oieffioient of less than 
1/200 that of tile first (a) intense band, it becomes n^^ble when recorded 
on tii« same seals of oonoentratioa and thickneee as the intense bands. For 
the present this hand win be left out of the discussion although it will be 
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Mlenad to ogam m later papers. These seven bands appear on first obeerva^ 
tion to be at wave-length values of 695, 679, 666, 648, 626, 610, and 695 m(i. 
In the study of the relations between bands m absorption spectra, as well 
as series phenomena m other branches of spectroscopy, it is more oonvement 
to record or {dot the data on a frequency scale instead of a wave-length scale 
When plotted on a frequency scale, constant frequency difleiences and other 
similar effects can be readily observed The apparent nmTuvw positions of 
the seven bands, as shown m fig 2, occur at the following frequency values 
432, 442, 460, 466, 478, 491 and 606 f (f = freenel = vibrations seconds 
X 10^ For oonvenienoe m the discussion of these bands they maybe designated 
as a, 6, e, d, e,f, and g, commencing with the band of lowest frequency (429 f) 



ntqu9n(y-fr»anib 

Ite 1—The AbMjcptlflo Speotoum cl Oobatt Chloride In ooieiotrated Hydtoohlotlo Aoid 
anilts Analysia into Oompoiieiiit B ands 

It will be notioed (Table II) that the difietenoee between tiesp frequency 
values are not constant, but a oompanson of tiieae values with the graph 
(fig 2) will to a considerable extent explain these diffeirenoes For example, 
when two nearly equal similar bands or curves add together to produce a oo>n- 
pound curve, the resulting msvitna the oompouiid nirve will be ne a r er 
together the maTuna of the two components. (For a more extended 
dkcnssion of this effect, with practical examples, reference may be made to 
a lorthooming article* by tiie ai^hor, on the effect of poeitum isomemm on 
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tlxo absorption spectra of simple azo dyes) Tbs reasoning may also be applied 
to the two outer members of a three component compound curve, and m oases 
where the rcsultmg maxima of the compound curve are approximately the 
same mtensity, the frequency of the centre component may bo assumed to be 
approximately at its true frequency A further study of the addition effects 
of three similar curves to produce a compound curve will show that whore 
the bands are intense, the apparent maxima of the compound curve will be 
nearer together than the apparent maxima of a less mtense similar compound 
curve 

hbxim the above generalizations we may take (6) and (e) as being at frequencies 
443 and 478 f respectively The differences between (o) and (b), and between 

(b) and (c) should bo less than the differences between (d) and (e) and between 

(c) and (/), and this is confirmed m Table II An exammation of a very con¬ 
centrated solution failed to reveal any band near 400 f, so it may be assumed 
that the low frequency side of component (o) is, for a considerable distance 
along the curve, the same os the observed compound curve 

Further advance in the resolution or analysis of this complex band into its 
components may now be made in two different directions, both of wbch m 
the end give the same results and thereby lend additional weight to the veracity 
of the necessary asaumptionB The first method requires the assumption 
that these component bands be of the same general shape The term “ same 
general shape ” means that the extinction coefficient at any pomt on the curve 
18 to the extinction coefficient of a pomt at equal frequency distance from the 
maximum of any other curve of the sezies as the respective extinction co¬ 
efficients of then maxima ore to each other A consideration of this assump¬ 
tion will show that, for a given compound curve, only one set of such bands of 
a defimte number can be constructed, and also that all compound curves are 
not capable of being so resolved mto such a senes of bands The fact that 
this curve is capable of being so resolved is m itself an argument for the treat¬ 
ment of the observed curve or absorption band as a senes of compounded 
curves Additional argument is found in the facts that these constructed 
curves of similar shape are equally spaced, and also that the froqueucios of 
these constructed curves are mtegral multiples of this constant frequency 
difference 
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Table II —The PositionB of tbe MaYimu of the component Bands 



Obaerred Hilgor-Nutting Method 

Judd-Lewis- 
Littiow Method 
(my) 


Wave-Length 

(m/*) 

Frequency 

(/) 

Diff 

a 

ess 

432 

10 

(807) 

h 

679 

442 

(680) 

* 

666 

400 

15 

07.! 

i 

648 

465 

13 

649 

e 

626 

478 

13 

020 

/ 

610 

491 

14 

013 

0 

(698) 

(606) 

Av Diff 

12 2 

(096) 


Viduos in puentheiieg arc nut as accurate as the other obBcr>ations 


Calculatod 


Method 1 

1 Method 2 

Multi^e relationii 

Band Mo 





(/) 

Diff 

(!) 

Diff 



429 

13 

429 80 

12 28 

12 28 X 35 » 429 80 

35 

442 

12 

442 08 

12 28 

12 28 X 30 => 442 08 

36 

464 

12 

464 30 

12 28 

12 28 X 37 =• 464 36 

37 

406 

12 

466 04 

12 28 

12 28 X 38 >> 466 04 

38 

478 

12 

478 92 

12 28 

12 28 X 39 - 478 92 

30 

490 

14 

491 20 

12 28 

12 28 X 40 a 491 20 

40 

604 


608 48 


12 28 X 41 « 603 48 

41 

Av Difl 

12 6 

Av Diff 

12 28 




The second method of attack is to assume that these bands are symmetrical, 
although not necessarily similar m shape, and that a constant frequency 
difference, which may be approximately determmed from column four of 
Table 11, exists between the bands The assumption of a constant frequency 
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(lifierence has some basis in the fact that with the exception of certam small 
variations which can be explained, the apparent maxima have approximately 
the same frequency differences I^m these assumptions, the known positions 
of bands (6) and (e) and the shape of the low frequency side of bond (a) it is 
possible to construct a senes of curves which will add together to produce 
the observed compound curve This second method of analysis is not as 
applicable as the hrst, except m the case of compound curves consisting of 
but two components, when certain restnttions with regard to the symmetry 
may be modified In the analysed curves of cobalt chlonde, the curves were 
approximately symmetrical and this method could be apphed with success 

In fig 2 the X values are those obtained by the addition of the constructed 
curves The turves obtained by both methods of analysis were identical in 
shape and frequency position From these curves the constant frequency 
difference was determined as 12 28 f and the multiple values of this funda¬ 
mental value represented by the component bands are respectively (a) = 36, 
(6) = 36, (c) = 37, etc, to (<?) = 41 

With regard to the intensities of the vanous components, it should be noted 
that the odd and even numbered bands, calhng (a) 35, (6) 36, etc, form separate 
senes, and that m this particular case the intensities of the odd numbered bands 
are greater than the next higher oven numbered band This effect will be 
discussed in greater detail in further papers on this subject 

A similar method of analysis has been applied to the bands observed in 
potassium permanganate* which have been shown to exist as similar com¬ 
ponents at constant frequency differences These observations were again 
checked and this relation confirmed before starting on the study of the cobalt 
chlonde absorption band in hydrochlonc acid Chromic anhydndef presents 
an absorjition spectrum with marlmd inflections, which has recently been 
resolved into a senes of integral bands with equal frequency differences Other 
morgamc materials whose absorption bands have been shown to consist of 
integrally related bands with constant frequency differences include uianyl 
salts} and certam mtrates § 


* Hagenbaoh and Peioy, * HMv Chem Aota,’ vol 6, p 404 (1928) 
t Vitarbl and Kranaa,' Gasc. Chim Ital / vd. 07, p 690 (1927) 

X Jones, ‘ Publioahon of the Canwgie Institution of Washington,’ No 160 (1911) 
} Morton and Biding, ‘ Roy Soo FiooA, vol 118, p 717 (1027). 
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Summary 

1 The abtorption upcctruni of cobalt • blonde iii concentrated hydrochloru 
acid as a solvent has liecu deterinmed between wave-lciigtb values of 7fi0 and 
440 mp 

2 The pmicjiial absorption band bas been shown to consist of at least scvi u 
uimponent bands 

1 Tbc observed absorption curve < an bo resolved into seven similarly sbaped 
bands of different intensities, which con be added together to iiroduce the 
observwi curve 

4 A exmstant frequency difference exists between adjacent bands 

5 The frequencies of these component bands are integral multiples of this 
constant frequency difference 

6 There appears to be a relation between the odd and even numbered 
multiples and their relative intensities of absorption 

Acknowledgment is made to Dr K A Morton who suggested this problem 
and has materially assisted in the carrying out of the work The author also 
wishes to thank Prof E C C Baly, F R S, for his helpful suggestions and 
permission to use certain apparatus m the carrying out of this work, and 
the John Simon Guggenheim Memonal Foundation for financial assistance 

DKSCRIFTION OF PLATE 7 

Photographio meosuiemento on the abeorption spedram of Cobalt Chlonde in oonoeotiated 
Hydioohlono Aoid mode on a littrow Rpootrograph with Jndd-Lewis Photometer, 
and meaenremente of the photographic density of the plate as recorded by a Moll 
recording Miorophotometer 
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The Distribution of Intensity in the Band Spectrum 0 / Jhltum 
the Band at X 4650. 

By W H J Childs, B Sc , Demonatrator m Physics, King’s College, 
Ixindon 

(Communicated by 0 W Richardson, P R 8 —Received Dec< iiiber 15, 1927 ) 
Inlroductum 

A recent development* of the analysis of the band spectrum of hehnm, by 
which the absence of certain bnes m the vanous branches is explained and the 
quarter quantum munbers are replaced by half integers, makes it appear 
probable that alternate Imcs are entirely misaing, t e , a set of rotation states 
IS completely suppressed Valuable information regarding this phenomenon 
(of which few examples are as yet known) may be expected from a study of the 
mtensity relations m this spectrum Such mtcnsitj relations can be predicted 
by expressions which have been developed of late with the aid of the corre¬ 
spondence principle and summation rules, but which by reason of the lack of 
sufficiently accurate quantitative mtensity measurements have so ^ar been bttle 
tested It IS thought that the measurements desenbed in this paper, whilst 
not yet entirely free from photographic peculianties are a sufficient improve¬ 
ment on those previously available, which have been obtamed by eye cstimationt 
or by microphotometer,I to warrant their use in a comparison with the predicted 
values. 


Expenmental Details 

(a) Apparatus —The tubes used were three m number The first was of the 
ordinary Pliicker form, with narrow capillary, the bands being well developed 
m the bulbs when excited by the condensed discharge with a small spark gap 
The pressure of the contained hehum was of the order of 1 cm and a small 
amount of hydrogen was present The second tube was T-shaped and was 
constructed of 15 mm bore tubing, except for the upper half of the stem, which 
was made of 6 mm bore tube The electrodes were of copper strip sealed 
directly mto the glass The third tube was the usual straight pattern, but m 
this case the bulbs were made of 26 mm bore tube with a conneotmg piece of 

*B S Mullikeii,‘PhyB Bev,’vol 28,p 1202(1986) 
t Onrtiii sad Loog, ‘ Boy Boo Froo A, voL 108, p. 618 (1026) 
t MoTionnsn, Smith sod Lea,' Boy Soo Froo A. voL 118, p 188 (1926) 
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elliptical cross section The electrodes were again of copper strip but m this 
case covered with a layer of elcctrolytically deposited silver 
The tubes were excited either by means of an mduction coil and mercuiy 
break, or by a transformer The details of the discharge circuit are given in the 
accompanying diagram No 1 K is an adjustable parallel plate condenser of 



a few miUimicrofarads capacity and S represents a multiplate quenched spark 
gap The two larger tubes when excited by means of the transformer furnished 
sources of band spectra of considerable intrinsic brilliancy 
Most of the plates were obtamed with the Hilger constant deviation spectro¬ 
meter with camera attachment but m one case a large quartz spectrograph 
(Ililgcr EI) was used 

Throe types of photographic plate were employed, namely, Ilford special 
rapid panchromatic, Impenal Eebpse, and Ilford Empress 
(6) Method - The method finally adopted after a senes of trials may be out- 
hnod as follows -- 

The spectrum is photographed m the ordinary way, but each plate is cah- 
brated by exposing it (with the same exposure time as was necessary for the 
band spectrum) to a number of sources whoso relative intensities arc known 
The plate is then developed and the densities of both the Imes and calibration 
marks obtamed by means of devices which will be desenbed in another paper 
From the measurements on the calibration marks a curve connectmg light 
mtensity with photographic density can bo drawn, and this can then be used to 
translate the densities of the band Ime images mto relative mtensities 
The calibration marks wore obtamed by means of a stepped aperture, which was 
illuminated by a tungsten filament lamp, and a cylindrical lers In this way 
there were projected on to the sht of the spcctroscoiio five strips of inoreaaing 
intensity A plate exposed to these showed on development five images (of 
continuous spectra) of progressively mcreasmg density 
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The intensity seale was examined m tiie followuig maimer Two sets, say, 
A and B, of intensity marks were obtamed on a plate, the intensities m set A 
being approximately 4/3 those m set B The densities of each set of images 
were then mcasiirerl and plotted against mtensity mark number, and m each 
case a smooth curve drawn through the pomta so obtamed Tt w now necessary 
to search for points m A and B which have the same density Suppose mark 
No 1 m set A has the same density as that of 1 6 (obtained by mterpolation) 
in set B, and also that I G in set A has the same density as that of 2 in set B 
From this information it is deduced that intensity mark 1 6 has 4/3 the intensity 
of mark 1, and that mark 2 has 4/3 the intensity of mark 1 6 Proceeding m 
this manner the relative intensities over the whole scale can be determined 
Since the band undci discussion is at X4650 A, it is not to be expected that the 
result will be seriously affected by variations of plate sensitivity The sensi¬ 
tivity curve of the plates was roughly estimated by miilnng use of the assumption 
that the calibration lamp gave the black body distribution of mtensity oorre- 
spondmg to its “coloiur temperature’’* The temperature of the filament, 
under the conditions of use, was obtamed from the resistances at room and 
working temperatures and was found to be 2300" A, m dose agreement with a 
check value obtamed with a pyrometer The corresponding colour temperature 
18 2850" A Making use of the relation 

Ja = aX"® e~^ where a = 1 446 cm degree, 
the following values of spec tral distnbution are obtamed — 


Ja 

X 

1 00 

4626A 

1 10 

4686 A 

M8 

4730 A 


The dispersion of the pnsm did not need to be taken into account smoe over 
this narrow range it was found to be linear 
Measurements of the calibration marks on the pistes were made for four wave¬ 
lengths XX 4626, 46G6, 4087, 4719, and the results showed that over the region 
occupied by the X 4660 A band the plate sensitivity was constant 


• Hyde, Csdy tmd Fomytiio, ‘ Phys Revvol 10, p 401 (1917), also “ Report on 
Propertieii of Tungsten,” Worthing and Fonythe, ' Intm Comm. lUum ’ 
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Methods used for Measuntuj Densities 

DensitieB were obtained from the photographic platee by four methods, as 
shown in the table of results These methods will be descnbod more fully 
elsewhere, a summary only is given here 

Sdemum Cdl used as a Photometer—Method of Fournier tVAlbe * 

An enlarged image of the photographic jilate, formed by a suitable projection 
device, is thrown on to a linear selenium cell By an occultmg mechanism 
this cell 18 illuminated and darkened for equal periods of time, the amplitude of 
the resulting galvanometer deflection being taken as a measure of the mtonsity 
of the light faUing on the cell If it is required the cell can be calibrated so that 
tme photographic densities may bo obtamed, but such a proceedmg is un¬ 
necessary when calibration marks are present on a plate Variations in the 
cell constants and the candle power of the projection lamp will affect the 
measurements, so that the next method is to be preferred 

Selenium Cdi used as a Photometei—Method of Toy and Rawluuf t 
A modificatiou of this method was used An auxiliary lamp in the same 
circmt as the projection lamp is used, with a shutter device to vary the mtensity, 
to illuminate the cell A suitable switching arrangement enables either lamp to 
be used, the shutter is adjusted until on changing over from one lamp to the 
other there is no variation m the resistance of the selcmum The rcadmg of the 
shutter is then taken as a measure of the light transinitteil by the photographic 
plate Agam it is unnecessary to cahbrate the shutter if calibration marks 
are on each plate 

Optical Photometer J 

This was available through the courtesy of Dr L C Martin The plate is 
examined by moans of a microscope witli a field of view consisting of two parts 
One of these is illuminated by light transimtted by a small portion of the plate, 
the other by light which has traversed an absorbing wedge The wedge is 
adjusted until the two parts of the field have equal intensities, when the position 
of the wedge is taken as a measure of the mtensity of the light transmitted by 
the plate 


‘ Roy Soo ProoA, vol 89, p 76 (1913) 
fProc Phys Soc.’vd 38, p 432(1924) 

J ‘ Trana Opt. Soolol 28, p 109 (1924) 
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M<M Reoordtng Apparalita* {and laboratory modd) 

The principle of this type of densitometer is well known. Unfortunately 
only low resolviiig power apparatus was available The record with the Moll 
apparatus was obtamed by Messrs Adam Hilger 


ResuUa of Measuremento 

Pour plates were suitable for measurement These will be referred to as 
A, B, G and D Particulars of them are given in the accompanying table 


Plate 

Type of Plate j 

1 Diaohargo 

Tube No 

Spectrograph 

Remarks 

A 

I8B.P 

1 Coil 

2 

CD 

Calibrated 

B 

IE 

Tranaformer 

3 

CD 


0 

I8RP 

Transformer 

3 

CD 


D 

I8RP 

Coil 

1 

El 

Unoalibrated 


L8 R P ca Ilford apeoial rapid panohroniatio 
IE » Ilford Empress 


Most attention was given to A and B , C and D were regarded as supplying 
checking results The details ore given m the following tables Nos I, II and 
III, the weighted means of the measurements of plates A and B have also 
been plotted and are shown m figs 2, 3, 4 The intensities m these diagrams 
have been multipbed by a factor such that in each case the strongest line has 
mtcnsity lOO 

Results for Plate A 
Table I 

The mtensities are given m the arbitrary units as obtamed from the mtensity 
scale supplied by the calibration marks 


tight 

P2 

P3 

F4 

P5 

P6 

P7 

P8 j 

Method of density measurement 
used 

3 

10 6 

32 

33 

30 

25 5 

10 5 

11 5 

Selenium cell used as a photometer 
by method of Fournier dOUbe 

3 

18 

33 

33 S 

30 

24 

16 5 

8 

8 

18 

3S 

36 

32 

28 

20 

13 

. 

6 

28 

34 

35 

31 

25 

19 

- 

Selenium cell nied as a photometer 
by method of Toy and Rawlings 

3 

2i 

33 

35 

31 

27 

22 

~ 

Ojrtiosl miorophotometer of Dr Mar 
tin 

5 

20 

83 

86 

31 

24 

17 


Method of Toy and Rawlings 


* ‘ Proo. Phys 8ooTol 38, p 207 (1921) 
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Table I -(continued) 



Q8 

08 

Q4 

06 

06 

07 

08 1 

R'l 

»'2 

R'3 

R'4 

R'6 R'6+R'7 

SO 

4S 

46 6 

48 

87 

31 

27 6 

18 6 

33 

32 

82 

31 

28 6 

27 

so 5 

48 

47 6 

45 

30 5 

36 

25 

16 6 

32 

31 

31 6 

30 6 

24 

27 

31 

46 

S3 

48 

44 

38 

20 

23 

49 

49 

49 

46 

41 

40 

8S 

46 

61 

47 6 

42 

37 

28 

22 

32 

32 

34 

32 

29 

29 

- 

48 

54 

51 

48 

37 

28 

- 

33 

36 

33 

21 

28 

28 

S4 

44 

40 

46 

42 

37 

28 

18 

34 

33 

34 

32 

20 

30 


The weights assigned and methods used are the same .is given m the table of P 
lines 

Weighted Means — 


PI 

P2 

P3 

P4 

P6 

P6 

P7 

PS 

— 

20 6 

33 

36 

31 

26 

19 

11 

01 

02 

03 

04 

06 

on 

Q7 

08 

32 

44 5 

60 

47 

41 

36 

27 6 

19 6 

io" 

B'2 

R'3 


R'6 

R'6 1 

R'7 


34 6 

34 

34 6 

33 

29 

29 6 



Results for Plate B 
Table II 

The intensities are given in the arbitrary units as obtained from the intensity 
scale supplied by the cahbration marks 
Owing to the poor results obtained from the recording densitometers these 
were not included when taking the weighted mean 


Weight 

P2 

P3 

P4 

P6 

PO 

P7 

P8 

Method of deiuity meaMurement 
used 

3 

85 

46 

46 

41 

27 

10 

- ’ 

Soleniiun oell uaed aa e photonifltor 
by method of Fournier d^^Albe 

8 

36 

40 

47 

48 

30 

21 

— 

6 

37 

49 

47 

44 

SO 

23 


. 

5 

37 

61 

60 

40 

20 

10 

- 

Selenium oell Method of Toy and 
Rawling 

Optical miorophotometer of Dr Mar 

4 

86 

61 

50 

43 

31 

- 

- 

- 

- 

SO 

SO 

27 

10 

16 


Moll aelf recording densitometer 

— 

80 

S8 

88 

36 

24 

— 

— 

Laboratory self reoonlmg dennto 
meter 
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Table ll- (continued) 


Q1 Q2 08 Q4 


Qfi oe Q7 


R'2 


R'3 R'4 R'8 R'e+R"? 


47 60 

61 07 

63 60 

63 07 


70 08 

72 64 

60 62 

71 66 


64 44 

63 46 

66 47 

68 48 


27 7 

20 18 
30 16 

20 16 


64 

64 

67 

60 


40 47 40 20 

61 40 44 33 

64 62 46 34 

67 64 47 36 


27 

33 

38 

36 


62 6 00 6 71 66 6 60 6 43 31 


66 6 66 40 46 31 


30 


48 42 37 31 20 18 


36 33 30 20 22 


22 


— — 60 64 46 30 23 


48 47 43 


38 30 20 


The weights assigned and methods used are the same as given m the table of P 


hues 


Weighted Meam — 


P2 

P3 

P4 

P« 

P6 

P7 

P8 


86 6 

40 6 

40 

42 

20 6 

20 6 — 


Ql 

02 

03 

04 

06 

0« 

07 

08 

61 0 

00 6 

70 5 

04 

66 6 

40 

29 6 

14 

R'l 

R'2 

R'8 

R'4 

R'6 

R'O+R'7 


66 6 

04 

01 

44 6 

32 6 

S3 6 



BetvUa for Plate C 
Table 111 


The mtensities are given m arbitrary umts as obtained from the mtensity 
scale supphed by the calibration marks 


P2 

P8 

P4 

P6 

PO 

P7 

P8 

Method of donnty mowniement used 

63 

70 

70 

04 

46 

81 

- 

Solenluin cell Method of Foamier d'Albe 

64 

70 

60 

66 

44 

30 

- 

Method of Toy and Rewling 


Ql end 02 03 

04 

06 

0« 

07 

B'l 

R'2 

R'3 

R'4 

B'O 

R'O+B'7 

94 

100 

89 

76 

70 

46 

77 

74 

08 

61 

47 

46 

94 

100 

88 

77 

09 

44 

86 

78 

78 

06 

SI 

61 


The methods used are the same as given m the table of P lines 
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Fio 2 —^The DiHtnbution of Intensity m the P Prunrli 



Fio a —The Distnbntioii of Inteneity in the Q Bnmoh 


It vlU be notioed that m aooh can the intensity of QO nsee above the smooth curve This 
is believed to be real since it is shown in so many of the leoords, but whether it is a genuine 
case of anomaloas intensity of a band line, or nmelv the oomcidonoo of some foreign 
line with Q6 remains nnoertain 



Fra 4 —The Distnbntion of Intensitv in the R' BranoL 
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ResuUa for Plate D 


m - 1 2 3 

4 

6 

6 7 8 

P 

— 46 69 

69* 

67 

61 39* — 

Q 

97t 100* 

96 

86 

69 68 44 

R' 

86 81 78 

76 

67 

ert - 


* TbeBO values wore assumed See text below 
t Q1 and Q2, R 0 and R7 were blends 


Assume with Sampson* the expression connecting density with intensity 
D — A/D = Y (log I — log t} 

where D = density of photographic image, I = intensity of bght which caused 
the image A, y. t are constants 

The densities on plate D were measured The values for Q3, F4, FT were 
then assumed from the results of Plato A and the constants A, y> * obtamed 
The expression was then used to obtain the mtensities of the remaining lines 

Remarks on the Measuremenls 

It will be note<l that there are sometimes systematic (Merences between sets 
of measurements on the same branch This is due to the fact that a ehght 
error of focussing m the projection device docs not appreciably affect the 
cahbration mark readings, whilst the narrow spectral Imes are somewhat 
sensitive to such faults If, however, two sets of readings which do not agree 
are converted so that m each case the intensities are expressed relatively to that 
of the strongest line the agreement is much better ISven the measurements 
obtamed with the recording thermopile densitometers are in fan agreement 
when so treated It is clear from this that the final error will be small when the 
weighted means are taken. 

It IS beheved that chance errors, such as those due to faulty setting of the cell 
on a spectral line, variations in mtensity of the projection lamp or specks of 
dust on the plate have boon to a large extent eliminated by the policy of obtain¬ 
ing several records by entirely different methods and taking weighted means 
The manner m which the pomts fall with relation to the smooth curves shown 
m the figures seems to suggest that no sonous experimental errors are present 

The conclusion that the plate sensitivity is constant over the r^on occupied 
by the band depends on the assumption that the mtensity distribution m the 
♦ R A Sampwn, ‘ Monthly Notioos, IULJ3,’ vd 83, p 174 (1923) 
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spectrum of the calibration lamp is the same as that of a black body at 2350 A 
If this assumption is not approximately correct the mtensitics will only be 
correct for Imes in the neighbourhood of Ql, t e, X 4650 A Elsewhere the 
values will be in error by an amount depending on the wave-length difference 
from X 4650, this error will be quite regular, however, and easily corrected 
for if future measurements show that such is necessary The effect of selective 
absorption m the pnsm may be combined with the change of sensitivity of the 
plate with wave-length to give what might be called the “ apparent sensitivity ” , 
stnctly speaking it is this sensitivity which was found to be constant over the 
range XX 4625-4730 

An error is likely to arise from the following crrcumstanccs It is known that 
a plate does not integrate correctly a senes of short exposures Now the 
cahbration marks are obtained from a steady source whilst the source of the 
band lines is only approximately steady, so that the band Ime intensities 
obtamed by mterpolation of the calibration curve may be a httle distorted 
It IS to be expected that the weaker Imes would be relatively strengthened 

Smoe the effect increases with the ratio j —— I it is also to bo expected 
[exposure tune J 

that the results obtained from the coil discharge will be more affected than those 
from the transformer discharge It was hoped that information on this point 
would be obtamed from a comparison of plates A and B, but an unexpected 
excitation effect has prevented this It will be seen, however, that the ratio of 
the maximum intensity m the F branch to the maximum mtensity m the Q 
branch is very nearly the same m all plates, a result which would hardly be 
expected if a serious mtermittenoy effect was present That the plates of the 
transformer discharge were not seriously affected can be seen from the follow¬ 
ing considerations Supposing the effect to exist, it is not to be expected that 
the results obtained from a plate m which only the mitial half of the oabbra- 
tion curve is used would agree with those gamed from a plate requiring the 
use of the whole cahbration curve Such a test is provided by plates B and C, 
which are m fair agreement with one another 

Duomswm of the ResuUt 

The first step m the development of the theory of the distribution of energy 
among the hues of a band was the explanation of the distribution m oscillation- 
rotation bands The expression for this, as derived by R. H. Fowler, Dieke and 
Kemble is of the form 

Intensity J «*«“«■ 

Hne t IS a term which mvolves both a probability of transition and the a pnon 

TOi. oxvni— A X 
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probability of au initial atate, whiUt e~^ la the Boltunan factor, E representing 
the energy of the initial states as derived from frequency data The inclusion 
of this factor implicitly assumes a thermal equihbnum In the expression as 
originally denved t appears to be equal to a p, whore a is approximately a 
constant* and p is the mean of the a pnon probabihties of the mitial and final 
states In order to obtain agreement with observation it is necessary to place 


p = 2j 


where j — rotational quantum number 
Information regarding electromc bands with a zero branch cannot be obtamed 
unless some molecular model is assumed It has lately been shown, by Birge 
and others, that the electromc levels of molecules are closely similar to those 
of" corresponding ” atoms, t e , atoms with the same number of outer electrons 
Extending this hypothesis still farther Mulliken, with the aid of the atomic 
analogy, has assigned inner quantum numbers to these levels The assumed 
values otj, are identical with the Sommerfeld j values of corresponding atomic 
states This inner quantum number y. is related to the fine structure of the 
liands in that the a and p of the Kramers-Pauli expression 


P0) = B[Vy-^-p]* 


ore to be interpreted as its components, p is the component parallel to the 
vector of the nuclear angular momentum, whilst o u the component parallel 
to the nuclear axis This assumption of the mner quantum numbers analogous 
to those of corresponding atoms suppbes the model necessary for the apphea- 
tion of the correspondence principle or summation rule to the calculation of 
the distnbution of energy in the branches of electromc bands Using the close 
analogy of Ay = 0, d: 1 m line spectra to Ay — 0, db I (Qi B branches) in 
band spectra, and of A/; = 0, ih luie spectra to Ao = 0, ± 1 m band 
spectra, Honl and London^ have applied summation rule methods to the 
problem Assuming that p = 2y (as in the osoiUation-rotation bands) the 
expressions^ appbcablo to the X 4660 A He* band are 


* If vibrations ue present the value of a is not quite tbe same in the P and R branches, 
and difiers mote and more as y increases, 
t HOnl and London,' Z f Fhysik,’ voL S3, p 868 (1028) 

t These expressions are given as modified by Hulliken in a recent paper, ' Fhys Rev,' 
voL SO, p 301 (1027), where ma^y known oases of intensity distributicm sie rev i ewed and 
used, not only to provide evidnooe for the predicted intensity relations but also to justify 
the author's attempt (by means of tbe introduction of the presumed inner quantum number) 
to correlate all known band-spectra 
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(7) »p=.a(/-5)0-(i + l)/J. •o“2aj0-i + o)0 +J-o)/0'‘-J), 

»ii = « 0 + o) 0 + ff - 1)/; 

The appropriate value of o m this case is unity This value is not directly 
obtained, but only from a consideration of missing first lines 
A consequence of the adoption of the inner quantum number in the case of 
the hebum bands is that the rotational energy terms assume the form B (j* — o*) 
instead of the form B (j - c)* used in the analysis of Curtis and Long It should 
be pointed out that two disturbing factors are present m the He, bands for which 
no explanation is provided by the theoretical considerations given above and 
for which, consequently, no allowance is made in the calculation of intensities 
The first is that there are two rotation states, named A and B suhstates by Mulh- 
ken, to each value of j Such doubhng must not be confused with that which 
occurs m the violet C N bands In the case of the doublet senes of helium bands 
it IS supposed that the P and R branches result from B — >■ B transitions, 
whilst A —>■ B are the transitions for the Q branch In order to reconcile this 
arrangement with the observed spectram the further assumption is required 
that alternate levels are suppressed The resulting system of levels with the 
revised numeration is shown m fig 6 
The following general conclusions with regard to the mtensities m the X 4660 
band have been amved at by Mulliken 
(1) The Q branch is the strongest, and its maximum mtensity should be a 
httle more than twice that of the F branch 
The fact that the Q branch is the strongest can be gathered at once from a 
glance at a reproduction of the spectrum The prediction that at its greatest 
it should be twice as strong as the maximum mtensity of the P branch is not 
fulfilled, figs 2 and 3 showing that the ratio is more nearly 10 7 There is 
other evidence m support of a lower ratio than 2 1 In the first place neither 
eye estimation or microphotometer favour such a ratio Secondly, Enksson 
and Hulthen have published* a phot<^pam of the A1H band at X 4364 A which 
u classified by Mulliken with He, X 4660 A and for which similar mtensity 
relations should hold This record shows that Q,, and Pu are the strongest 
Imes of their respective branches, and that their intensities as measured from 
the ordinates of the recording densitometer curve are as 100 76 It is true 
that this IB not the ratio of the mtensities, but from the writer’s experience he 


‘ Z f Phyiik,’ v(4 34, p 776 (1926) 
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} 

4''i 

3«i 

2^! 

m 


Initial states Final states Initial states 



O's indicate suppressed levels 


1 1 1 


1 ill 1 

J 



1 ! 

Lllj 

Pr 21300 I] 

p. 

1 F 

; 2M00 QlPtQs zi^ R'l 1 

„_?IU 



Fro 6 —^Tho System of Levels for the X 4660 Band The lower part of the diagram shows 
the general appearance of this buid, mtensitiee being indicated by the lengths c< the 
lines 

would say that it u not likely to be m error by the amount necessary to make 
the ratio 100 60. 

(2) Following from the iicheme of rotation states adopted, the positions of 
maTnniiTn intensity should be such that if F4 is tho strongest Ime of the F 
branch, then B'3 should be strongest in the R' branch The maximum of the 
Q branch should occur between Q3 and Q4 

This is borne out well by the results The positions of the maxima are m the 
right order* (F > Q > R') and difler by the correct amounts 

(3) The R' branch should initially be stronger than the F branch whilst for 

* It should periiaps be mentioned that the mtensity of B'l (and to a leaser extent that 
of R'S) is likely to be given a little too great by reason of some faint adjaoent lines which are 
shown in grating pla^, but which the constant deviation speotrometer was unable fulfy 
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larger j values the two should become asymptotically equal This also is borne 
out by the observations 

Effect%ve Temperatures of the Sources 

Whilst the inclusion of the Boltzman factor ma> be justified in the case of 
absorption bands such as those of HCl, it is by no means certain that a distribu¬ 
tion such as it connotes is to bo expected when a gas is subjected to an electric 
discharge , in fact, it would be a surprising circumstance if such a distribution 
were found to exist Adopting this distribution, the position of the line of 
maximum intensity enables an estimate of the temperature of the source to be 
made In many cases the “ effective ” temperature thus obtained is much 
higher than the true temperature A high value for this “ effective ” temperature 
m the case of the hehum bands is perhaps to be expected when it is considered 
that the emitting molecule, presumably formed from excited atoms and con¬ 
taining the energy which these atoms have gamed in the electric field of the 
tube, IS an unstable one, and may not exist long enough to come into equihbnum 
with the surrounding gas 

A point of general interest shown by the results is the shift of the mtensity 
maximum to lower rotation states in the case of the transformer discharge, m 
spite of the fact that the true temperature of the gas in such a discharge is 
greater than when a coil is used Some information as to the “ effective ” 
temperatures m these cases may be obtamed m the following manner 

If it be assumed that the distnbution of intensity is of the type mdicated by 
theory, a straight Ime of slope T should result if values of log J/t are plotted 

against log e* * Such curves, shown in fig 7, have been drawn for the P, Q and 
R' branches of plates A and B, with values of *p, »q and 1 k taken from Mulliken’s 
paper In each case the curves are distorted for low rotation states, either the 
t values are too low or the J values are too high 

It IB of importance to ascertam whether or no this distortion can be removed 
by adjusting the t numbers without departing from an arithmetic progression 
The success of such an attempt would show, of course, the possibihty of attnbut- 
ing the mtensity distribution to a hnoar t factor, but, of equal importance, it 
would demonstrate that so far as the thermal distribution factor was concerned, 
nothing more complex than the Boltzman factor need be used It may be 
stated at once that adjustment is possible, the necessary sequences and the 
results of the adjustment are shown in the accompanying table 
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Plate 

Branch | 

t Sequence 
(Muuiken) 

1 Sequence* 
(Adfiuted) 

Tampeiatoie 

1 

A 

P 

2.4,0-- 

1 

3,0,7,-- 

•A 

920 

A 

Q 

3,7,11,-- 

11,10,19,-- 

1800 

A 

B' 

3, 8, 7, - - 

4, 6, 8, - - 

1060 

B 

P 

2, 4, 6, - - 

S, 8, 7, - - 

780 

B 

Q 

R' 

3, 7.11, - - 

11,10,19,-- 

1000 

B 

3,8,7,-- 

4, 6, 8, - - 

760 


* The unit al the sequence is not detemuned here, end is not neoeeserily the seme for 
each hnuwh. In order to obtain agreement with the observed intensities the unite, for the 
P, Q and R branches respectively, must have magnitudes 1 0 41 0 91 


It will be noticed at once that the temperatures obtamed from the Q branches 
are much higher than those obtamed from the F or R' branches, a result which 
18 suggestive when it is remembered that the mitial states of the Q branch have 
been assumed by Mulbken to be A sub-states, whilst those of the P and R' 
branches are B sub-states It is hoped that further information regarding this 
effect will be gamed from investigations now in progress on other bands of this 
spectrum 

Fortunately information regarding the temperature of the emitting molecules 
18 available from another source From the expression obtamed by Lord 
Rayleigh for the half width of a spectral bne of wave-length X emitted by a 
partiole of mass m (compared with the hydrogen atom) at a temperature T 

3X = 3 57 X 10-^ X X X VTM 

it 18 found that the width of a band line when the temperature is 1000° A should 
be approximately 0 038 A The width corresponding to a temperature of 
400° A 18 approximately 0 024 A During a previous mvestigation the wnter 
had obtained photographs of the band Imes (coil excitation) as examined by 
a Fabry and Perot 4talon of gap 1 cm With this gap and m this region of the 
spectrum a change of umt order represents 0 108 A 
The photographs showed the rings quite sharply defined The fnnge width 
natural to the 4talon (supposing perfect adjustment and truly monochromatio 
light) may be obtamed from a knowledge of the reflecting power of the films, 
for this instrument a value of 0 2 of an order was obtamed The fnnge width 
calculated for a temperature of 400° A is thus approximately 0 36 order, whilst 
that corresponding to a temperature of 1000° A is approximately 0 65 order 
The width obtamed from the photograph was approximately 0 30 order,* 
* This does not agree with the valoe 0 08 A found by Leo, ‘ Aim d ntyaik,’ vol 81, 
p 707 (19M), from Lnnuner plate photogr^ihi 



Band Spectrum of Helium 


311 


mdioatiDg that the distnbutioii of translational velocities among the emitting 
moteoules is that which corresponds to the true temperature of the gas in the 
tube 


Rigorous Test of the i Values 

Reference to the diagram of rotation states shows that K1 and F2, fi2 and 
P3 have the same mitial states, so that in each case the ratio of the intensi¬ 
ties should give the ratio tjt^, quite independently of any assumptions ns to the 
temperature or the type of distribution. In this way a strict test of the theory 
may be made The observed and calculated values are shown in fig 6a The 
observed values are of the correct magnitude, but except for the first (for which 
as already stated Rl is likely to be too strong) they are somewhat loa In 
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view, however, of the assumptions made with regard to the distnbution of 
mtensity m the spectrum of the calibration lamp it would be unwise to attach 
much significance to this 

Unfortunately it is not possible to test the Q branch in so rigorous a manner, 
for the imtial states of tbs branch ate not common to the P or R branches It 
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follows that the values of tp/ig, for example, cannot be obtained without some 
knowledge of the temperature and without making some assumptions as to the 
type of distribution If two Imes having the same end-states arc taken, however, 
these assumptions control the values through an expression of the form 
exp — (E'q— E'p)/iT which, at least near the band oiigin, will not diller 
much from umty The values of ip/iq and inAq, adopting the values of the 
temperatures given in the previous section, are shown m figs 6 , b, c, m compari¬ 
son with the theoretical values It is to bo emphasised that this is a test for 
the scheme of t numbers which is almost mdependent of assumptions, and as 
such the results from it must have some importance They indicate that, in 
general, the theory is not far from accounting for the intensity distnbution, but 
that, on the other hand, the actual numencal t values* will need revision, if 
they are to agree with observation 

It is evident from a consideration of fig 6 that it should be possible 



* It must be remembered that the theory assumes a thermal equilibrium for its oal 
oulatlon of these numbers, if there is evidence to show the existence (rf a non thermal 
dlstribntioa then it must not be expected to obtain agreement 
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du 

to obtain values of tp, Iq, in, which are almost entirely independent of assump¬ 
tions of temperature and distribution 

For the ratios »r,/»p, , i are known so that X »q,Aji„ 

t e • »p,Ae, n»»y be found Accordingly X » e, tK,/»ii, is known 
By a similar process we can obtam vjdues for 1u,/»b, , ♦k,/»ii. If now we 
assume that tR, — 1 the remaimng values tR„ tu, may be found 

Using the values we can then obtam »p, , tg, Unfortunately the 

errors, when determining the tu values, arc cumulative Nevertheless, the 
results arc interesting as being possibly a more direct route to the » values than 
that given in the preceding section The results of this treatment are shown m 
fig 8 If the smoothed values of fig 6 are used the results are more regular, 
the tq values in this case Ijnng practically upon a straight hne 


Compamon of Observed wuh Preduied Values 

Adopting a temperature of 980° A for the coil discharge and 760° A for the 
transformer discharge, with the »p, tg, t|t values given by Mulliken, enables the 
predicted energy distribution to be calculated The results of such calculation 
are given in figs QaandOn It will be seen that the observed mtensity curves 
are of the predicted type but that quantitatively the agreement is not good 
As suggested by fig 7 the measurements are m better accord with the following 
expressions — 

PlateA- 

Jy = (»p 1) ^ ^ 0 41 (»q -I- 8) , 

Jr = 0 91 (*B + 1) e-"^ 

Plate B— 

Jp = (tp + 1) , Jq = 0 41 (»q -f- 8) «-*■/*“* , 

Jr = 0 91 (tB + l) 

A comparison of these expressions with the experimental results is made m 
figs 9 a and 9 b It would be premature to say that the predictions are not 
confirmed, decision must be reserved until the other bands of this spectrum 
have been examined. 
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1 = 980“ A T = 980“ A (P and K branches) 

T - 1230“ A (Q branch) 



T<-760“A T-760“A (PandRbranohee) 

T-1000° A (Q branch) 

The Bearing of liUentUy Meamrementt on the Queetion of Numeration 
The results of mtensit j measuremeuts m the case of hehum have an unmediate 
apphoation to the question of numeration, about which some uncertamtioi have 
lately arisen. That adopted in this paper is the one recently put forward by 
Mulliken, for which there is much external evidence Too much space would 
be required to give this m detail,* but the essential pomt hes m the existence 
of oertam structural similarities between the helium bands and those of other 
symmetncal molecules (the negative bands of nitrogen are referred to m 
partioular) which suggest that for the sake of consistency the same quantum 
numeration should be employed for all 

* Befcnnoe should be made to Kmtcer, 'Z f Physik,* vol 16, p 863 (1983), Curtis 
and Long, ‘ R<qr Soo Proo,’ vd. 108, p 583 (1926), and “ Repwt on Band Spectra,’’ 
PP.S04-809, R S HuUikm, ‘Fhys Rev,’ voL 28, p 1202 (1926) 
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For nitrogen, so far as structure is concerned, cither the half- or quarter- 
integral numerations may be used, although each leads to difficulties when other 
properties of the bands are considered If half-integral numbers are employed 
for the successive states it is difficult to explain the alternating intensities which 
exist in these bands, for there is no obvious reason why the levels should be 
spht mto two groups having different a pnon probabibtics If, on the other 
hand, the quarter-integral numeration is adopted, t e, if the states are associated 
with rotational quantum numbers m = j — t where e has the values 1- J , 
-f f then with each value of e is associated one of the groups of alternate lines 
It 18 then natural to attribute different a pnon probabihties to the two values 
of c The latter mterpretation unfortunately leads to an improbable value of 
moment of inertia which is correctly given only if the former numeration is 
employed 

With the hehum bands, if the assumption is made that the missing lines near 
the origin are duo to the prohibition of the state for which;' = 0, the quarter- 
mtcgral numeration seems mevitable This numeration suffers from two 
defects Firstly, the selection principles involved are purely arbitrary, and 
secondly, it offers no explanation for the absence of two Imes which are observed 
to be missing m the band at X 6730 MuUiken has recently considered this 
question of missmg Bxst Imes in some detail, and, pointing out that the prohibition 
of the y = 0 state may not always be correctly assumed, has in the case of 
hehum obtained some very strong evidence pointing to the suppression of 
alternate rotation states The scheme thus built up not only accounts for the 
observed branches in a natural manner but also gives an explanation of the 
missing Imes of the band X6730 Accordii^ly the present tendency is to 
adopt a half-mtegral numeration for both the negative mtrogen and hehum 
bands, thereby securing a gam m consistency without sacrificmg accuracy of 
representation The alternate Imes m the case of hehum are assumed to be so 
famt as to escape detection the cause of the alternation of mtensity is left 
unexplained An examination of the X 4660 band shows that, if present, these 
lines cannot have mtensities greater than one-tenth of normal 

Smee the discrepancies between the observed and calculated intensity values 
of this paper may be attributed to a number of causes it is somewhat difficult 
to decide the degree to which they confirm the adoption of the scheme of levels 
of diagram No 5 For underlying the method by wbch the values of the cal¬ 
culated mtensity were obtamed is the assumption of thermal equihbnum, it 
IS improbable that this assumption is stnctly justified m the case of emission 
bands The fact that the Q branch is less mtense than the theory demands 
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may perhaps be connected in some way with the assumption that this branch 
originates from a set of states (A states) entirely different from those involved 
m the P and R branches These two types of state are possibly affected 
differently by any cause, such as onsettmg instability or a departure from 
thermal equibbnum, which tends to distort the Maxwellian distribution The 
only strict test of the theory is a comparison (such as that made m diagram 
No 6) of the intensities of Imes which have their origin m the same state It 
was from a consideration of these pomts that the conclusion was drawn that 
the measurements, m general, do not clash with theory, t e, that the bands 
are of the predicted type If this bo admitted, it is direct evidence in favour of 
Mulliken’s scheme of numeration, for, as he points out,* the agreement would not 
exist if the j values had not been assigned on the assumption of alternate missing 
Imes 

Summary 

Some measurements of the intensity distribution in the helium band X 4650 A 
(first of the mam senes) are given enabling the predictions of the summation 
rule to be tested The predicted distribution is of the correct type, but agree¬ 
ment with observation is by no means complete Notably the P and R' 
branches are much stronger, relative to the Q branch, than the theory indicates 
It IS found that an expression of the form where i is a linear function 

of y IS adequate to desenbe the observed distnbution 

As with many other bands the temperature obtamed by assuming that the 
distnbution of angular momentum is governed by the Boltzman factor is much 
higher than the true temperature of the gas In this cose effective temperatures 
of approximately 750” A and 1000° A are found, depending on the conditions 
of excitation A higher temperature is obtamed from the Q branch than from 
the P and R branches Exammation of the Doppler width of the band hues 
shows, however, that there is a distnbution of translational velocities corre¬ 
sponding to the true temperature 

The work on these bands is bemg continued with improvements both to 
densitometry and general technique 

In conclusion the wnter wishes to acknowledge his indebtedness to Prof 
W E Curtis for advice and onticism throughout the work 


• Phys Rev vol 29, p 406 (1927) 
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The Heatmg Effects of Thonum and Radium Products. 

By S W Watson, M A (1861 Exhibition Scholar, University of South Africa), 
and M C Henderson, Ph B 

(Communioated by Prof Sir E Rutherford, P R S —Received DLCombcr 21, 1927 ) 
1 IntroduduM 

The heating effect of radium and its decay pitxlucts has been studied by many 
expenmenters, and the observed heating compared vnth those calculated from 
the energy of the alpha, beta and gamma radiations The most important of 
these measurements, os far as the a-rays are concerned, are those of Meyer and 
Hess,* Rutherford and Robinson,t and HessJ (Sec Meyer and Schwcidler, 
‘ Radioactivit&t,’ 2nd edn, 1927, p 225, et seq, for a complete list of refer¬ 
ences) 

From the measurements of these authors it appeared that practically the 
whole of the observed heating could be accounted for by the absorption of the 
a-, p- and Y-ray® Fresh determinations of the quantities mvolved in the 
theoretical heating have, however, thrown doubt upon this conclusion. The 
chief source of uncertamty to-day in this respect is the value of the number 
(Z) of alpha particles emitted per second by a gram of radium The most 
recent determinations of this quantity are those of Hess and Law8on,§ and 
Geiger and Wemer,|| who obtamed the values 3 72 X 10“ and 3 40 X 10“ 
respectively f The former value leads to a calculated beating which agrees 
withm 1 or 2 per cent with the observed emission, some uncertamty arising 
here through the difficulty of accurately estimating the fraction of the energy 
of the beta and gamma rays which is absorbed in any given experimental 
arrangement If, on the other hand, Geiger and Werner’s value be correct, it 
follows that about 10 per cent of the observed heating must arise through some 
activity other than that of the known a-, p-, and y-rays 
It was felt that a measurement of the relative amounts of heat emitted by 
several radioactive substances might throw light on the above problem If the 
• • Wien. Bor ,’ voL 121, Ha, p 608 (1912) 

t' Wien. Bor,' voL 181, lU. p U91 (1912), ' FhU Hag ,* voL 85, p 318 (1913) 

\ ‘ Wien. Ber,’ vol 181, IIa, p 1419 (1912) 

i ‘ ^len Ber,’ vol 127, Ha. p 405 (1918), ‘ PhU Mag ,’ vol 48, p 200 (1984) 
ir Z { Pbyaik,' vol 21, p 187 (1924) 

^A leoent pcelinunaty annaanoement by Jedriejowiki (‘Oompt. Bend.,’ voL 184, 
p. 1551 (1927)) gives 3 50 X 10>*. 
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amounts tdiould prove to bo m proportion to the calculated emissions, the 
result would strengthen the evidence in favour of the view that the heat develop¬ 
ment 18 due almost entirely to the absorption of the a-, and y-rays, and 
would consequently give a fairly rchable estimate of the number of alpha 
particles emitted per second by a gram of radium The substances the heat 
emissions of which have been me^ured by the authors are radon (radium emana 
tion) m equilibrium with its products of short life, radium (B -| C), radium C, 
thorium (B + C), and thonum C 

The comparison of the ccdculated heatmgs of thorium and radium products 
was made possible by the results desenbed in a separate paper* by the writers, 
which gives the ratio between the numbers of alpha particles expelled per 
second by Ra 0 and by Th C of equivalent gamma-ray activities The results 
agree well with the experiments of Shenstono and Schlundt.f who used a 
different method These compansons should be free from many of the sources 
of uncertainty which enter into an absolute determination of the rate of emission 
of a-particles by either body separately 

The comparison of the heating effects of several products has already boon 
made m the case of radium and its products of rapid decay by Rutherford and 
Robiiukm (loo ctit), who give the following percentage distribution — 


Product 

Theoretical 

Observed 

Rn 

27 7 

29 

RaA 

29 7 

31 

Ra(B + C) 

42 6 

40 


(The theoretical percentages based on the data used m Section 6 of the 
present paper, including 90 per cent of the ^-ray energy, would be 27 1, 29 7 
and 43 2 respectively) The results mdicated an agreement to about 6 per 
cent between the observed and calculated distribution of heating among the 
various products The method was, however, a differential one, and by 
measuring tlie heating of Ra (B -f C) and Ra C separately a more defimte 
result might be expected This has now been done and the comparison extended 
to the thonum products It will be seen that the results indicate m each ease 
an agreement between the observed and calculated heatings to witbm 2 pet 
cent and that the absolute values correspond very closely to the value of 
Z = 3 72 X 10“ 


• ■ Fmo Csmb PUL Soovol U. p 133 (1028) 
t ‘PUI MsgTol 43, p 1038 (1022) 
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2 The Apparatus 

The method used was similar m pnnciplc to that employed by Rutherford 
and Robmson * It consisted m measuring the change of balance of a Wheat¬ 
stone bndge when two opposite arms were heated by the radioactive substance 
The bndge was standardised by a heating coil, made as similar as possible to- 
thc radioactive source 

The arms of the bndge were four coils of number 47 S W G silk-covered 
copper wire, each coil containing 6 metres of wire and having very nearly 42 
ohms resistance Two coils, forming two opposite arms of the bndge, were 
wound upon an alumimum tube (A) in two layers, each layer forming one of the^ 
coils The other two coils were wound U|)on a similar tube (B) In this way a 
double sensitivity was obtained Each alumimum tube was 6 1 cm in length, 
3 6 mm in external diameter, and 0 36 mm m wall thickness The windmga 



occupied a length of 4 9 cm on each tube A small platform (C) of copper 
wire formed a seating for the glass tube (E) containing the radioactive material 
or the heating coil, and was supported m a small cork which closed the lower 


Loc a4 
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end of the tube Each aluminium tube was supported inside a 1-mch teet-tube 
by a piece of thin-walled glass tubing (Q) and a piece of thin paper tubmg (P), 
introduced to improve the thermal insulation Dunng an expenment the 
second alummium tube held an empty “ dummy ” source The two test-tubes 
were suspended in a large beaker filled with paraffin oil, and the latter was 
surrounded by about 10 inches of cotton wool and wood turnings Two paper 
tubes led vertically from the tops of the glass tubes (Q) and formed the entrances 
through which the source of heat and the dummy were lowered 
A thermo-junction immersed in the oil between the test-tubes indicated that 
the temperature of the oil did not change by more than a degree in the course 
of a day, and usually by only a few tenths of a degree 
The bridge could be exactly balanced at any tune by adjnstuig an external 
resistance of approximately 7000 ohms m paraUel with one of the bridge 
coils The galvanometer used was a moving coil instrument of 24 ohms resis¬ 
tance and gave a deflection of 200 mm per microampere at 1 metre scale 
distance 

The sources were sealed into glass tubes about 2 cm m length, 1 9 mm m 
diameter and 0 2 mm in wall thickness The dummy was an empty glass- 
tube of the same dimensions The heatmg coil was made of 42 8 W 6, 
Eureka wire, resistance 34 80 ohms, and was sealed mto uiotiier simtiiT tube 
In order to eliminate the heating effect of the current m the leads of the 
heating coil and errors due to conduction of heat along them, the dummy was 
provided with a pair of leads of the same copper wire (47 8 W 0) as those of 
the heating coil and connected m senes with them The tubes containing the 
sources were also provided with similar compensating leads, and dunng an 
expenment these leads (agam in senes with those of the dummy) earned a 
current which would have given approximately the observed heating if the coil 
had been m place instead of the radioactive source 
The sensitivity of the bndge for a total current through it of 4 miUiamperes 
wasabout 235 mm for a heat emission of 1 cal /hour, or about 24 mm per milh- 
oune of radon. It was found that a change of 1 ohm out of about 7000 m the 
shunt box produced a change of balance of 0 2 mm From thu it was 
calculated that a 2-om deflection corresponded to a difference of temperature 
between the two arms of the bndge of about 0 01” C, so that by readmg to 
0 2 mm a difference of 10'* degrees could be detected 
The sources were measured against the laboratory radium standard (6 38 mg 
radium element) by a gamma-ray electroscope covered with lead and alummium 
eqmvalent to 18 mm of lead The electroscope arrangement was identical 
VOL oxvni—A Y 
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with that used in finding the number of alpha particles emitted by Th C * 
The radium standard has recently been cheeked at the National Physical 
Laboratory It is probably accurate to one-half per cent 

3 Procedure 

In paoh day’s work the bridge current was allowed to run oontmuously 
The bridge was balanced and the small regular change of balance followed 
throughout the day and corrected for The change m balance was found to be 
roughly proportional to the difference in temperature between the oil bath and 
the room, and was caused by differences of conduction along the supports of 
the two tubes, together with the fact that a small general change of temperature 
of the copper coils would not be aocompamed by a corresponding change of 
resistanoe of the large manganm shunt resistance After the source and 
dummy had been lowered mto their respective tubes, the galvanometer deflection 
reached its equilibnum value m about 16 mmutes Readings were taken 
alternately with the bndge current direct and reversed to eliminate any thermo- 
electno effects and a small zero creep At least six were taken at mtervals of 
1 ^ minutes after the deflection had become steady In the case of a rapidly 
decaying source a much larger number was taken, the decay being followed for 
over half an hour after the maximum deflection had been reached The source 
and dummy were then removed and the balance change observed after con¬ 
ditions had agam become steady Expenments were made alternately with the 
radioactive source and heating coil, as many times as the decaying strength of 
the source permitted 

The observed deflection, m the case of a rapidly decaying source, has to be 
oorrccted for a lag of the apparatus The correction was obtamed in two wa}r8 
The simpler method depended on the determination of the cooling curve of the 
apparatus after a slightly warmed dummy source had been inserted When 
the initial disturbances had died away, the deflection diminished exponentially 
to zero with a defimte half-value period (T.) The mean of several deter¬ 
minations, lying between 1 landl 3mmutes,was 1 2imnutes Itcanreadily 
be shown that the observed deflection at any instant, when a decaying source 
of heat (half-value penod T,) is m place, must be multiplied by the factor 

^ ^ to give the deflection corresponding to a steady rate of heat aup|fly 
equal to the instantaneous value for the decaying source (This calculation is 


*£oe.ea 
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exactly analogous to that used m correcting radioactive sources for transient 
eqtuhbnum) 

The second method was a direct one, m which the heating coil was inserted 
and the current through it reduced in such a way that the heat evolution 
decreased exponentially with a given period The two methods gave results m 
excellent agreement except m the case corresponding to Ra C (see Section 4 (e)) 
The heating produced in the coil was calculated from its resistance and the 
current passing through it, the latter being found from the voltage of the cell 
and the total resistance of the circuit The voltage was measured on an 
aocurate Weston voltmeter, which was standardised from time to tune against 
a cadnuum cell 

4 ExpenmerUal ResulU 

In the following tables the strength of the source is given m “ miUigrams,” 
by which is meant the number of milligrams of radium which would produce 
the same gamma-ray lomsation when measureil through 18 mm of load The 
values have been corrected m every case for absorption of the y-rays bom the 
source in the walls of the containing tube and m the wire on which the soutoe 
was deposited This correction lay between 0 2 and 1 2 per cent 
(a) Radon —Thirty experiments m all were made with this product, extending 
over a period of several months The mean value of the heating was 101 7 
oal /hour per gram, and in only one case did an mdividual result differ from 
this by more than 1 3 per cent The probable error as given by the formula 
2/3VSd*/n (n — 1) is less than 0 2 per cent 
Table I gives the result of the last eight experiments m which the largest 
sources were used, so that these results should be the most reliable 

Table I—Radon 


Strength of loaroe 


8?86 
33 30 
28 IS 
23 60 

23 U 

24 S3 
20 73 
17 72 


oaU/honr 
3 437 
3 394 
2 873 
2 403 
2 330 
2 609 
2 099 
1 794 


101 S 

101 9 

102 0 
101 8 

100 7 
102 3 

101 2 
101 3 


101 6 
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Takuig account of possible sources of systematic error, vu, the radium 
standard used, the standard cells, and possible mequahty m the heat losses, it 
IS felt that this result can be relied upon to withm about 1 per cent It will be 
seen m Section 6 (a) that the theoretical value is 102 4 cal /gram-hour 
{b) Sadwm (B -f C) —The ordinary method of preparation of this kind of 
source on a wire, vis, by exposure to radon for two hours m an eloctno field, was 
found to give too irregular a decay for accurate work Such irregulanties fre¬ 
quently ocour with sources prepared by this method Therefore a quantity 
of radon was mtroduced mto the tube itself and allowed to stand overnight 
with only a very small mercury surface exposed in a constnction m the tube 
The radon was then pumped off and the tube out off, washed out with aloohol, 
baked and sealed. The resultuig source followed very closely the nomud decay 
as given by Braoebn's* corrections to the tables pubhshed by Lawson and 
Hess.t 

The results are shown m Table II, where the strength of the source given m 
column 2 rejoesents the amount of Ba C present as given by the y-ray measure¬ 
ments A small ooneoiaon is apphed in section 6 (b) for the y-ray effect due to 

Ba B The lag oozreotion is given by = — 3 6 per cent, 34 mmotes 

84 min. 

being the time m which the observed heating would have fallen to half value at 
its actual rate of decay 


Table n-Ro(B + C) 



(c) Radium C —This source was prepared by rotating a 1/6 mm nickel wire 
m a solntaon of Ba (B -f G) m hot hydrochlono acid. The actave deposit wu 

*'Froo Osmb ndLSoo.,’voI 2S.p 100(1936) 
t ‘Wien Barrd 127, Da. 626-7 (1918) 
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allowed to stand for 26 minutes before dusolvmg m order to allow the Ra A 
to decay to a n^^ble value After 16 nunntes’ rotation the wire was washed, 
dried, and sealed into its glass tube The source decayed normally with a 
period of 19 7 mmutes, which is the period given by Bracebn • 


Table III—RaC 


TimB after remoral 

Mg 

CaL/hour | 

Cal /gram hour 

mm 




41 

8 72 

0 402 

46 1 

SO 

6 37 

0 295, 

46 4 

se 

4 62 

0 216 

46 6 

68 

3 38 

0 167 

46 6 

Mean 



46 4 

Coneotion for lag — 7 4 per rent m 


3 6 

Ofaaerred heating 

42 9 


The calculated lag correction in this case was 1 2/19 7 = 6 1 per cent, 
while an experimental determination with a heating coil gave 8 7 per cent 
The mean of these two values was used m the above calculation The du- 
orepanoy was perhaps due to difficulty m diminishing the heating current with 
sufficient legdanty at so rapid a rate 

(d) Thonum {B + C) —The deposits of this product were obtained on 
platinum wires | mm in diameter by electrolysis of a solution of radiothonum 
m weak hydrochlonc acid The first decayed at the normal rate for a source 
obtained by long exposure to the emanation The results are shown m Table 
IV (a) 

The second source consisted imtially of Th B and Th C in transient equihbnum 
proportion together with a large excess of Th C The results are shown in Table 
IV (6), a correction being apphed to the first two readings for the heat which 
would have been emitted if this excess Th C had been aocompamed by the 
oonesponding quantity of Th B The correction is based on the difierenoe 
between the mean observed heatings of Th (B + C) and Th C, vis., 2 8 cal /hour 
per gram of Th B (It will be seen in Section 5 (d) and (s) that this large differ¬ 
ence 18 the result of two effects the beta rays of Th B and the transient 
eqndibnnm between Th C and Th C" ) 


* Loc eu 
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Table IV—Th(B + 0. 


Tlaie 

after 

removal 

Mg 

Th(B + C) 

es^ 

Total 

mg 

Cal /honr 

GaLjgam 

Oorreotion 
for de&oit 
of ThB 

Coireoted 

OaL/giam. 

hn m 
(«) 



1 ' 





1 41 



3 66 

0 1880 

ol 6 


61 6 

s so 



3 27 

0 1670 

61 1 


61 1 

5 S8 



2 88 

0 1482 

61 3 


61 3 

(6) 

0 5S 

6 14 

1 00 

7 18 

0 3626 

40 6 

+0 8 

60 8 

2 64 

4 47 

0 48 

4 06 

0 2474 

60 0 

+0 s 

60 2 

5 18 

3 86 

0 07 

3 02 

0 1077 

60 4 


60 4 

7 06 

3 40 

0 02 

8 42 

0 1747 

61 1 


61 1 

22 11 

1 26. 

— 

1 26 

0 0640 

60 6 


60 6 

Hean 







60 8 

Oomotioii for lag 

3= — 0 2 per cent m 




0 1 

Obeerred heating 

60 7 


(e) Thonum 0 —^Thu prodoot was obtained by rotating a nickel wire | mm 
in diameter for 2 hours m a hot solution of radiothonum m weak hydrochlono 
acid The wire was then washed and dned and sealed mto its {^ass tube The 
gamma-ray decay was slightly too slow, giving a half-vaine period of 62 4 
mmutes for the first 4 hours Measurements on the next day by both ^ and 
Y-rays showed it to be decs}ring with the period of Th B It was estimated 
from the decay curve that the source contained imtially about 0 7 per cent of 
Th B, and that during the heatmg measurements, an hour after separation, the 
amount present was 1 4 per cent of the equihbnum proportions It will be 
seen from the results for Th (B -f C) and for Th C that the heatmg due to this 
amount of ThB is qmte negbgible 

Table V ThC 


Time after nmovel 

Mg 

Cal/hov 

Cal /gram-hour 

niin 




48 

4 47 

0 2206 

40 S 

61 

4 32 

0 2111 

48 0 

54 

4 10 

0 2087 

48 6 

67 

4 06 

0 1088 

40 1 

60 

3 01 

0 1021 

40 1 

63 

3 80 

0 1842 

48 6 

66 

3 66 

0 1786 

48 8 

Mean 



48 0 

Correotlon forlag-»_ — —1 Oper oent. 

1 0 

Obeerred heating 

47 0 
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6 CahukUed Rate of Heat Production 

(a) Radon —The energy of the alpha paitiolofl per gram per eecond is given 
by ^£nmv*, where n is the number expelled per gram per second, m the Tn«uw 
of a particle, and v its velocity, the sonunation mduding the alpha particles 
from the radon, Ra A, and Ra C A small factor (1 -h 4* ) amounting 

on the average to 1 002 may be apphed for the relativity increase of energy 
In the case of Ra C, nis equal to Z, the number of alpha particles ejected per 
second by a gram of radium, but for the radon and Ra A the number is 0 9 per 
cent lower on account of the transient equilibrium For the present we shall 
assume Hess and Lawson’s* value for Z, vu , 3 72 X 10^ Using the velocity 
of the Ra C alpha particle as given by Rutherford and Robinson,t and those 
of the other products as deduced from Geiger’s rule v* = ifeR (confirmed by 
BnggsJ), we have 

Rn V = 1 613 X 10* cm /sec «* = 2 fa02 x 1«»* 

RaA 1 688 2 849 

RaC 1 922 3 694 

Taking mg as 6 696 X 10~*^ gm, 

L222 X 6 696 X 10"** X 3 72 X lO** 

X + 3 694) X 10« = 1 118 X 10* ergs/gm -sec 

Multiplying by 3600/4 186 X 10^ we obtam 96 1 cal /gram-hour 

The energy of the recoil atoms is on the average 4/218 of this figure, or 1 8 
cal /gram-hour 

The energy of the p-rays has been detenmned experimentally by Qumey,S 
who gives the distribution m the p-tay spectra of Ra B, Ra C, Th B and Th C 
The wiiuM per unit area of absorbing material m our apparatus was 0 193 
gm /cm * It appears from measurements by Madgwiokjl that in our apparatus 
rays up to Hp 4000 would bo almost entirely stopped, these alone possess about 
40 per cent, of the total p-ray eneqy For rays above Hp 4000 the energy 
absorbed was calculated, m groups covering small ranges of velocity, from 
data given by Rawlinson, Danyss, Varder, Madgwick and others It was 

*Loe eU. 

fPhlLMag.’vol 28, p 662(1914) 

J‘Roy Boo Proo,’A,Tol 114,p 844(1927) 

i'Roy Soo Proo.‘A.vol 109,p.540(1926){ vol 112, p 880(1926) 

li ‘ Proo Camb Phil Hoc,' vd 28, p 970 (1927) 
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eatiinated that about 80 per cent of the ^-ray energy would be absorbed in 
the case of both Ra (B -|- G) and Th (B + C), while the rays of Ra B and Th B 
would be entirely absorbed 

The estimated contributions of the ^-rays to the heating are given m Table 
VI In the worst case, that of Ra (B -f C), an error of 10 per cent m the 
estimate would only affect the total theorotical heating by 1 per cent, while 
m the case of radon the percentage effect would be only half as great 


Table VI 



1 Total energy of 
beta raya (Gnmey) 

abwirhcd 

AaC 

cal /gram hour 

4 3 

cal /gram hour 
3 2 

RaB 

1 3 

1 3 

Ra(B + C’) 

S 0 

4 5 

The 

4 1 

f li 

ThB 

0 0« 

0 «, 

Th (B 4 C) 

1 4 7, 

1 H 


The heating effect of the gamma rays under our conditions was estimated 
from the results of Blhs and Wooster* to be less than 0 1 per cent of the whole 
heating and oan be neglected 

The calculated heating of radon in our apparatus is therefore 

Alpha rays 96 1 

Recod atoms 1 8 

Beta rays 4 6 


Total 


102 4 cal /gram-hour 


(h) Ra(B + C) —For the alpha rays we have — 
1 002 X imofiv* = 

4 

For the recoil atoms— x 39 1 = 

Vot the beta rays (see followmg paragraph) 


39 I cal /gram-hour 
0 7 
3 7 


Total 


43 6 cal /gram-hour 


Gurney’s data were obtamed with sources of radon, m which equal numbers 
of Ra B and RaC atoms break up per second, In an active deposit souroe 
• ‘ PhU MagT(d SO, p S21 (1026) 
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this 18 very far from being the case, and a calculation shown that at the time the 
heating measurements were made (68 to 90 mmutes after removal) approxi¬ 
mately two-fifths as many atoms of Ra B break up as of Ra C in umt time 
Therefore the contribution of the Ra B beta rays to the heating is only 0 6 
calone instead of 1 3 This gives a figure of 3 7 instead of 4 5 cal /gram-hour 
for the ^-ray heating under the experimental conditions 
A further small correction has been applied to the theoretical heatings based 
on the result given by Slater,* that m an electroscope covered with 18 mm of 
lead 1 per cent of the ionisation is caused by Ra B, when equal numbers of 
Ra B and Ra C atoms are dismtegrating per second We are assuming that 
the ionisation in the electroscope is a measure of the activity of the Ra C The 
effect to be corrected for is the difference between the ionisations caused by the 
Ra B in the radium standardf and that m the source of heat In the case of 
radon the two effects are equal and opposite, so that no correction is required 


In the exxKTiment with Ra (B -f- C) the average value of the correction over 

the penod of the electroscope readmit is I — 

0 4, or 0 6 per cent In the 

case of Ra C the full correction of 1 per cent applies 

The correction for the y-rays of Th B has been estimated to be also about 1 
per cent at 18 mm of lead The corresponding correction for the radium 
standard m the Th (B -{- C) and Th C heatings has been taken into account m 
the determination of the relative number of a-particles, and need not be ap^died 

here 

The final theoretical figure for Ra (B -f- C) u 
43 8 cal /gram-hour 

1 then 43 6 -f- 0 6 per cent = 

(c) BaC 


Alpha rays 

39 1 (as for Ra (B f (’)) 

Recoil atoms 

0 7 

Beta rays 

3 2 

Total 

43 0 

Correction for y-rays of Ra B m radium 


standard = -f 1 per 

0 4 

Theoretical heatiiq; 

43 4 cal /gram-hour 


* ‘ Phil Magvol 44, p 302 (1022) 

t The efleots (rf the r nys of th* radium itaeif and a< the Ra I> m the standard probably 
do not exceed 0 2 per cent 



830 


S W Watson and M C Henderson 


(d) Thorium (B + C) —In a previous paper* it was found that 4 03 X 10^® 
alpha particles are emitted per second by a source of Th C corresponding m 
gamma-ray activity to a gram of radium, when measured through 18 mm of 
lead This result can be employed du«ctly to calculate the theoretical develop¬ 
ment of heat by Th C (as is done in the following section), but in applying it 
to a source controlled by the decay of Th B, several transient equilibrium factors 
must be taken mto account The distmtegration scheme is shown below, 
the Y-reye an«e from Th C",t while the a-rays come from Th C and C' 

TUB —The 
10 6 hr eo^mln 



The period of Th O' is so short that Th C and Th O' are always present m a 
fixed ratio In a source of Th C a dismt^ration of one atom of Th C" per 

second is aocompanied by ^ or 0 947 atom per second of Th 0 and 
Ao* 

hence by 0 947 alpha particle of 4 8 cm range In a source of Th (B -|- C), 

corresponding to one atom of Th C" per second we have • ^1^ 

AoV 

or 0 900 atom of Th B per second, hence 0 900 x : or 0 996 atom per 

— Ab 

second of Th C, and thus 0 996 4 8 cm alpha particle Therefore for the 
same y-iay activity there are tunes as many a-particles of either range 


emitted per second from Th (B -fC) as from Th C For a y-ray effect equal to 
that of a gram of radium through 18 mm of lead the number of particles expelled 

per second from Th (B -f C) will be 4 03 x 10^® x , or 4 24 X 10^® 
(assummg the value 3 72 x 10^® for radium) 

If we take the branching ratio as 36 66, the heat production of Th (B -f C) 
can be calculated as follows — 


Th C a V = 1 696 X 10® cm /sec 

ThC'x v= 2 063 x 10® cm/sec 


* WstaoQ sadHeDdmoB, ioe. eU 
t Hahn and Heitoer, ‘ Fhys Zeitv<d 13, p 390 (1012) 
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The energy of the alpha rays and recod atoms u 


1 003 Sinmoti* (l + Ajergs/gm -sec 

46 4 cal /gram-hour 

Beta rays 

3 8 


50 2 

(Section 5 (6)) CJorrection for y-rays of Th B 


= — 1 per cent = 

0 5 

Theoretical heating 

49 7 cal /gram-hour 


(«) Thonum C —As mentioned m the preceding paragraph, the number of 
alpha particles per second per equivalent gram of Th C is 4 03 •< !()“*, so that 
the theoretical heating is— 

Alpha rays and recoil atoms x 46 4 44 1 cal /gram-hour 

Beta rays 3 U 

Theoretical heating 47 £5 cal /gram-hour 


6 Comparuon of Observed and Calculated Results, and Discusswn 
The reenlts may be tabulated as follows — 

Table VII 


Prodnot 


g.+c 
jB + O, 


Observed 

heetlDg 

Theoretioel 

heeUng 

100 X 

Tbeoietioel 

Reletsve 
to Rn 

101 « 

103 4 

09 2 

100 0 

43 1 

43 8 

08 4 

09 2 

42 e 

43 4 

08 U 

90 7 

80 7 

40 7 

102 0 

102 8 

47 0 

47 2, 

101 4 

102 2 


The relative results given m the last column are independent of the assumed 
rate of emission of alpha particles by radium, the value of the radium standard 
used, and any systematio errors m the heat measurements 
The agreement in the case of the thonum products is not as good as in that of 
the radium products, but the discrepancy lies withm the probable errors m the 
determination of the relative numbers and velooitieB of the alpha particles, 
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the branching ratio, the eetimated heating from the beta partiolea, and the 
heat measurements themselves The good general agreement of the results 
18 consistent with the supposition that no considerable amount of heat is 
radiated from the atom m forms which we have not taken into account, such as 
electromagnetic radiation soft enough to be absorbed m the type of calorimeter 
used 

It IS interesting to note that the ^-ray emitters Ra B and Th B show no 
abnormal effects Herszfinkiel and Wertenstem* found that the ^ray heating 
of Ra B did not exceed 2 per cent of the heating caused by the ac- and ^-rays 
of RaC 

If Qeiger and Werner’s value of 3 4 x 10^ a-particles per second per gram of 
radium is correct, it follows that from 10 to 12 per cent of the hei^tmg must be 
caused by easily absorbed radiation not included m the above oaloulatioiis. 
This would require about 40,70 and 80 quanta per atom, for instance, for radium, 
Ra C and Th C respectively, if the radiation were of a wave-length of 1 A U , 
and correspondingly more quanta for softer radiation There is at present 
no evidence for the existence of soft radiation m such quantity If such an 
additional emission of energy does occur, the proportion which it bears t# the 
total energy must be very nearly the same for a large number of radioactive 
bodies, this is seen from Table VIII, where the results of vanous observers 
are compared with the corresponding theoretical heatings calculated on 
the basis of 3 72 X a-particIcs per second The table mcludes the mem¬ 
bers of the radium family alone, smee the comparison for Th B and Th G 
involved additional sources of uncertainty, as mentioned above The theoretical 
values have been recalculated from the same data as have been used earlier m 
this paper, mcluding the fractions indicated of the values given by Gurney and 
by Ellis and Wooster {loc mt ) for the heating effects of the and y-rays respec¬ 
tively In the case of the y-rays of radium, calculated by Lawsonf to give 
0 9 cal /gram-hour, it is assumed that 0 6 cal /gram-hour will represent the 
heating due to the amount absorbed m the calorimeter used by Meyer and Hess, 
and by Hess 

The high d^;ree of uniformity of these results seems to be consistent with 
the view that the rate of emission of alpha particles can be calculated from the 
heatmg effects, which, as far as they go, support Hess and Lawson’s result 


• • Jour d* Phys ,’ vol 1, p 143 (1920) 
t * Nstnie,’ vol 116, p 897 (1^) 
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Table VIII 


Obwrren 

Product 

Ufaeerved 
oal/gm hr 

Theoretical 
cal /gra lir 

. Ubeorved 
" fheoietioal 

Meyer and Hew* 

Ra + Hn H A | B i Cm 

132 3 

130 8 

101 

eluding all p raya and IS per 
cent of the y myi 





Hen* 

Ra alone 

2R 2 

25 I 

loo 

Rutherford and 

Rn -f A + B -1- C including 00 

103 5 

103 1 

loo 

Bobmeon* 

per cent of the |3 ray energy 




Pieeent expen 

Rn -1 A + B + C 

101 0 

102 4 

00 

menteia 
Preaent expert 

Ra C and Ra (B + 0) (mean) 



00 


• Ijoe ctf 


Meitner,* eatimating the eneigy of the ^ and Y'^yf on a somewhat hypo¬ 
thetical basiB, fonnd the total observed heating of radium to agree with a value 
3 B X 10^^ a-partioles per second par gram of radium, this, however, was 
before the ezpenmental detemunations were made by Qumey and by Bllia 
and Wooster Thibaudf calculated the energy of the y-iays from his estimates 
of ike intensities of the lines m the Y'f*y spectra Hia value for the yniy* of 
Ra (B -f C) IS 6 3 cal /gram-hour, which is considerably lower than Ellis and 
Wooster’s result (8 6 cal /gram-hour), but his y-rsy mtensities are probably 
inaccurate (cf mtensities given by Ellis and Wooster, 'Froc Camb Phil 
8 oc,’ vol 23 (VI), p 717 (1927)) 


7 Summary 

The rates of heat evolution by five combinations of radioactive bodies, vis, 
Rn -t- Ra (A 4- B -f C), Ra (B -f C), RaC, Th (B -1- C), Th C, have been 
measured by a resistance thermometer method The results obtained agree 
within 2 per cent with the theoretical values based on Hess and Lawson’s 
data for the rate of emission of alpha particles by radium (3 72 x 1(P® per 
gram per second) If there is any evolution of heat other than that pro¬ 
duced by the known radiations (as is required by Qeiger and Werner’s value for 
the rate of emission of alpha particles) it must be m nearly the same proportion 
in a large number of radioactive products, and must occur m an easily absorbed 
*fotm in a quantity cotresponding, if electromagnetic, to a large number of 
quanta per atom dismtegrating 

* ‘ Natuiwiss.,’ vd p 1140 (1934) 
t ‘ Oompt. Rendvd. 180 (1), p. 1166 (1986) 



884 


B W James, I Waller and D B. Hartree. 


The authors wish to express their thanks to Sir Ernest Rutherford for his 
interest and advice, to Dr J Chadwick, who suggested the work and was a 
constant source of assistance and valuable criticism, and who also prepared 
several of the radioactive sources , and to Mr G R Crowe, who prepared the 
remaining sources 


An InvestxgatMn %wU> tJie Existence of Zero-Potnt Energy %n the Booh- 
SaU Lattice by an X-Ray Diffraction Method 
By R W James, M A , I Wali^es, Ph D , and D R Hartbeb, Fh D 
(Communicated by W L Bragg, F R S —Received December 22, 1927 ) 


1 Introduchon 

In the present paper we shall attempt to collate the results of four separate 
lines of research which, taken tether, appear to provide some mteresting 
ohecks between theory and experiment The mvestagations to be ocmsulbred 
are (1) the discussion by Waller* and by Wentzel,t on the basis of the quantum 
(wave) meohamos, of the scattering of radiation by an atom, (2) the calculation 
by Hartree of the Sohrddinger distribution of charge m the atoms of chlorine 
and sodium, (3) the measurements of James and Miss Firth^ of the scattering 
power of the sodium and chlorme atoms in the rock-salt crystal for X-rays at a 
senes of temperatures extending as low as the temperature of hquid air , and 
(4) the theoretical discussion of the temperature factor of X-ray reflexion by 
Debyef and by Waller || Application of the laws of scattering to the distnbu- 
taon of charge calculated for the sodium and chlorme atoms, enables us to 
calculate the coherent atomic scattering for X-radiation, as a function of the 
angle of scattering and of the wave-length, for these atoms m a state of rest, 
assuming that the frequency of the X-radiation is higher than, and not too near 
the frequency of the K-sbsorption edge for the atom ^ From the observed 

* • PUL Mag,’ Tol 4, p 1228 (1927), * Nature,’ July 30.1927 
t ‘ Z { Fl^dk,’ vol 43, pp 1. 779 (1927) 
t‘Roy.8oo.Proo,’Avol 117, p. 62 (1927) 

{ ‘ Ann. d. Fhyaik,’ vU 48, p 49 (1914) 

II * Z f Phyrik,’ vol 17, p 398 (1928). ' UpaaU Disaertation,’ 1926 
t TUs oonditioa ii fnlflUed with luffloimt aoonraoy in all the spplioatiooa of the aoaMer- 
Ing laws made hen If the frequeiu^ of the Z-radiati<m the K abaorpMoa 

limit, OHomaUms Mattering will ooour 
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•oattenng power at the tempetatuie of liquid air, and from the measured value 
of the temperature factor, we can, by applying the theory of the temperature 
effect, calculate the scattering power at the absolute zero, or rather for the 
atom reduced to a state of rest The extrapolation to a state of rest will differ 
aocordmg to whether we assume the existence or absence of zero point energy 
in the crystal lattice Hence we may hope, m the first place to test the agree¬ 
ment between the observed scattering power and that calculated from the 
atomic model, and m the second place to see whether the experimental results 
indicate the presence of zero-pomt energy or no 

2 The Scattering of BadvUton by Bound Electrons 
In the previous work in which attempts have been made to determine the 
distribution of charge withm the atom from the observed scattering curves 
or F-curves, for the atoms,* or to test atomic models by comparing the F-curves 
calculated from them with the observed curves the dassical law of scattering 
due to J J Thomson has always been employed, and it has been assumed that 
all the radiation scattered from the atoms m the crystal lattice is coherent 
l^w smee the discovery of the Compton effect it has been evident that these 
assumptions are not justifiable A certain fraction of the mcident radiation is 
scattered with a change of wave-length, and smoe no diffraction maxima corre¬ 
sponding to radiation with a modified wave-length can bo detected, this radia¬ 
tion may be presumed to be incoherent, so that no defimte phase relationship 
exists between the incident radiation and this part of the scattered radiation 
Owmg to the existence of this incoherent radiation it appeared that serious 
errors might have been mtooduced into the older calculations of F-curves and 
attempts were made by Wilhamsf and by Jaimceyit to recalculate some of the 
F-ourves which had been deduced from theoretical atomic models so ^ to make 
allowance for this 

The advent of the quantum mechanics, however, has made it necessary to 
reconsider the whole question of scattering, and we shall outhne bnefly some of 
Hie results so far obtamed, which appear to be of considerable importance 

* In this paper F will always denote the ratio of the ampbtnde of the coherent radiation 
seatteied from an atom in a state of rest to the amplitude scattered from a free eleoteon 
aooocding to the classical theoiy of J J Thomson Corresponding to the applioatinii 
nta/lA here, we shall assume F to depend only on (sin d)/X, a being the wave-length oi the 
radiatttti employed and 2« the angle of scattering The F curves give F as a function of 
(sin S)/\ 

t ‘ Riil Mag vol 2, p 657 (1926) 
t’Fhyi Rev.’vol 29, p 605(1927) 
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What follows refers m the first instance to scattering by an electron movug 
in a stationary atomic field Wo shall neglect relativity corrections, which 
cannot introduce an error greater than a few per cent m the appbcations 
made here 

We may consider what happens as the radiation falling upon the electron 
gradually decreases in wave-length As the wave-length diminishee, so that the 
frequency of the incident radiation becomes large compared with the character¬ 
istic absorption-frequencies associated with the electron, the dispersion formula 
which holds for optical frequencies gradually transforms mto the classical 
Bcattenng formula for a free electron, due to J J Thomson, and this remains 
true until the wave-length approaches the linear dimensions of the imtial 
" orbits ” of the electron As the wave-length becomes shorter, the scattering 
of coherent radiation diminishes and becomes more concentrated in the forward 
duection of the mcident light We could picture the effect by supposing the 
electron to consist of a spatial distnbution of charge each element of which 
scatters according to the dassical law For such a distribution the resultant 
scattering m directions other than the forward direction will be diminished by 
mterference The distribution of cha^e which would actually give the aqgular 
distnbutaon of coherent scattered radiation calculated by the wave mechaiucs 
18 precisely the Schiodmger distnbutaon of charge for the scattering electron 
m the parbcular stationary state oonoemed (m practice the normal state) 
The eleckon will in fact have an F curve which can be calculated from its 
Sohrddmger distnbutaon of charge 

As the coherent scattenng diminishes, mcoherent soattering will occur which, 
as the wave-length decreases, approximates more and more closely m mtensity 
and distribution to the Compton effect, and practically merges mto it when the 
momentum of the incident quuitum is la^ compared with that oorresponding 
to electronic motaons m the atom The sum of the mtensities of the coherent 
*ud incoherent radiation during this whole process is given by the Thomson 
formula* 

For an atom contaming more than one electron, the total Schtbdinger density 
of charge may be found by taking the sum of the densities oorresponding to the 
separate electrons. If the frequency of tJie mcident radiation is higher than, 
and not too near, the frequency of the E-absorption edge of the atom, we 
may therefore expect, and this is the pomt of importance for our present 
porpose, that the coherent part of the scattered radiation may be directly 

* If the frequenoy of the Inokient redietion ie ao Iii(^ that rebtivity ooneatiou asnet 
be tekea into eoooant, thie reenlt le no longer true 
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oahmlated by •pplyiog the olaasioal Thomaon fonnals for the ami^de of the 
■caittered radiation to each element of that dutnbntion of electncitj which u 
defined by the Sohrddmger density dutnbution for the uutial sti^ of the 
eoattering atom (m practice the normal state)* In this case it is no 
longer true that tiie intensity of the radiation scattered m any direction is 
given by the niomson formula, although we may expect to obtain some degree 
of approximation to the intensity by ap|dying the results given for one electron 
to each electron of an atom containing several electrons t 
The importance of these results in oompanng theory and expenment is at 
once evident Distributions of charge deduced from observed F carves will 
be the Schrbdinger density distributions, and conversdy, if the Sohrddmger 
distnbution for any atom can be oidcalated, the scattering curve to be expected 
with X-rays whose frequencies lie within the bmits already defined can at 
once be calculated according to the classical laws given above 

3 CalouitUton of the St^rddxnger Ihdnbuixon of Charge for Sodium and Chlonne 
In order to caloulate accurately the Schrodinger density of charge for an 
atom containing N electrons, it is first necessary to find the characteristic 
values and functions for a Schrodinger wave equation in 3 N vsnableB How¬ 
ever, a Bunpler method which appears to give a good approximation to the 
distribution of charge of the core electrons of an atom on the wav^meebamos 
IS available , it has already been given m some detail by one of us (D R H) 
in two papers^ and will here be desenbed only bnefly 
An approximation to the mteroobons of the various electrons m an atom is 
made by sappoeing that a centeal field of force acts on each one As the 
Sdurddinger charge diatnbutum for a complete group is spherically sym- 
metnoal, this is probably a close approximation for expressing the mteractions 
of any electron with a closed group, and for the interadaona of the electrons 
withm a single closed group it is the simplest approximation which can be 

*0/ anot»byoosoliM(IW)to‘NstarwiiscMchs ftw i , *DccMnbe(t8,19>7 Ifthestom 
oontains N dsotrons, the SohrOdlnger otasnotwistio fimotioos'(Bigeofniiktionni) ^ are 
fttnotkms of the 3N oo-oidinstes at tiie eteotrons The density dJstnbution for one 
e l e ote oa in the state n is foond by integrating — «| ^ | * with leapeot to the oo-onUnates 
of all the other eleoteoos, where — s is the charge on one tieotnm It should be pointed 
oat that in this treatment the " retardation” of the foroee between the eleotnms has 
not bean strictly taken into aooount this point will be disouaeed in another pqier 
t Cf WiUlams. ‘ Mem. Proo Manoheeter Ut. Rul Soo ,* voL 71, p. S3 (1M7) 

VOMBib. nUL Boo Prao,’ Tol Si, pp SB, 111 (1SS8) 

VOL dxvm—A z 
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made to avoid the detailed aolutiou of the many-eleotroa problem, and eeema 
justified by results given m the papers abeady mentioned 
For any atom or ion all of whose tit groups are complete, a field which may 
be called the “ self-consistent field ” may be found as follows Consider first 
a given field which can be thought of as the sum of contributions from the 
nucleus and from the various groups of core electrons, it may be called the 
imtial field ” For each tit corresponding to a group of core electrons the field 
IB corrected approximately for the fact that the distributed charge of any one 
electron of this group does not contribute to the field acting on that electron, 
the solution of the wave equation for one of the core electrons m the fidd so 
modified can be evaluated, and from it the distribution of diarge for the group 
can be found (it is centrally symmetncal as the group is assiimed to be com¬ 
plete) , finally the field of the nucleus and distribution of charge of all the 
oore electrons can be calculated, and may be called the final field ” If this 
IS the same as the imtial field used to calculate it, it is called the " self-consistent 
field” 

The process of determinating the self-consistent field of a given atom is 
one of successive approximation, the numerical work mvolved m finding a 
close approximation to it is by no means prohibitive, and it seems probable 
that the disbibution of charge m such a field is a good approximation to the 
actual distnbution m the atom (so far as it can be thought of as in ordinary 
space at all), and very possibly the best that can be obtained without much 
more elaborate theoretical and numerical work 
Details of the methods used for solvmg the wave equation numencally, and 
for working out the successive approximations to the self-consistent field of 
an'atom are given m the papers already referred to Tables of the distnbubon 
of charge for the final stage of the successive approximation to the self-con¬ 
sistent fields of Na'*' and Cl~ are also given in tiie second paper, these taUes 
give the radial charge density U (r)* in electrons per unit radius as a function of 
the radius, the unit of length being the ” atomic unit ” a^ = h*l4iAntfi = 0 632 
A U , m the present paper the Angstrom umt will be used as the unit of 
lengtL Curves of U (r) as a function of r for Na'*' and Gl~ are given here m 
figs 1 and 2 For comparison, the distributions given eariier by Paulingf are 
also shown, these are oaloulated by a method which takes the radial distnbn- 

* Ia,, U(r) is the ohaige oontai ne d in a spherioal shril between radii r and r -|-dri in 
thap^penrelemdtoU(r)isoaIled —dZ/dr For an ion oonsMag of dosed graops, this 
ohsige is distriboted rndfomily over tbs spheee. 
t * Roy Soo. Pmo 1. vd 114, p. 181 (IMT). 
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tion for any electron as being that given by the wave meohamos for an electron 
in the Coulomb field of a pomt charge, the appropriate value of Uie charge 
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Broken onrve - oakulated by Fauling’e method 


being given by an empmcal table For the dutnbution m a Coulomb field, 
the peaks of the radial density curve are sharper and narrower than for tiie 
distribobon m the non-Goufomb field of an actual atom, also Pauling’s “ sue 
screening constants ” give too large a scale for the distnbution, especially for 
the ootermoet core electrons. The oombuied result of these two difEennoes 
IS that the maxima and minima of Pauling’s radial doiatfy ouive an boo 
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pfOBonnoed, and thia u partieiikriy the cue for the outeimoet Biinimnia, and 
moie 80 for the heavier than for the lights elemente 

4 The Obaerved P Curvet and thetr Correction for Temperature 
The experimental vsluee of P which will be compared with theory were 
obtained m the coatse of an mveetigation of the temperature factor of X-ray 
reflexion from rook salt * Previous oompansons of F with atomic models have 
been based on the work of Bragg, James, and Bosanquet f Later work by 
Havighumt,! Hams, Bates and MaclDnes,§ and Beaidenjl has confirmed the 
general accuracy of the earber experiments In all cases the observations 
were made at room temperature, and to correct them, so as to correspond to 
the atom m a state of rest, a temperature factor of X-ray reflexion now knovm 
to be considerably too small was used The absolute values of the intensity 
of reflexion from rook salt have now been measured at the temperature of 
bquid air Under these conditions the intensities of the spectra of hi^ order 
are greatly increased, and it is possible to follow the scattering curve to angles 
of scattering considerably greater than a right angle In fact, spectra have 
recently been measured at an angle of scattering as large as ISO** The results 
of these observations make it quite evident that the P-ourves hitherto deduced 
from experiment fall away far too rapidly as the angle of scattering increases 
This IS of especud importance in connection with the Fourier analyses of electron 
distribution which have been based on these curves, and we shall return to this 
point later 

The values of F as deduced direcUy from the experimental results will be a 
function of the temperature, since the atoms m the crystals are m a state of 
thermal vibrataon which will affect the average distnbution of charge density 
To obtain the true P as defined in § 2, which refers to the atom m a state of rest, 
it IS necessary to study the manner in which the intensity of X-ray reflexion by 
crystals depends on the temperature The theory of the decrease of mtensity 
of reflexion of X-rays with temperature Was first discussed by Debye,^ who 
concluded that for a simple cubic lattice, consisting of atoms of one kind only, 

•James and Firth, foe. ei( 

t‘PhU.lCBg,'Tol 41,p SOO(lMl). voL48,p l(lMl), vol 44, p 43S11MI) 
t'Flqra Ber.,’voL 28,1^ 8.800,889 (1«S6) 
rPhjs Rev.’vd 98, p. 2S5 (1026) 

H Phjv. Rev vol 20. p 20(1927) 
floaett. 
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uitMi% o{ Ml interferanoe &aiiMd at a glancing angle 0 witk 

wave-lengtih X ehould be mohipbed by a factor where 


„ 6h« ian«e 

yh^ X X* 


( 1 ) 


Here k u Planck’s constant, |x the mass of an atom of the crystal, k Boltxtnann’s 
gas constant, 6 the characteristic temperature of the crystal, x = 0/T, and 
^ («) u a function of x, which approaches unity as x approaches zero, and zero 
for large values of x, and which is evaluated and tabulated by Debye in his 
paper A Uter teeatment by one of us (I W ),* baaed on a different method of 
conneoting the ampbtudes of the atomic vibrations with the normal vibrations 
of the crystal, showed that the &ctor should really be e~^ for the intensity, 
and consequently for the amjd^tade of the spectrum It was also shown 
that for a crystal umt composed of more than one kind of atom, the steuoture- 
amplitude for spectra m which the contnbutions from all the atoms are in 
phase should be of the form £ where F« is the F factor for an atom of 
type ir, supposed at rest, and M. is the value of M appropriate to that atom, 
and m general diffws for different atoms, the summation being taken over all 
the atoms m the crystal unit Formulm expressing M. as a function of the 
forces between the atoms were also given 

The expenments of James and Miss Firth showed that, for rook-salt, the 
observed temperature factor agreed quantitativdy with the amended Dehye 
theory from 86” absolute up to about 500° absolute, for spectra whose structure 
anqihtudes wore of the type (Fer-“)p, -f (F«-“),, But it was also found 
that for spectra of the type (P«“*)oi — (Fs”**)*, the decrease m intensity with 
temperature was considerably smaller than for those of the other type This 
can only occur if M is different for ohlonne and sodium From these results 
Waller and Junesf deduced the ratios of the values of Fe'** at room tempera¬ 
ture, and at the temperature of hquid air, for the ohbrme and for the sodium 
atoms separately This does not suffice to determine the M’s, since all we are 
able to obtam from the ratio of Fe'*' at two temperatures is the value AM, or 
the difference between the values of M iot those temperatures By adding to 
M any constant quantity, independMit of the temperature, we should not alta 
AM, and thus the existence of such a constant could not be inferred from the 
ratio of Fs~** at two temperatures. 

Now M IS, for atoms of one kind, ^portaonal to the enmgy of vibiatien of 


* * UpsaU niisirttrton.* IMS. 
t ‘ Boy 8oo Prao.,’ A. voL 117. p 214 (IMT) 
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these atoms M may be regarded as composed of two parts M' and B. If no 
zero-pomt energy exists, B u zero and M is identical with M', vanishing at 
absolute zero The quantity B, which is independent of temperature, repre¬ 
sents the constant contribution to the energy of vibration due to zero-pomt 
eneigy We therefore have the equation 

M = M' + B, (2) 

B being proportional to the zero-point energy 

What we can determine, by supposmg our measurements earned out at 
temperatures as low as we please, is M' We cannot determine M experimentally 
If, however, we can obtain a theoretical estimate of B, we can calculate F, 
using measured values of M', either on the assumption that there is zero-pomt 
energy or that there is not Thus two separate F curves may be obtained for 
each atom, which may be compared with that calculated for the atomic model 

Assuming each atom to be bound in a cubically symmetncal way, the theory 
of the temperature factor shows that if is the mean-square amphtude of 
vibration parallel to any direction r, 

the expansion being oonvergent for temperatures higher than about 00° abs 
for rock-salt In this formula, y can easily be calculated, while « and ^ which 
depend on the mteratonuc forces, cannot be calculated directly For 8, a rough 
estimate, which can readily be obtained, is enough If we assume the sero- 
pomt energy to have the value proposed by Planck, half a quantum per degree 
of freedom, then a is equal to zero, and ^ can be determined from the experi¬ 
mented results in the manner desonbed by Waller and James* On this 
assumption therefore, we may obtam M, and hence F, for the atoms of ohlonne 
and sodium M was found to bo greater for sodium than for ohlonne, indicating 
that the average amphtude of vibration of the sodium atoms is greater than that 
of the ohlonne atoms 

It IS not easy to calculate accurately the theoretical values of a for absence 
of zero-pomt energy The F-curves given by James and Miss Firth correspond 
approximately to this state of affairs, although the separate vidues of M for the 
two atoms were not taken into account, and the formula used to extrapolate 
to absolute zero is really vahd only for a simple cubic lattice 

The curves calculated on the two assumptions are given in fig 3, and it will 


*Loe at 
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Fio 3 —CompuiMm of F valuM deduced from oboenratiun with tboM oaloulated from 
theory F plotted as a fonotion of ain i/k for Na-(- and Cl - lona , 6 ■» glancing angle, 
X = waTO-length in A U Fall oorres show values of F for distnbution of charge 
calculated by wave meohanios, broken onrve shows values of F for distnbution of 
charge for orbital atomic model Crosses show values of F deduced from observation, 
assuming sero point eaerg>, oircke show values of F deduced from obaervation, assuming 
no zero pmnt energy 

The values of F for Cl~ and Na'^ calculated from the Sohrodmger densities, 
and the observed values corrected to correspond to the ions m a state of rest 
on the assumption that zero-pomt energy exists are also given in Table I 
Table I 



K(Na+) 

F(Cl-) 


F (Na+) 

F(Cl-) 

(Kn »)/X. 

1 (^0 1 

Obs* 

Call 

1 1 

Obs* 

(Sm3)/X 

[Calc 

Oha* 

(Uo 

Obs* 

0 00 

10 00 


18 00 


0 60 

3 82 

3 00 

6 40 

6 03 

0 OB 

0 87 


17 11 


0 70 

S 63 

2 40 

8 77 

B 4B 

0 10 

0 BO 


IB 83 


0 80 

S 23 

2 12 

6 06 

4 89 

0 1» ' 

8 n 


18 IS 


0 90 

1 90 

1 93 

4 41 

4 46 

0 SO 

8 SI 

8 30 

11 BO 

11 70 

1 00 

1 76 

1 79 

3 84 

3 96 

0 SB 

7 4B 

7 30 i 

10 28 

10 M 

1 to 

1 BO 

1 65 

; 3 33 

3 SO 

0 so 

6 68 

6 44 

9 30 

9 08 

1 SO 

1 48 


1 8 89 


0 SB 

B 93 

B 79 

8 00 

8 32 

1 30 

1 40 


8 fil 


0 40 

B 23 

B 07 

8 00 

7 70 

1 40 

1 34 


1 2 81 


0 iB 

0 SO 

4 01 

4 07 

4 4B 

3 94 

7 6S 

7 23 

7 so 

6 78 

1 BO 

1 29 


1 09 



* The oheerved valuee in this taUe wen read from curves plotted from the oorreoted valuM of 
F given by Waller and James (loe eU ) 
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B CompanaoH ^ tka CorreeUd F eurvet with (Aom ooMatad from (Ae Jtomie 
Moida 

From the Sohrodinger distnbution of density for the ions of sodium and 
chlorme, obtained m the manner described in section 3, we have calculated the 
F-curves, assuming that every element of charge scattexs according to the 
classical laws, and that the contributions from the charges m different parts 
of the atom can be combined using the ordinary rules of interference The 
radial distnbutions plotted in figs 1 and 2 give the radial density U (r) in 
electrons per A U radius as ordinates and r m AIJ as abscisste, U (r) bemg the 
amount of charge lying between distances r and r dr from the centre of the 
atom The contribution dF to the F-curve from such a shell, for a spectrum 
formed at a glancing angle 0, and hence for an angle of scattermg 26, is ^ven 

hy 

dF = U(f)5J^d/-. 

where ^ = (iw f sm 8)/X, and hence, for the whole atom, F for this spectrum 
18 given by 

(4) 

An mterpretation of this formula is that F is the number of electrons m the atom 
multiplied by the mean value of (sin ^)/^, weighted according to the radial 
density of charge This integral is evaluated graphically or numerically for 
a senes of values of (sin 6)/X close enough to allow interpolation to the accuracy 
required 

Some curves of U (r) sin are given in fig 4, to illustrate the way m which, 
as (sm 0)/X increases, the outer parts of the atom rapidly become of small 
importance, and how at large angles of scattering the form of the F curve 
depends almost entirely on the two K electrons 
The values of F calculated in thu way are tabulated m Table I and are {dotted 
in fig 3 where they may be compared with the values obtained from the expen- 
mental results It will be seen that for both chlorme and sodium there is a 
vwy dose agreement between the calculated values of F and the observed values 
corrected, assuming the ezistenoe of lero-pomt energy The calculated curve 
for each ion is shown as a full line, the crosses show the values obtained from 
experiment aasnming Planck’s value of the sero-pomt energy, and the circles 
the approximate values assuming absence of sero-pomt energy * 

* For cleaiMM, the rasoHa of experiment are shown by points ntlMr the* hy ourvfs. 
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Jfv Mk oUonne and iodiuin« tlu oboerved curve u higher than the oakm- 
lated ona for unall values of 6 This u {mbably due to an incorrect allowance 



FlO 4 —EHiowinK oontribuiion* from difleremt peita of the etomio dietribntion of ohuge 
to F at varioua glanoiiig anglM U (r) (>in 4)/^ in eleotrons per A 17 mditiH 
[</) — 4«f (sm <I)/X] plotted agaiiut r in A.U for 

(•in 4)/X = 0, thus- (sin d)/X = 0 6, thud 

(tin d)/X - 0 8 - — — (sin d)/* ^12 - 

for extinction, which u difficult to measure and which chiefly affects the mtense 
spectza For somewhat higher angles the observed curve falls below the calcu¬ 
lated one, but crosses it again and bee slightly above it for values of (sm 6)/X 
greater than about 0 9 

It IS a httie difficult to be sure to what extent these deviations are real The 
calculated distnbution of charge for the outermost electrons of Gl~ is slightly 
uncertain, on account of difficulties m the calculation due to the negative charge 
on the ion, the consequent error in F mi^t amount to 0 2 and would probably 
be greatest just about where the difference between the observed and calculated 
curves is greatest, but this is not enough to explam the whole difference, other¬ 
wise the precision of the nnmenoal work should be adequate to give values of 
F to 0 08 Whether the sunpbfying assumptions made m calculating the 
distanbution of charge would introduce appreouble error m F cannot at present 
be deterauned 

The observed curves are obtained by taking half the sum and half the difference 
of the smoothed curves for (P«“**)oi + (Pe"“)(i» and (Fs“**)oi — (P«"“)]j.i 
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and it IS possible that some of the deviations ate mtioduoed in this process 
On the difierenoe curve for example, no pomts between (am 6)/X =0*164, 
ootxespondmg to the (111) speotrum, and (sm 6)/X = 0 296, corresponding 
to tile (113) speotrum, can be obtained by observation Between these 
two pomts the curve is fallmg rapidly and its subsequent course for 
higher values of (sm 6)/X makes mterpolation between (111) and (113) very 
doubtful To obtam a more direct comparison of theory and experiment, we 
have calculated from the theoretical density distributions the curves for 
(Fe"“)u db (F«““)** at 86® absolute, using the values of M deduced from the 
experimental results These curves are given m fig 5 The circles m the 
same figure give the observed values for a senes of spectra at the temperature 
of hquid air In obtaining the values of M it was, of course, necessary to use 



the observed valnes at the tempnature of liquid air (86° abe) 
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tbe separate F-oorvee for the two atoms, so that the results are not entirely 
free h»m uncertamty due to lack of knowledge of the exact form of the curve 
for the different spoctra The uncertamty, however, is now only m a correction, 
and the comparison between theory and experiment is more direct The agree¬ 
ment between ealculation and observation is surprisingly good, but there seems 
still to be a systematic deviation of the experimental pdints from the theoretical 
curve The values for high angles of scattering are, of course, difBoult to 
measure accurately, smee the mtensities of the spectra concerned are very small 
But there can be no reasonable doubt that the difference between the F curves 
with and without zero-pomt energy are well beyond the limits of experimental 
error If the theoreluxl model ts acourate, the experitnoUal results seem to tndioalr 
very defimtdy the existenee of zero-point energy 

Now for high angles of scattering the form of the F curve, as we have seen, 
depends almost entirely on the K electrons, and it is very unhkely that the 
atomic model can be much in error so far as these are concerned, since thi 
proportional deviation from a Coulomb field is so small over the mam part of 
the range for which the radial density is appreciable The moan amplitude of 
vibration of the atoms corresponding to zero-pomt energy is of the same order 
as the radius of the K electron region From the ratios of the values of F with 
and without zero-pomt energy, we have calculated approximately the root- 
mean square amplitudes of vibration at absolute zero We find 0 12 A for 
sodium and 0 11A for chlorine Now the K maximum in the density distn- 
bution occurs at 0 035 A from the nucleus for chlorine and 0 052 A for sodium 
The F curve due to the K electrons will thus depend greatly upon whether 
there is or is not zero-pomt energy, and since it is practically this curve that we 
measure at high angles of scattermg, conditions are favourable for distinguishing 
between the two cases, and the discnmmation depends much less on the exact 
theory used to obtam the atomic model than might have been expected 

It may be pomted out here that, smee on the wave mechanics the charge- 
distnbution of an atom or ion, all of whose electrons are in closed groups, 
IS centrally symmetrical, the value of F given by equation (1) holds for a single 
atom, whereas on the orbit model it only holds for reflection from a crystal in 
the direction of a spectrum so that we can average the radial distribution of 
scattering electrons over a large number of atoms 

For comparison, the F curve for Cl~ calculated for the orbital atomic model 
by an approximate method given by one of os m an earlier paper* is also shown 

* D B Hsrtiiee, * Phil Mag.,’ vd 50, p 380 (19S6) Integer vahies of the aziinathsl 
quantum number k are assumed in the numenoal data from which these ourree were oal 
oulated, tiw use of half integer valuea of i; would have only a small effect <m the F curves 
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mfig 3 Ita moit ttnloag diilareQoe from the F curve dedooed from tha wave 
meohanics u a prononnoed “ bump " m the carve for the orbit model * l^e 
existence of this bump for the orbit model and its absence for the wave themy 
mode] can easily be ez{damed On the orbit model, near the outer apse of an 
orbit, radios fg, the radial density (averaged over a large number of atoms at 
an instant of time, or over a long tme for one atom) tends to infinity as r r, 
from below, and is sero for r > fg. This strong concentration of charge just 
inside the outer apse weights very heavily the value of (sm 4)1^ there m the 
integration of (4) for F, as the glancing angle increases, the value of ^ = 
(4w Bin 8)/X for a value of r just less than l^e outer apsidsl distance of the outer¬ 
most groups of orbits passes through successive maxima and minima of (sin 4)f4> 
and on account of the heavy local weighting of the value of (sm 4)f4 this 
radius, these maxima and mimma appear quite noticeably as the bumps on the 
F-curve The same appbes to the contributions to F from the inner groups of 
orbits On the wave mechamos, the charge density remains alwajm fiimte and 
continuous, and although it has maxima and mimma, there is nothing like the 
heavy weighting of the values of (sm 4)14 <>ver a small range which occurs 
with the orbital model, so that the maxima and minima of this quantity do 
not now have such a noticeable effect on the F-curve Their effect does not, 
however, disappear entirely, for 01~ the F-ourve has a portion almost straight 
at about (sm 6)/X » 0 6, between two portions concave upwards This 
straight peoe corresponds to the bump on the curve calculated on the orbit 
model 


6 On ^ Fountr Mdhod of obtatmng Charge Dutrrbutumt 

In this paper, we have preferred to calculate the F-curves from the theoretical 
atomic models, and to compare them with the curves obtamed from the experi¬ 
mental results, rather than to employ the apparently much more direct method 
of deducing a distribution of charge from the F-curves and comparing this with 
the atomic models The method of Founer analysis due to Duane,! which was 
used m this way by Havighurst! and by Compton,} will, of course, give the 
Hchrddinger charge densities By its means we may detemune a “sheet- 

* Fn Ns, the F curve for the orbital model hae a eimilar though lew pconounoed hump 
This ourve also Um above the curve otioulated bom the disMbuttoa of charge aoegeding 
to the wave mech a nlo s 

t * Ftoo Nat. Acad 8oi .* voL 11, p 489 (1835) 
t ' Pkw. Nat. Acad. Sd ,’ voL 11, p 601 (18|0) 
f “ X>iaya sad Usotrau,” p. 161 
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denuty,” in planes paraUel to a set of reflecting planoi of the or 3 rstal, in which 
oaae the coefficients of the terms of the Fourier senes arc proportional to the 
values of F for the successive spectra from these planes, or we may, when the 
F>onrVe for one kind of atom can be obtamed, deduce the radial densit) U (r), 
the coefficients then being proportional to nF., where F« is the value of F for 
the nth order spectrum In either case, the senes must Im contmued until the 
coefficients become so small that the contributions of all further terms to the 
density distnbution arc negligible Now at the highest angle of scattenng at 
which F lias been determined it is still far from negligible 
To employ a Founer senes with a limited number of terms is simply to intro¬ 
duce false detail into the atomic model deduced from it, on the other hand, 
to extrapolate the F-curvea is to assume much of what we are attempting to 
determme These objections apply particularly to the radial hnalysis, for here 
the terms of the series converge very slowly, since each F is mulfrplied by its 
order They apply with somewhat less force to the sheet analysis, but this, on 
the other hand, is not sensitive to the details of the radial distnbution for large 
values of r, while it is mconvemently sensitive for very small values 
If we apply Founer analyses to results obtamed with long wave-lengths we 
shall obtain detail far beyond the resolving jiower of our apparatus, but it will 
be false detad, and will correspond to nothing in the atomic structure The 
method which wo have employed, of comparing the F-curves deduced from the 
atomic models with the experimental F-curves, cannot, of course, give hne 
detail either vanous atomic models diffenng in their fine structure, would give 
practically indistinguishable F-curves It has the ment, however, of involving 
no extrapolations and does compare theory directly with expenment The 
difference between the F-curves deduced with and without aero pomt energy is 
quite defimte and allows a decision between the two cases to be made by experi¬ 
ment Using the Founer method we should have had to distmguish between 
two different radial densities, and the ocourronce of false detail in the calculated 
distnbutions, due to lack of knowledge of the higher coefficients, would have 
made the decision difficult To employ the Founer method with advantage, 
it would be necessary to obtam F-curves with much shorter wave-lengths than 
have hitherto been used, which would, of course, enable higher orders of 
spectra to be observed This is strictly analogous to increasing the resolving 
power of an optical apparatus by using ultra-violet bght as an illummant 
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Summary 

It can be shown that within certain limits of frequency, the F-curve, or 
atomic scattering curve, of an atom for X-radiatiou can be calculated by appl} - 
mg the classical law of scattering to the Schrodinger distribution of charge 
This result is used to compare the F-curves calculated from the Schiddinger 
distnbnbons for the ions Na'' and Cl~, obtained theoretically by an approxi¬ 
mate method, with those obtained experimentally from observationB on the 
rock-salt crystal at different temperatures 
It M /ound that the F-curves so caloulated agree very closely vnth the expert- 
mental curves on the assumpiton that the crystal possesses zero-pmnt energy of 
amo/unt half a quantum per degree of freedom, as proposed by Planck The 
difference between the F-corves with and without this energy is consuierable, 
since the amplitudes of vibration of the atoms at the absolute zero are somewhat 
greater than the radn of the regions within which the density distributions of 
the K electrons are concentrated, and it is upon these electrons that the F-curves 
at high angles of scattering mainly depend 


In conclusion we wish to express our mdebtedness to Prof W L Bragg, 
F R S, for hiB constant help and advice at every stage of this work 
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The Quantum Theory of the Electron Part II 
By F A M Dibac, St John’s College, Cambndgc 
(Communioatcd by H H Fowler, F B S —Kcccivod February 2, 1928 ) 

Id a previous paper by the author* it is shown that the general theory of 
quantum mechanics together with relativity roquue the wave equation for an 
electron movmg in an arbitrary electromagnetic field of potentials, Ag, A„ 
A^ A, to be of the form 

Fiji = [p« + Ao + a, (pi + ^ Aij + «»(P* + “ A,) 

+ «s(Fi + |-A,) + a4*ncj(Ji = 0 (1) 

The a’s are new dynamical variables which it is neOesaary to mtrdHuce m order 
to satiafy the conditions of the problem They may be regarded as descnbmg 
some mtemal motion of the electron, which for most purposes may be taken 
to be the spin of the electron postulated m previous theories We shall call 
them the spm vanablee 
The a’s must satisfy the conditions 

= 1. «**«.- + = 0 (l* V) 

They may conveniently be expressed m terms of six variables p^, p^ p,, o^. 
Up o, that satisfy 

p,» = 1, a,* ^1, p^. = a,p„ (r, » = 1, 2, 3) T 

and (2) 

PlPt = »p8 = - PiPl. = W* = - 0^1 J 

together with the relations obtained from these by eyebe permutataon of the 
suffixes, by means of the equations 

«i “ Pi®i> «i = PiO». «s = Pi^si *= Pi* 

The variables o„ a, now form the three components of a vector, which 
oarreqMods (apart from a constant factor) to the spm angular momentum vector 
that appears m Fauh’s theory of the spuming electron. The p’s and c’s vary 
with the tune, like other dynamical variables. Their equations of motion, 
written m the Poisson Bracket notation [ ], ore 

^ 0 [pr. F]. o, * c [a„ F]. 

* * Roy 8oo Proo,’ A vd 117, p. 610 (1018) Thu is referred to later by fee. eif. 
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It should be observed that these equations of motion are oonsistent with tile 
conditions (2), so that if the conditions are satisfied initially they always remam 
satisfied For example, we have 

thio ai = o,F — Fo,^= ‘iipio, (p, eje A,) — 2»pi<T, (p, •+• «/c A,) 
Thus <Ti anticommutes with oj, so that 

ia^jdi = 0 , 0 , + 0 , 0 , = 0 

The p’s and o’s, and thwefore tiso any function of them, can be represented 
by matrices with four rows and columns A possible representation, m which 
P 3 and o, are diagonal matnces, is given m (loc ctl) § 2 Such a representation 
can apply only to a single instant of time, since the p’s and o’s vary with the 
time To get a scheme of representation which holds for all times, so that the 
equations of motidn are valid in it, we should have to have only constants of 
the motion as diagonal matnces It is, however, quite correct for the purpose 
of solving the wave equation (1) to take a matrix representation for the p’s 
and o’s which holds only for a single instant of time (as was done in loo oU), 
smoe the wave function is then the transformation function connecting the 
p’s, o’s and x’s at this particular time with a set of vanables that are constants 
of the motion, as is required for the general interpretation of quantum 
mechamos 

Before we proceed with the theory of atoms with single electrons that was 
begun in loo otl, the proof will be given of the conservation theorem, which 
states that the change m the probabihty of the electron lieing in a given volume 
during a given time is equal to the probabihty of its having crossed the boundary 
This proof IS supplementary to the work oi loc oU § 3, and is necessary before 
one can infer that the theory will give consistent results that are invanant 
under a Lorents transformation 

§ 1 The Comervatton Theorem 

We shall first make a sbght generalisation of the usual mterpretation of wave 
mechanics to apply to oases when the Hamiltonian is not HermHmn Let 
the wave equation, written in oertam vanablea q, be 

(H-W).Ji = 0 (i) 

Considet also the equation 

{H-^)^ = 0 
or 

(H + W)^ = 0, (u) 
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where the symbol a denotes the matrix obtamed from the matrix a by trans¬ 
posing rows and columns If are suitably normalised solutions of (i) 

and (u) respectively, referring to the states m and n, we take to be the 
corresponding matrix clement of the probability of the q's having specified 
values If H is Hermitian, H is the conjugate imaginary of 11 (obtamed by 
writing — « for t) and the solutions of (u) are just the conjugate imaginanes 
to the solutions of (i), so that m this case our probabihty becomes the 
usual one ijiaijiM In the general case it is necessary to use the transposed 
Hamiltonian instead of the conjugate imagmary Hamiltonian in (ii) in order 
to secure that if are mitially orthogonal or mutually normalised 

(te, = 1^, they always remam orthogonal or mutually normalised 

respectively 

Our wave equation for an electron in an electromagnetic field is 

[po -t- e'Ao + Pi(0-, P + e'A) + ps»wc] t|; = 0 (3) 

where e' = e/c The Hamiltonian here will be Hermitian if a matrix si heme 
for the spin variables is chosen m which they are Hermitian However, if one 
now applies a Lorents transformation to this wave equation and divides out 
by the coefficient of the new the resulting new Hamiltonian will not, in 
general, be Hermitian, although, as shown in foe cif, § 3, it may be brought 
back to its original Hermitian form by a canomcal transformation of the matrix 
scheme for the spin variables In the followmg work we require to havo^the 
same matrix representation of the spin variables for all frames of reference, 
so we cannot assume our Hamiltonian is Hermitian, and must use the above 
generalised interpretation. 

The equation obtained by transpcHing rows and columns in the operator of 

(8) IS 

\.~Po ++ ?i( — p+«'A) + Pi™«] — ^ (4) 

The probability per umt volume of the electron being m the neighbourhood of 
any pomt is given, according to the above assumption, by where this 
product must now be understood to mean the sum of the products of each of the 
four components of ^ (referring respectively to the four rows or columns of the 
matrices p, a) mto the corresponding component of We have to prove that 
this pcobabihty is tiie fame oomponent of a 4-veotor, and that the divergence 
of this 4-veotor vanishes 

2 A 


VOL CXVllI —A 
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[Ps (Po + e'Ao) + PiP3 (O’, P + e'A) + ww] Ps'l^ = 0 
or 

[Yo(Po + '''Aq) + 23Tr(Pf + e'Af) + Mx = 0, (8) 

where 

Yo = Ps. Yf = PiPafff. X = Ps'l' 

Equation (6) is symmetrical between the four dimensions of space and tune, 
and shows that Yo . “ Yn — Ys* ~ Y# contravanant components of a 

4-vector If we multiply (4) by pa on the left-hand side, we get 

['o(— Po -f e'Au) -4- S, Yf (“ Pt + ^’K) +■ ^ = 0. (6) 

since 

Yo = Ps Yf = OfPsPi = Ps^i^f 

The operator in this equation is just the transposed operator of (6) The 
probability per umt volume of the electron being in any place is now given by 

^ ^PsX = ^oX. (7) 

where tfutx denotes the sum of the products of each component of ijt into the 
corresponding component of oex,« being any function of the spin variables, 
represented by a matrix with four rows and columns [Note that qmte 
generally ^x = X*^ J Expression (7) is the time component of a 4-veotor, 
whose spacial components, namely, 

- te. - - ^aX. 

must give 1 jc times the probability per unit time of the electron crossing umt 
area perpendicular to each of the three axes respectively 
We must now show that the divergence of this 4-veotor vanishes, t s, that 

= <*> 

Multiplying (5) by ^ and (6) by x and subtractuig, we get 

^ LYoPo + SrYfPflX + X [Y«Po + Sr YfPf] ^ = 0. 

which gives 

or 

Thu gives unmediately the conaervatioa equation (8) as the y*> <ure here 
constant matnees 
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§2 The Sdect%on Pnnovple 

In bo the quantum number j was introduced, which determines the 
magnitude of the resultant angular momentum for an electron moving in a 
central field of force j can take both p<^tive and negative inti'gral values 
Again, the magnetic quantum number u = Mg/A, say, that determiiKS the 
component of the total angular momentum m some specified direction, was 
shown to take half odd integral values from Ij I + i to | j | — I The state 
J = 0 is thus excluded, and the weight of any state j is 2l j | The equation 
obtained to determme the energy levels, t e, equation (26) or (26), involves j 
only through the combmation jij + l) except m the last term, which repre¬ 
sents the spm correction Thus two values oij which give the same value for 
J (j + 1) ^onn a spm doublet, so that j —f and j = -ij' 1) form a spin 
doublet when j' > 0 The oormection between j-values and the usual notation 
for alkali spectra is therefore given by the following scheme - 

J = - I 1 -2 2 -3 3 -4 

S P D F 

There is no azimuthal quantum number k in the present theory, an orbit for 
an electron m an atom being defined by throe quantum numbers », j, n only 
One might on this account expect the selection rules, the relative intonsitics of 
the lines of a multiplet, etc, in the usual derivation of which k plays an impor¬ 
tant part, to be different m the present theory, but it will be found that they 
do just happen to be the same 

We shall first determine the selection rule for j Wo use the following two 
theorems — 

(i) If a dynamical vanable X anticommutes with j, its matrix elements all 
refer to transitions of the typey —j 
(u) If a dynamical vanable Y satisfies 

[[Y,jA],jA]=.-Y, 

its matrix elements all refer to transitions of the tjrpe 3 j ±l 
To prove ( 1 ) we observe that the condition j X -f Xy = 0 gives 

f x(y/')-f X(jr) y' = 0 
(f+r) xoT)=o 

Hence X {fj") »= 0 unless/' = — /. 


( 9 ) 
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A proof of (u) involving angle variables has been given in a previous paper * 
A simple proof analogous to the foregoing proof of (i) is as follows Equation 
(9) gives 

or 


Y(yr) /'•-ay Y(yy') y'+j'« y(//')=-¥ or) 

Hence Y {f j") = 0 except when 

/'•-ayy'+;'* = !. 

te, when 

y'=y ± 1 

We shall now evaluate [ [x^, jh], jh] The dehmtion of j is 
jh = Pa ((O', m) + A) 

Hence 

[■ri,jh\ = Ps{<T, [Xa, «»,1 + (Ja[x8, mIjI) 

= p3(«Ji-^t-®»*i). (10) 


so that 

[ jh] = [oi *, — OaXi, ( O', m)J 


Now 

th [0|, (o, m)] = o, (o, m) — (o, m) Oi = 2 » (0|mj — Oamj) 


or 

and similarly 
Hence 


i* [oi. (O', m)J = — a,ms, 

JA [cj, (or, m)] s= Oitn, — o,mj 


i* [ [»s. J*]» »t + i* (og®! - »i*s) 

— (wiW*» — <T3*»h)*i — (®a*8 - Oi®a) 

= (Tg (m, x)-mJ,o,x) + \h{-a,(<7,x)- 

= -yi,(o, x)-irA3:a, 

so that 

[ [■'a. J*]. = - iJM (o, x) - r. 

Thus X, does not qmte satisfy the condition that Y satislies m (9), owing to 
the extra term — 2w (o, x) This extra term, however, anticommutes with j 
If we now form the expression Xg — cm (o, x), where c is some quantity that 
commutes vnth j, we can choose o so as to make this expression satisfy com¬ 
pletely the condition that Y satisfies m (9) We have, m fact, 

[[*,-cu(o, x),jA],jA]x=-2tt(o, x)-a5a-|-c« ^‘•(9, x) 

= -{*,-cu(o, x)} 


‘ Hoy Soo ProoA, vol 111, p 281 (1926), 18. 
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if 0 If oliown fuoh that 
te, if 


-2 + 4j^ = c, 




Hence can be expressed as the sum of two terms, namely, 




( o, x) and 35, — 




(». X), 


of which the first anticommutes with j, and therefore contains only matrix 
elements referring to liansitions of the type j-* —j, while the second satisfies 
the condition that Y satisfies m (9), and therefore contains only matnx elements 
referring to transitions of the type y -*■ j ± 1 A similar result holds for 
and Hence the selection rule fory is 


y-^-y or y-y±l 


Thus from states with y = 2 transitions can take place to states with y = 1, 
— 2 or 3 Comparing this selection rule with the above scheme connectmg 
y-values with the S, P, D notation, we see that it is exactly eqmvalent to the 
two selection rules for y and k of the usual theory, and is therefore in agreement 
with ezpenment 


§3 The RdcUxve ItUennixes of the Lines of a Mubi'plet 
The relative mtensities of the vanous components into which a bne is split 
up in a weak mognetio field must be the same on the present theory as on 
previous theones, as they depend only on the Yertauschungs relations con- 
neoting the co-ordinates x, with the components of total angular momentum 
Mr, which are taken over unchanged into the present theory It will therefore 
be sufficient, for determining the relative intensities of the hues of a multiplet, 
to consider only one Zeeman component of each line, say, the component for 
which Att 0, i e, the component that comes from Xj 
We shall determine the matrix elements of Xg, when expressed as a matnx 
in a scheme m which r, y, u and pg are diagonal Zg is diagonal in (i e, commutes 
with) all of these vanables except y The part of Xg refemng to transitions 
y — y we found to be 




(o‘.x) = 


2(y'-i) 


( 11 ) 


using the c mtroduoed in foe oU 1 6 cpj anticommutes with y, so that it con 
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contain only matrix elementa of the type cp^O, — j), and from the condition 
(*Pi)* = 1 we must have 

l«PiO.-j)l = l 

Hence 


l*«0. -Jll 


^fl.p,(l.-))l = 2gr3jjr (Vi) 

Again, wo have from (lU) 

{*, - tXxa, jh]} jh\} = {a-a - - a^i)} {x^ ip,(OiJ:, - <T,ari)} 

= •Ea* + Ml - 

{{j + l)*a - *aj} {®3 ij +1) - J-»a} = 


which gives 


If we equate the (j, j) matrix elements of each side of this equation, we get on 
the left-hand side the sum of three terms, namely, the (j, — j) matrix clement 
of the first { } bracket times the (—j, j) clement of the second, the (j, j 4-1) 
element of the first times the (j + 1, j) element of the second, and the {j, j — 1) 
element of the first tunes the (j — l,j) element of the second The second of 
those three terms vanishes, leaving 

+ iPl^aO. -J)l* + lUaO.J - 1)1‘ = f» 

Hence 


- 1)1- =i^ji - jj^} ^ 

Writing --J for j, we get 

I-J - i)l‘ = !>■ <? + " “ + » (14) 

The three matrix elements of x, given m (12), (13) and (14) are associated 
with the three components of the multiplet formed by the combination of two 
doublets The ratios of these matrix elements will, to a first approximation, 
remain unchanged when one makes a transformation from the matrix scheme 
in which r, 3 , u, pa are diagonal to a scheme m which the Hamiltonian is diagonal, 
and will therefore give the relative intensities of the Zeeman components 
Au = 0 of the lines in a combination doublet These ratios are in agreement 
with those of previous theones based on the spinning electron model 


§ 4 The Zeeman Effect 

If there is a uniform magnetic field of mtensity H m the direction of the 
axis, we can take the magnetic potentials to be 

Aj =■ — iHa!„ A, = iH®, A, =* 0 
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The additional terms appearing in the Hamiltonian F will now be 
AF = p/ (v, A) = —JH/pi (oi*j — ojaci) 

From (10) It follows that Ps (<ri ®2 ~ ~ Xg, contains 

only matrix elements of the type (j, —j) or (j,j ± 1) Now pj anticommutes 
withj, and therefore contains only mntnx elements of the tvpe (j, —j) Hence 
AP contains only matrix elements of the type (_;, j] or {j, ~j ± 1) 

In foo ett, § 6, it was found [see equation (24)] that the Hamiltonian could 
be expressed as 

F = Po + V + epr + tepajh/r -1- pa»»e (15) 


It follows from (10) that (oi*, — a^i) anticommutes with (a, x), and therefore 
also with e Thus if we put 


so that 


AP = tAcpjTjr, 


Tj = peM «P2 {oir^ - agCi)/r, 


t] commutes with c Further, y] commutes with pg, r and p„ so that it commutes 
with all the variables occurring in (16) except^ If wo now express v] as a matrix 
in J, we shall have obtamed an expression for AP in terms of the variables 
occurring in (16) We have from (10) and (13) 

1 Ps («x®i - «*®i) 0. J -1) I * = I ®i J -1) 1 * = , 

and similarly 

Pa (gi»i - q«»i) (J. J +1) I * = I »8 0. J +1) I 


We have seen that the matrix elements of ep^, all of which are of the type 
{j, — j), must be of modulus unity Hence 

u 0. -3 -1)1* == (.^JV«piO.-j)i*iP3(®i*i-®^i)(-j.-j -1)1* 



Again, from (10) and (11) 

Pa (oi»a - Oa»i) (“JJ’) =“ “ 2y (-j, j) = - 
■0 that 




(H) 
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If we now wnte down m full, aa in foe ett, the wave equation coneeponding 
to (16), and include the extra term AF, we shall have 

[(F + AF) = (p„ + V) - A 4 ., - (2 + ,jr j h^„ + = 0. 

[(F+ AF) (Po + V)4's + A^'{'.-(Jf = 

where v) is now an operator, operating on t]^. and tj>^, that commutes with every¬ 
thing except j On eliminating <]«. this gives, corresponding to (26) of loe 


S +i+ 

We can neglect the yft* term, which is proportional to the square of the field 
strength, and also the ijr term m the last bracket, which is of the onler of 
magnitude of field strength tunes spin correction The only first order effect 
of the field is the insertion of the terms »j — m the first bracket 

This bracket may now be written os 


where £ is the energy level, equal to p^p — »nc* 

If the field is weak compared with the doublet separation, we can obtain a 
first approxunation to the change m the energy levels by neglecting the non- 
diagonal matrix elements of AF or of 7 } The extra terms t) — 7 ]j — y>] in (18) 
are now a constant instead of an operator, namely, the constant 


from (17) The energy levels will be reduced by A*/2m tunes this constant, if 
we neglect the fact that the characteristic E occurs m (18) m other places besides 
the term 2m£/A*, which means neglecting the mteraotion of the magnetio field 
with the relativity variation of mass with velocity The morease in the energy 
levels caused by the magnetic field is thus 


^ _ 


- tjigvh 
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where to w the Larnior frequency He/2/«c, and 7 , tlie Lande splitting factor, 
has the value 

For the succession of j-values, 1 , 1, —2, 2,-1 7 has the values, 2, §, 

" , m agreement with Ijande’s formula for alkali spectra 

We now take the case of a magnetic field that is strong comjiared with the 
doublet separation, but weak compared with the separations of terms of different 
senes This tctpiires that the matrix elomenta of 7) of the typi‘ ij {j, —j — 1) 
with j > 0 shall be taken into account, although those of the type /) ( 7 , —j 1 - 1 ) 
can still bo neglected The reduction in the energy levels will now Is* approxi¬ 
mately h^jim tones one or other of the charactenstu value s of the extra terras 
vj _ _ jYj in (IH) These charactenstic values are the roots ^ of the equation 

I (>)“7?-;>])(-J-i.j) 

or 


I - 0O.j)-5 27)0,-j-1) I 

This gives, with the help of (16) and (17) 



which reduces to 

Hence 


The increase in the energy levels due to the magnetic held is therefore 
^ He, 

. 2 m cA 


-£5=£a(«±l)-»(«i=l)*. 


in agreement with the previous spinnu^ electron thiKiry of the Faschcn-Kack 
effect 

One might expect that with still stronger magnetic holds the matrix elements 
(j* — J + 1 ) of >1 would come into play, and would cause mtcrferenco between 
the Zeeman patterns of terms whose quantum numbers A m the usual notation 
differ by 2 The matrix elements {j, —j -f- 1 ) of t) — tj; — yij, however, vanish 
for arbitrary i], so that no effect of this nature occurs 


von cxvin- a 
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The Emimon of lAght by Flames containing Sodium and the 
Absorption of Light by Mercury Vapour 
By H A Wilson, K R S , Ricc Institute, Houston, Texas 
(Received November 24,1927 ) 

The light from Bunsen flames (ontauui^ sodium and other metals was 
investigated by Gouy* in 1879 He found that the intensity of the light is a 
function of the amount of sodium per square centimetre m the flame and 
that this function is approximately proportional to the square root of the 
amount of soibum per square centunetre when this is not extremely small 
If d denotes the thickness of the flame, p the amoimt of sothum pet umt 
volume in it and I the light intensity emitted m a direction perpendicular to 
the flame surface then Gouy s results show that I = Apd/Vpd j- B where 
A and B are constants When pd is not very small the constant B can bo 
neglected and I = aV pd The following values of I and pd for a sodium 
flame, both in arbitrary units, were given by Gouy 



The third row contains values of i lp<i/Vpd + 2 which I have calculated 
These values agree fairly well with those of I The last row contains values 
of 2 1 Vpd which agree with Gouy’s values of I as well as those of the more 
romplicatcd expression when pd is greater than 10 
That the mtensity of the light emitted is very nearly proportional to the 
square root of the amount of sodium is shown by the following «xperiments 
Nine sensibly equal Bunsen flames all supplied with sodium by the same 
sprayer were arranged m a row The light emitted m the direction of the 
row was measured with a Hilgcr spectrophotometer By putting an opaque 
screen between two of the flames in the row the light intensities duo to 1, 4 
and 9 flames could bo compared It was found that these mtensities were as 
1 2 ^ within the limit of error which was 1 to 2 pet cent 
Solutions with concentrations of sodium proportional to 1, 4 9, 16 were 
* ‘ Ann ohim phys ,* vol 18, p 6 (1879) 
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used m the sprayer, anti it was found that the light intensities werp 08 1 2 3 4 
for any number of flames from ] to 9 These results therefore confirm Qouy’s 
conclusion that I « when pd is not extremely small 
So far os the writer is aware no satisfactory explanation of this square root 
law of Gouy’s has been offereil It has lieen suggest’d that the substance 
m the flame which emits the light is produced by a chemical reaction siith as 
NaCT + HOH- NoOII 1 HCI 

The amount of water vapour in the flame is large, so that according to this 
reaction if onlj a small fraction of the NaCl is convirtwl into NaOH then 
the amount of NaOH produced will be proportional to the square root of the 
NaCl present If then the bght is proportional to the \aOH present it will 
vary as the square root of the NaCl supplied to a givt n flame 
l^uch an ezjilanation is clearly qmt« inadequate for it makes the light 
emitted per unit volume of the flame vary as the square root of the concentra 
tion of the sodium in the flame, so that the light emitted should vary as ily /p 
whereas in fact it vanes as Vpd 

It IS now known that the sodium light is emitted by sodium atoms and 
it 18 believed that sodium salts m flames ore proctic-ally completely dissociated 
mto metallic sodium The light emitted in the flame should therefore be 
proportional to the amoimt of sodium in the flame, but all the light i mittcd 
does not escape from the flume because the sodium atoms absorb some of it 
It ought to be possible to explain Oouy s square root law by taking into account 
the absorption of the soilmm light by the sodium vapour 
The sodium atoms absorb the light at the centres of the D hnes much more 
strongly than that at the edges, and it appears that by takmg this mto necount 
a simple explanation of the square root law of emission can lie obtamed 
For this purpose wo may regard the sodium atom as a simpli* oscillator, 
the equation of motion of which may be taken to bi 
mx + ifc® -( pa: — Fe, 

where m is the moss of the vibrating particle, whn h may be an electron, i the 
viscous resistance to the motion at umt velocity, p a constant, F the electric 
intensity in the bght at the atom, e the charge on the particle and t the dis¬ 
placement of the particle from its equiblmum position If we take F = Fo 
cos pt and calculate the average value of the power expended on the atom or 
eFa; ue find 


eFx = {(l* - V)* + 


2 B 2 
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Thr flux of energy per sipiarc centimetre pir secund in the light is equal to 
eFg*/fcr where c is the velocity of light so that the atomii absorption coetficient 
Y or the fraction of th(* light energy flowing through 1 aq cm ab<»orbcHl by 
the atom is given by 

V = «rr?F*/cKo* - - /«/)*)* + /A*} 

I f Yo IS thi value of y w hi n |i »ip* the n 

Y- yo^v/((ia t-^yi 

The absor}itiou is inappreciable unless »ip* is nearly eiiual to [i sotliat \\c 
may put p - j>o- A \vh<n pQ- Vp/>» »n«l A/po is a small quaiititc, and 
so obtain 

III > 

y ■»/{' +^) 

The light emission fnnn a layer of sodium vapour (untuimng ii atoms jar 
square centimetre may now be calculated iw follows ff we sup|jos«’ a layer 
containing u atoms per acjiuvre centimetre put m front of a black body at tin 
same temperature the layer must make no difference' to the total light emitted 
so that the layer containing ti atoms must absorb as much light as it emits 
If E denotes the intensity of the black body radiation pt imit range of A 
near the I) lines then the radiation emitted by the* lajer, in a dm c lion ]>erpcn 
dicular to its surface, is given by 

1 E (1 - 

If HYo la greater than about 2 or i this equation can be easil) shown to 
reduce approximately to 


1 - K - VriTon ( 1 — —^-- 

III \ 4nYo ^ 


Thus it ajqxiars that the i mission from a layer containing ii atoms jxr squari 
ceiitunotre is pro|)ortional to n whin » is not too small in agreement with 
(louy’s results 

^\hen n is very small the above integral for I shows that 1 is {)ro|xirtional 
to n which also agrees with Oouy s results 

111 a recent pa|xr, by A LI Hughes and A K Thomas,* a valuulih sc*rics 
of measurements of the absorption by niorcurj vapour of the mercurx line 
2 'HbA emitted by a resonance lamp, is desenbod 
The first two c olumns of the following table contain their rcisults Ig denotes 
* Physical Review,’ October, 1927 
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tlie intdisit) of the light liofore pawing through a ln>ir of nn-rcur) vaiiour 
<ontainuig ii atomn per nqiiarc centiraetri anil I that after jiawmg through 
the la^ er 


-loK(to I)/10' 


0 1518 I I 15 

(I 22 V> I 2 41 

0 3 <IU 4 I 4 31 

0 57 «H i 7 4 <t 

• I 8077 I 12 8 

1 07 <t 21 1 

I 407 ' 34 f. 

1 7)81 55 5 

2 21)i I 87 0 


I 77 

1 12 

2 20 
2 35 
2 J» 
2 41 
2 30 


2 33 
2 30 
2 42 


The thinl (oluinn loiitamH vahiiH of log which I havi tulrulated, 

and it appcuro that this (piantitv is luarlv coiiHtaiit for values of n griaUr 
than ihout Ml’® 


'I'lu Iasi (oliimu < cmtaiiH the values of V'** -M X M^ Jo 

H 1 

iiarh loiihtant for all valiuH of « When « is very small the equation 


- - — — U)g jf! _ i 5 Mr" give's Y - - log - 1 25 -f 1(1“*'* for 

the it\( rage atoiiiK absorption coefhrunt Y That is tlu average \alue for all 
the fn queni les pn sent in the line iO-MiA 

As iiughesand Thomas ywint out, the variation of the absorption with thi 
numlier of atoniM must bt, due to the intrcur} absorbing the lentn of the line 
254-()\ nunh more than the edges, so that 3\e might exfs'ct the theory given 
aliove for sodium flames to apply also to this caw 
WI maj supiKwe that the energy m the incident radiation for which A or 
po — p lies lietween A and A j dA, to be equal to AE~*^^'dA where A 
and a are loiistaiits The ratio of the transmitted to the incident radiation 
cnergN ‘•hould then be given by 




where y Yo/(l + as before 
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Putting j; = aA this gives 

I ^ 1 f g ) dj. 

io VwJ-« 

When nyo is not too small the I in 1 f inAAjcL'J^ can be omitted without 
senous error and we get approximately 

or log ^ ~ ^ which agroos with Hughes and Thomas’ results for 

the larger values of n 
When n is very small w c have 

1 —® ~ 

1 _ ”Y«> f^" j 

The average atomx absorption eoelticient y calculated above from Hughes 
and Thomas’ results bv making n very small is therefore given by 

Tf the distribution of (iiergy m the mercury line 25ir)A wire knoun y could 
be estimated and so k jm could be calculated by moans of this equation 
Tn conclusion it may lie said that the experimental n'sults on the emission 
of light by sodium flames and on the alisorption of resonance radiation by 
mercury vapour appear to bo consistent with the view that the atoms absorb 
light like simple damjicil oscillators 
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The Hejnhydrated Double Sulphates contammy Tluilhum 
By A E H Tutton, D Sc , M A, P B 8, Past-Prosident of the Mineralogical 
Society 

(lito* ivcd Piliruary 2, 1928 ) 

The author’s prolonged study of the monocluuc isonior\)hous senes of 
hexahydrated double sulphates and selenatcs, bH^O, in which M 

may be magncsuim, zinc, cadmium, copper, nickel, cobalt, iron (ferrous), or 
manganese, was completed as regards the salts m which R is the alkali metal 
potassium, rubidium, cmsium, or the base ammomum, Nil*, by the memoir* 
communicated m the year 1922 The metal thallium, in its thollous capacity, 
IS also capable, like ammomum, of isomorphously replacing the alkali metals , 
but it has been found so diffioult to grow crystals of these thallium double salts 
adequately perfect to yield results comparable m accuracy and i omplctcness to 
those obtamed for the salts of the alkalies, that hitherto only foiu- of the fourtt en 
possible thallium salts of the senes have been described by the author, although 
all but one (thallium ferrous selenate) were prepared and examined bj him as 
long ago as 1909,f when thallium zinc sulphate and selenate win d(>s<nbed, 
the crystals of the remainder proving inadequately perfect (distortid or more 
or less opaque) It was much later, in 1920, that two other of tlie thallium 
double sulphates, those containing mckcl and cobalt as the M-inctal, were 
described,t having at length also been obtained in good crystals 
During the last two years the author has returned to the work, and uith the 
large expenence gamed in the course of this long investigation, has at length 
succeeded m growing sutficiently perfect crystals of the whole 10 remaining salts, 
and has been able to effect not only a complete gomoinetncal nuosuremi nt but 
a full optical and volume mvestigation The results arc commumcated in the 
present memoir, as regards the double sulphates, and in the immediately 
succeeding paper as regards the double selcnates, thus finally completing and 
rounding off the author’s long task by bringing it to a satisfactory conclusion 
The double sulphates described in this paper are thaUium-magnesium, 
thallium-ferrouB, thallium-manganese, and thallium-copper sulphates Only 

* ‘ Roy. Soo Proo ,’ A, vol 101, p 24fi (1922) 
t ‘ Rty Soo Proc ,’ A, vol 83. p 211 (1909) 
t ‘ Roy Soo Proc A, lol 108, p 240 (192r)) 
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thi' two hrst m< ntionod hiivc boon stiidiod Morn, l»v Werther* Jti the year 1864, 
wlio, howev« r, ouly moastirofl a few of the prim uml angh s and attempted no 
optual or otlnr physical irivcatigation 

Thalhini, Mmiiwnutti Sulphate Tl 2 Mg(S() 4 )j fdl^r) 

Moi phtil/Hfif 

'l\n (rystalH from four irops win iisul for the rryafcal angle im amiremc uts 
('if/stal Sysfriu -MoiiocliiiK Class No B, holohislral pnsmafie 
lialio of Aj'f'i n h < -It 7142 1 0 KMMI V^iliios of AVerther (I 7422 
1 0 ’mi 

UialAu/ile fi KU)'’lO' Vnlut of V\ erthe r Ull»‘ 24' 
hunn» (Antervcil 6{01(1}, r{(HU} p{llO} g{(>n} f'{201}, o'{Ill}, and 

?i'{T21} The forms rt(KK)} and «'{121} wiic not ohm tm d bv Werther There 
IS a fairly good cUnumjc parallel to f'{201} 

Unlnt The most f\ pn ul habit is illiistrut^el in fig J 
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Moi pholopcal AuqUn Thi*se arc given iii tlie accompanying table 
The Average llitTerem^ ^ignoring sign) of interfucial angle between this 
salt and potassium niagnesuim sekuate, that is, for the replacement of potassium 
by thallium, is 4t)' The maximum differeme ots urs for the important mono- 
(liiut axjul angh> ac ~ (100) (001), and is 1° 42' 

The diflereiues in the four mam angles brought almut b) the replacement 
of sulphur by selemum, that is, between this salt and the corresponding thallium 
magnesium selcnate, will lie found on p 39B 


iJoum Prakt Chein ’ \ul U2, p 128 (1804) 
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Interim ml Angles of Thallium Magnesium Sulphate 
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10 28 



J „h 

(120) 

(010) 








^1 1 



jy- 

(110) 

(010) 

12 


11 

54 

Ml 

54 

29 




La/' 

(110) 

(IIO) 

IS 

70 

49- 

71 

21 

71 

2 

71 2 

0 

70 14 

/"/ 

- (1)01) 

(Oil) 

19 

21 

24- 

25 

54 

21 

17 

* 


21 18 

\,]i. 

(Oil) 

(010) 


01 

11- 

04 

11 

04 

21 

01 21 



r,m 

-(100) 

(111) 








48 15 



'•n 

(111) 

(Oil) 








20 55 



V'l 

(100) 

(Oil) 








75 10 




(Oil) 

(III) 








24 41 




(III) 

(lOO) 

- 







70 7 

- 



- (001) 

(111) 



_ 



_ 


34 0 

- 

— 

«/' 

-(111) 

(110) 








42 38 



■ r/' 

(001) 

(110) 


1 70 

24- 

70 

54 

70 

28 



70 42 

/HI 

(110) 

(111) 

14 

i 58 

20- 

18 

60 

18 

39 

58 16 

4 



(III) 

(OOl) 

,1 

1 44 

22 

44 

53 

44 

42 

44 47 

5 


fill 

- (OlO) 

(HI) 

1 1 







70 31 

1 


Jo. 

(111) 

(101) 








19 29 



\.H. 

(III) 

(111) 








18 58 



f 1}IJ 

(010) 

(III) 

1 '2 ! 

' 03 

0- 

01 

17 

0.1 

0 

03 8 

1 


\bn 

(OlO) 

(121) 

1 1 

1 47 

0- 

47 

10 

47 

14 

47 10 

1 



- (121) 

(Ill) 


17 

40- 

18 

20 

17 

50 

17 58 

2 



(Ill) 

(lol) 1 








24 52 



[o,, 

-(IM) 

(III) 

1(1 j 

49 

15- 

41 

48 1 

49 

20 

49 44 

'» 

49 42 

C Hq 

(101) 

(Oil) 





1 

_ 


27 12 

— 


9P 

(Oil) 

(110) 

18 

1 87 

22- 

87 

60 

87 

32 

87 33 

1 


1 qii 

(Oil) 

(121) 

i 

IT) 

18- 

36 

52 

16 

45 

35 48 

3 


1 «// 

(121) 

(110) 

1 

11 

31- 

61 

50 

51 

41 

51 45 

4 


A" 

- (TIO) 

(loi) 


1 

- 





54 65 



Iw 

- (llO) 

(Oil) 

IS 

02 

11- 

02 

41 

92 

28 

02 27 

1 


f"? 

- (Irti) 

(Oil) 








45 0 



J 91' 

(Oil) 

(110) 

40 

02 

19- 

02 

55 

02 

10 

02 28 

1 



(110) 

(101) 








72 11 1 

- 1 


[m 

(110) 

(Oil) 

40 

117 

2-117 

19 

117 

20 

117 22 

2 


fr" 

(20l) 

(Ill) 

21 

15 

a- 

35 

20 

15 

11 

15 10 

5 

- 

J ij/i 

(111) 

(110) 

18 

01 

46- 

02 

2 1 

91 

52 

91 63 

1 


\f.r 

- (110) 

(201) 

25 

62 

46- 

62 


62 

64 

52 51 

3 


rotnl niimUr of 













'138 







_ 
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Volume 

Rdative IJeneUy —The mean of two very concordant resulta for the si>ecific 
gravity at 20°/4° was 3*673 The method used was that of the author’s 
“ pyknometer with cap ”t 

Molecular Volunui —% = =--- 203 66 

d 3 673 

Molecular Distance Ratios {Topic Axial Ratios) — 

/ u = 6 1723 a 2939 4 1470 
Optics 

Orientation of Optical EUipaotd ~ The symmetry plane 6{010} is the plane of 
the optic axes, and the sign of the Doable Befraction is negative Extinr tion 
determinations with sections parallel to the symmetry plane showed that the 
y-axis of the ellipsoid (indicatnx), which is the obtuse bisectrix (second median 
hnc) of the optic-axial angle and vibration direction for the y index of refraction, 
bes 9° 4' behmd the vertical crystal-axis e, and the a-ans, the acute In-iectrix 
(first median bne) and vibration direction for the a-mdex, lies 25° 34' above the 
incbned crystal-axis a, in the obtuse angle of the (rystal-axes ac Fift 6 on 
p 389 will assist in making this clear The p-index corresponds to vibration 
along the symmetry axis b 

Refractive Indices - -These are as follows, determined with excellent ground 
60°-pn8m8, each so orientated as to yield two of the three indices directh 


Refractive Indices of TlMg Sulphate 


Jjght • 

“ 


V 

U 

1 S«60 

1 6850 

I 59tSl 

(' 

1 6666 

1 6841 

1 5005 

Va 

1 6706 

1 6884 

1 6049 

T1 

1 6761 

1 6B3B 

1 6001 

Cd 

1 6776 

1 5960 

1 0027 

F 

1 6808 

1 6003 

1 6063 

(1 

1 6878 

1 0063 

1 6174 


Mean iniU x far Ns bght, ° ^ '"7 - 1 584(1 

Double nfraolion, ^ 0 0244 

• III mraua light of the wave length of the red lithium line , C that of the red hydrogen line , 
Ns that of the ^ow aodium lino T1 that of the green thslUam line , Cd that of the green 
cadminm line , F that of the greenieh blue hydrogen lino, and Q that of the violet hydrogen line 
near the (1 of the apei tram , all an Niipphed bv the apeetroaoopio mouoohmmatio illiuninator 

t Soe Um author’s ‘ Crystallt^phy and Practice Crystal Misaearomeat,’ 2Dd Ed, voL 
1, p 626 The immersion method of Retgers is not available for any of these heavy thidUum 
saltH, aa their densities ore greater than that of methylene iodide, 3 34 The author also 
made and expenmented with denoi’s heavy liquid, a mixture cl thallium formate and 
malonate, but found it quite unsuitable, and bghter than the selenates in any case 
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General Formula for the intermediate index 
(oorreotion + 0 0004) — 

p = l & 


, corrected to a vacuum 


X» 




The a-mdices are closely reproduced if the constant 1 6()98 be diminished by 
0 0179, and the y-mdices if it be mcreased by 0 0065 
Axial Ratios of the Optical EUipsoid {Indioatnx) 

a p Y ^ 0 9887 1 1 0041 

Molecular Optical Constants - -Thew are set forth in the three following 
tables 


Table of Specific Refraction and Dispersion (Ijoreiiz) 


Spcdfln rrfrnptioi 

Pot ray C (Ho) 

1 ~ * 

’(»*+2)rf 

1 For ray Hy near Q 

Specilio dipenioii, 
llo —»o 


1 Y 

« 1 ft 

V 

“ 


1 V 

0 0012 

1 0 0037 1 0 0040 

0 0042 0 0060 

0 0076 

0 0030 

0 0020 

1 0 0030 


Table of Molecular Refraction and Diapcraion (Ixirenz) 



Holeouliir irfraction, ^_1 

»• + 2 


Molecular iluipeniion, 


- - - 

- - 

- - - 

- - 



For ray C, (Ho) 

1 I'or ray Uy iwar G 

j iWo — nio 


o ! 

P 

r 

“ 

1 1 y 1 

» 1 P 

1 ^ 

66 31 1 

08 13 

68 74 1 

68 40 I 

70 23 I 70 80 1 

2 18 1 2 10 1 

2 16 


Molecular Refraction (Gladstone and Dale) 



* M for ray C 

y 

Mean inoleoular 
n fraction for ray C, 

i («+/» + y) 


' 1 

116 31 1 

118 00 1 

120 20 1 

118 14 
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Optical AxuU Angle —The optic axial angle m air i8 too large to be clearly 
determinable, the axial limshcH being on the extreme edges of the field and 
disappearing l« fore the> can be brought to the tross spider lines, although por¬ 
tions of the innermost rings arc visible Kxicllent determinations of the true 
angle withm the crystal, 2Va, were obtained with two pairs of plates ground 
HO IS to bo perpendicular to the acute and obtiiw bisectrices, immersed in mono- 
lirornonaphthalene The following are the mean values obtamed, the individual 
values differing onh by less than 10' from these mean angles 


bight 

2 V„ 

bight 

2 \ 


Li 

74 41 

T1 

75 

14 

C 

74 42 

f’d 

75 

23 

Na 

74 57 

V 

75 

54 


Ih^pemon of thi Median Lmei —Obm^rvatioiis with the plates perpendicular 
to the acute biseitrix immerseil in cinnamon oil, which is very close indeed in 
refractiye index to the indites of tin oryslal, shoacnl that the first median lino 
lies 10' nearer to the crystal axis a for green thallium light than for red 
C-hydrogen light 

ThaVvtiit Ft nom Sulpfiale, 'rijFi ( 8 (> 4 )j Oil jf) 

Mot pholugg 

Twelve good little crystals from four different crops were used for the crystal- 
angle measurements The crystals of this salt arc coloured pale green 
Cn^stal Syateni —Monoclimc Class No fi holohedral-pnsmatie 
RcUtus of Axeji — a b c — 0 7ti7 1 0 4999 Values of Werthcr 

0 736b 1 0 4%4 

Axial Angle -p = I0b° lb' Value of Werther 105° 52' 

Fonna Observed -o{l00), 5{010}, < {tH)l), p'{l20}, 9 {Oil}, r'{20l}, 

o'{I]l} 'There is the usual cleavage [larallpl r'{201}, common to the senes 
Habit This salt is (bstinguishcd by the exceptionally promment develop¬ 
ment of the form r'{301}, as will be apj^mrent from the drawing of a typical 
crystal which is reproduced m hg 2 Indeed, the crystals are frequently 
tabular parallel to and largely formed by the two faces of this form The relative 
dc velopment of the other forms is as shown in the figure, except that the faces 
of o'{Ill} are not often so relatively large, the faces of the primary prism 
p {110} being as a rule much larger than these 0'-faces Only Imear traces of 
fl{l00} and p'(l20} were observed, inadequate for accurate measurement The 
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large r'-faces were often badly formcil but lu the crystals thoseu for measure- 
njcnt they were unusually good 

Morphological Anglcit --Then? are given in the aix-ompanying table (p 171) 
The Average Diffi'renco of mterfaeial angle between this salt and its potassium 
analogue, that w, for the replacement of jiotassium liy thallium, ferrous iron 
remaining the M-metal, is 41' Thi niavimiim diffc n ni e of angle, which ma iirs 
for the systi'matic axial angle <ic (10(») (0(U), is T 44' 

The differences in the four principal angles brought alwiiit by replacing sulphur 
by sclemiim will bi found on p 110 



Fia 2—Tl Fo Sulphate 


I olviiit 

Helatm Ihimity The mean of two very concordant determinations of 
specific gravity at 20‘’/4® by the methisl of the ‘ pyknometor with cap ” affords 
the value 4 <>50 

Mohadar Vohniu ^ -= --= 207 84 

a 4 ooO 

I'opic Axtal Nation 

/ <J/ 6, = (» iO'itt 8 4547 1 I7b5 

(tjliUJI 

(Menialion of Optical EUipiotd 'Phi plane of thi* optii a\i s is the symmi try 
plane 6{()10}, and the sign of the Double Refraction negatuc Kxtmction 
determinations with sections parallel to thi symnu try plane showed that 
the axis y of the ellipsoid (iiidicatnx), the obtuse bisiitrix of the optii a\ial 
angle and vibration direction for the refraitive indix /•, lies 42" 41' from the 
normal to i((K)l) and lb® 15' behind the vertiud crystal axis i , the a-axis 
whiih IS the acute bisectrix of the optu axial angle and vibration direction for 
the a-mdex, lies 32® 41' above thi inclined axis a, in the obtuse axial angle 
ac Fig 5 on p 389 will render this clearer 1’he vibration direction for the 
p index IS the symmetry axis 6 

Rtfradivc Indices These were determined by means of several excellent 
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laterfaoial Angles of Thallium Ferrous Sulphate 



A.»k 


No ol 

mentf 


Hew 

Caku 

latcd 

JJiff 

Valneaof 

Werther 


-(100) 

(001) 




71 44 


74 8 


-(100) 

(101) 

— 



46 14 




- (101) 

(001) 




28 30 



cr' 

-(001) 

(201) 

JO 

83 48- 84 48 

84 16 

84 13 

2 

84 16 


-(001) 

(101) 




18 29 




- (loi) 

(201) 




26 44 




-(^1) 

(100) 




42 3 



[rr 

= (201) 

(001) 

18 

116 29-118 0 

115 43 

113 47 

4 

— 

rap 

- (100) 

(110) 

_ 

_ 

_ 

33 11 

— 



- (110) 

(120) 




19 28 



jp'b 

c- (120) 

(010) 




33 1 



Ipb 

- (110) 

(010) 

20 

64 20- 64 48 

64 30 

64 29 

1 



- (110) 

(lIO) 

19 

70 39- 71 28 

71 2 



70 38 

U/' 

- (IIO) 

(IIO) 

18 

108 44-109 16 

108 60 

108 38 

1 

100 22 

("I 

-(001) 

(Oil) 

48 

26 11- 26 64 

26 38 

• 


26 12 


- (Oil) 

(010) 

30 

04 6- 84 46 

84 22 

64 22 

0 


Iw 

-(Oil) 

(Oil) 


128 30-128 64 

128 42 

128 44 


128 67 

'fta 

-(100) 

(111) 


_ 

-- 

48 28 



"7 

-(111) 

(Oil) 




28 38 



- aq 

«(100) 

(Oil) 




75 22 




«(Oil) 

(Ill) 




14 42 




.-(III) (lOO) 

- 

- 


89 58 

— 

— 

f'" 

-(001) 

(111) 

_ 

— 

_ 

34 6 


_ 

up 

- (Ill) 

(110) 



- 

12 44 



I rp 

- (001) 

(110) 

3« 

78 33- 77 4 

76 49 



77 7 

1 /«>' 

- (110) 

(111) 

14 

68 10- 68 38 

68 20 

58 27 

1 



-(111) (OOl) 

12 

44 36- 46 7 

14 47 

44 44 

3 


L/'< 

--(110) 

(001) 

31 

102 49-103 32 

101 11 

103 11 

0 

- 

rim 

- (010) 

(111) 

1 

_ 


70 27 

_ 

_ 


-dll) 

(101) 


— 

— 

10 31 

- 


rbo' 

- (010) 

(Ill) 

2 1 

86 8- 86 10 

86 8 

05 10 

2 



- (Ill) 

(loi) 




24 50 



\oo' 

- (Ill) 

(III) 

1 1 

— 

49 44 

49 40 

4 

49 13 


= (101) 

(Oil) 


_ 

__ 

17 38 

_ 


J iP 

-(Oil) (110) 

29 

87 0- 87 14 

87 21 

87 22 

1 


. (110) 

(lol) 




65 2 



U'V 

- (IlO) 

(Oil) 

)0 

02 26- 92 56 

92 30 

02 38 

1 

— 

r M'q 

- (loi) 

(Oil) 

_ 

_ 


45 7 



J 9P 

(Oil) 

(IIO) 

10 

62 40- 03 2 

82 61 

82 49 

2 


1 P*’ 

- (110) 

(lOl) 




72 4 



U 

- (110) 

(Oil) 

29 

116 61-117 81 

117 10 

117 11 

1 

— 

fr'o 

^(3oi) 

(Ill) 

0 

34 67- 36 29 

36 7 

33 9 

2 


J o'p 

-- (Ill) 

(110) 

7 

01 66- 62 16 

92 6 

92 2 

4 


i P'' 

= (110) 

(MI) 

43 

62 28- 63 8 

62 49 

62 49 

0 


l»';’ 

- (201) 

(IIO) 

44 

126 41-127 31 

127 11 

127 11 

0 

— 

Totftl numbor of 








moMiireinrata ! 

610 
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60°-pnsinH, each ground to afford tvro indices, and the mean reaidts are as 
under — 


llefractivc Indices of T1 Pe Sulphate 


LifEht 


P 


l 0880 

1 r>88« 


1 5980 
1 8009 
1 6040 
1 6116 


I 6041 
1 0048 
1 6098 
1 6140 
I 617') 
1 0209 
1 028)) 


1 OUO 
1 6117 
1 6102 
1 6223 


Mean index for Na light, ** Tt .,I 
Double refraction, Nny. 


I 0001 
-- 0 0233 


General Formula for the intermediate index corrected to a vacuum - 
, 420 091 . 7 130 200 000 000 , 

^ x» 


i = 1 I 


The a indices are also closely reproduced if the constant 1 591b is diminished 
by 0 01G4, and the y-mdicos if it be increased by 0 0069 
Axial Ratios of Opluxil EUxpsoni {Iniioatnx) — 

a (5 Y = 0 9898 1 1 0043 


Molecular Optical Constants —^These are given m the next three tables 


Table of Speoifio Refraction and Dispersion (Lorenz) 


Speiiflu nfraction; 

n« - 1 
’(ii»+2)<f 

1 

1 

Sptoifie disperaion 

1 Ha — Ho 

>or ray (’(Ho) 

1 For ray Hy near (i 

a 1 ^ 1 y 1 

« 1 ^ 1 1 

1 ' 1_L_ 

n 0921 1 0 0043 1 0 00S2 | 

0 0952 1 0 0978 j 0 0988 j 

0 0U2'I 1 0 tH»80 j 0 0081 
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Table of Molecular Refraction and Diepersion (Loreius) 


MnlocuLu- refraction, -* ^ - ni 


I 


I 2 rf 

Knr ray (' (Ha) j l*or ray Hy ni «r (1 j 

a I /i y : Ji r » /i 

70 00 1 71 00 1 72 22 1 72 20 ,7181 ' 74 00 2 20 2 2 


Mnleeular cluponiinn, 
10(1 - Olf 


Molec^ular Refraction (Qladatonc and Dale) 

\(( au mnici. ular 
refraction for ray < 
i (« + /J I y) 
y 

__ _ _ 

127 11 * 12'i0i 

Optic Axial Atuflc —Plates ground iM'rpndiculat to the innt^' and obtiwe 
bifM'ctncea afforded the following results, the interfcrcnc e figures having been 
very sharp and < lear 


Light 

Apparent angle iii air, 
2E 

True angh within tht 
crystal, 2V„ 

Li 

129 IT. 

fiH 14 

C 

129 46 

l)H lb 

Na 

JJl 45 

()9 (» 

T1 

Hi 47 

b9 2<i 

VA 

H5 2b 

()9 14 

V 

137 29 

<)«) 59 


thspemon of the Medtan Lines Observations m oil of cinnamon, the indices 
of which are very close to those of the ciystals, indicated that the median bnes 
are so dispersed m the syminetry plane that the first median line lies about 
23' nearer to the crystal-axis a for green thalliiun light than for n d ('-hydrogen 
light 
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ThaUtum Manganese Sulphate, TlgMn(S04), 6HjO 
Morphology 

Ten good httle crystals were used for the goniometry, selected from four 
crops of outstanding excellence 

Crystal System —Monodimc Class No 5, holohednd-pnsmatic 

Ratios of Axes — 

a b 7464 1 0 49G4 

Axial Angle —^ — 106® 22' 

Forms Observed—a{m}, 6{010}, c{001}, p{110}, p'{]20}, p"'{130}, ^{011}, 
f'{201}, o{lll}. o'{Ill}, n'{l21} 

A typical liabit is represented m fig 3 It is charactensed by more extensive 
development of the form f'{201} than is usual among the thaUium salts of the 
senes The cleavage is parallel to the two faces of this form, and is particularly 
well developed m this salt 
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Morphologtoal Angles —The results of the angular measurements are given 
in the accompanying table (p 178) 

Volume 

Relative Density Three concordant determinations of specific gravity gave 
as the mean accepted value 3 686, for the temperature 20®/4® 

MdUeular Volume —^ = 205 62 

a 3 680 

Topic Axud Ratios — 

X (p w 6 3134 8 3357 4 1378 

Optics 

Orientation of Optical Ellipsoid {Indioatrix) —The optic axes lie in the 
symmetry plane 6{010}, and the double refraction is of negative sign The axis 
Y (vibration direction for the y-mdex of refraction) of the indicatnx lies 14° 15' 
behind the vertical crystal-axis o, m the acute axial angle do, and is the second 
median line (obtuse biseotnx) of the optic axial angle, the a-axis of the mdica- 
tnx (vibration direction of a-mdex), the acute bisectrix (first median line), 

VOL oxvm—A 2 0 
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lutarfacial Angles of Thallium Manganese Sulphate 




No of 
nieaaaro | 
1 menta j 

1 

Miean 

ofanervod 

Cslon 

lated 

Dur 

uc 

- (100)1(001) 1 

0 

71 23- 71 JU 

1 73 40 1 

73 18 

2 

ai 

- (100) (101) 

' 



46 24 



= (101) (001) 




28 14 



(001) (201) 1 


1 0.1 ir>- «4 17 

1 6.1 51 1 

63 63 

2 


-( 001 ) (loi) 




18 8 



-(loi) (201) 




26 46 


r'a 

-(201) (100) 1 

^ t; ' 

12 10 42 41 1 

42 24 1 

42 20 

6 
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bes 30° 37' above the mobned crystal-axis a, lu the obtuse nxial angle oc The 
symmetry axis b is the vibration direction for the p-index of refraction 
Refradive Induxs —The mean values obtamed were - 


Ijighi 


H 1 

V 

Li 

1 5820 

1 0054 

1 6041 

U 

1 0826 

1 1 0960 

1 6047 

Ns 

I 5861 

1 5966 

I 1 6084 

Tl 

1 0900 

1 6080 

1 6123 

C!d 

1 0927 

1 0063 

1 6102 

F 

1 5909 

1 6096 

1 6186 


Mean index for Na light, _ 1 r.e8(» 


Uniible refraction, Na^ « — U 0221 


(leneral Formula for intermediate index p for any wave-length X, eorreeted 


to ti vacuum - 

^ - 


I 6780 + 


832 324 
X* 


3 105 400 000 000 , 
X' ' 


The a-mdioes are also closely reproduced by the formula if the constant 1 578b 
bo reduced by 0 0135 and the yuidices if it be increased by 0 0088 
AruU RnhoH nf Ojitical EUtjmud — 

* [i f--.0 9916 1 1 0066 


Molecular Ojjttcal Cnmtmits These work out as follows, for the red ray C, 
Ha 


•Spofiiu refraction 
««- 1 
(«* + 2)f/ 

Molecular refraction (Lorenz) 
/*»- J M 
w* H 2 d 

Molecular refraction (Gladstone) 



0*0906 
I* 68 68 

1 119 80 


P Y 

0 0923 0 0934 

69 96 70 79 

122 66 124 34 


Moan molecular refraction (Gladstone), * = 122 23 

Ophe Axud Angle -The angle m air, 2E, was not quite measureable, but 

2 (' 2 
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the true angle 2Va withm the crystal is given below, as the mean of several 
well agreemg (letorminations 


Light 

o2V„ 1 

Light 

2V, 


Li 

71 

14 

T1 

71 

41 

C 

71 

16 

Cd 

71 

49 

Na 

71 

26 

F 

71 

69 


Ihspernon of the Median Lines —This is small, and is such that the first 
median line lies nearer to the inclined crystal-axis a for green thallium light 
than for red C-hydrogen light by 16', this being the mean of two determinations 
affording 16' and 17' respectively, made with the two crystals immersed in oil 
of cinnamon, the refractive index of which is almost identical with the mean 
crystal-mdex 

ThaUtum Copper Sulphate, Tl,Cu(S04)j 6HjO 
Morphology 

Eleven httle crystals from three different crops were used for the crystal- 
angle measurements The crystals of this salt are coloured bright blue 



Fio 4 —Cu Sulphate 


Crystal System —Monoebme Class No 6, holohedral-pnsmatic 
Ratios of Axes —a 6 c — 0 7499 1 0 6033 
AxmI Angle —p = 106° 33' 

Forms Observed-a{m}, 6{010}. c{001}. pCllO}, /{120}, j)'"{130}, irfOll}, 
»i{021}, f{201}, f'{201}, o{lll}, o'{lll}, and n{121} The form r{201} is exceed¬ 
ingly rarely present on any of the salts of this whole isomorphous senes Cleavage 
occurs parallel to 1^(301} 

Habit —The most typical habit is lUustratcd in fig 4 
Morphoiogteal Angles —The results of the gomometneal measurements are 
given in the accompanying table 
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Interfaoial Angles of Thallium Ckipper Sulphate 


Auj,li 

No of 
lucaaurc 

Lunus 

I olwurvtd 

1 

Caku 

InUd 

DiO 

r ac 

-(100) 

(001) 

2 

74 

25- 74 27 

1 

74 20 

71 27 

1 

aa 

- (100) 

(101) 





46 42 



- (101) 

(001) 





28 44 



-(100) 

(201) 

1 



30 61 

20 62 

I 


-(201) 

(001) 

1 



42 35 

43 25 

(1 

■ er' 

- (001) 

(201) 

16 

OJ 

J3- 02 17 

0.1 41 

03 4 2 

1 

ca' 

-(001) 

(loi) 

— 



_ 

38 IS 


n'r' 

(lOl) 

(201) 

— 




25 21 



- (201) 

(100) 

2 

41 

48- 41 62 

41 61 

41 61 


r'c 

-(201) 

(OOl) 

15 

no 

12 no 28 

no 19 

no 18 

1 

ap 

-(100) 

(110) 

4 

30 

46- 36 62 

1 36 40 

35 <)0 

1 

PP' 

-(110) 

(120) 

2 

10 

25 10 33 

10 20 

I'l 28 

1 

p‘p‘“ 

- (lao) 

(130) 

1 



0 66 

9 66 


p'b 

- (120) 

(010) 

2 

34 

38- 34 42 

24 40 

31 42 


p"b 

- (130) 

(010) 

1 



24 47 

21 17 


pb 

- (110) 

(010) 

27 

53 

63- 64 27 

64 10 



IPP 

= (110) 

(lIO) 

10 

71 

26- 71 65 

71 20 

71 40 

1 


(001) 

(Oil) 

40 

26 

20- 20 5 

26 62 

• 

_ 

]qb 

= (Oil) 

(010) 

J6 

m 

66- 04 22 

04 7 

04 8 

1 

TIto 

- (010) 

(021) 

6 

45 

41-45 2 

45 no 

46 61 

2 


- (021) 

(Oil) 

5 

18 

4- 18 24 

18 14 

18 16 

1 

fflO 

- (100) 

(111) 





48 60 



(111) 

(Oil) 





27 7 


. aq 

= (100) 

(Oil) 





70 1 


go' 

- (Oil) 

(Ill) 





34 28 



-(III) 

(100) 

— 


— 

— 

09 29 


'co 

- (001) 

(111) 

16 

34 

0- 24 41 

34 21 

34 26 

4 

op 

-(111) 

(110) 

10 

42 

60-43 20 

43 6 

41 2 

3 

cp 

- (001) 

(110) 

42 

77 

11- 77 41 

77 27 


— 

po' 

-(110) 

(111) 

30 

67 

46- 68 12 

67 67 

67 67 



-(111) 

(OOl) 

30 

44 

23- 44 64 

44 30 

44 30 

0 

'bn 

=(010) 

(121) 

1 


_ 

64 17 

64 12 

4 

no 

-(121) 

(111) 

1 



16 54 

16 68 

4 

bo 

= (010) 

(111) 

7 

70 

8- 70 24 

70 14 

70 11 

3 

Of 

-(111) 

(101) 





10 49 


00 

= (111) 

(111) 

3 

30 

37- 39 39 

39 38 ^ 

39 38 

0 

(bo' 

- (010) 

(Ill) 

25 

04 

66- 06 10 

05 5 

66 6 

1 

loV 

-(Ill) 

(loi) 





24 54 


lo'o' 

= (111) 

(III) 

12 

49 

42- 40 68 

40 60 

49 48 

2 


- (101) 

(Oil) 

_ 


_ 

- 

37 66 

_ 

1 9P 

-(Oil): 

(IlO) 

39 

80 

16- 80 62 

80 33 

80 34 

1 

If' 

- (IlO) 

(lol) 





66 31 


Iw 

= (IlO) 

(Oil) 

30 

93 

12- 93 46 

93 27 

03 20 

I 

ff'g 

- (lOl) 

(Oil) 

_ 


_ 

— 

45 6 

_ 

gn 

=(Oil) 

(121) 

1 



20 32 

20 28 

4 

»P 

= (121) 

(110) 

1 



30 40 

36 44 

4 

IP 

- (Oil) 

(110) 

40 

93 

0- 03 22 

03 10 

03 12 

2 

\v»' 

= (110) 

(lol) 





71 43 


Lf? 

= (110) 

(Oil) 

SO 

no 

38-117 0 

no 40 

no 48 

1 
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ftiterfacml Anglett of Thalbum Copper Sulphate— (continued) 


- j 

Aiitfle 

No uf 
meMuro 
nientH 

Limitii 1 

1 Mean 
observed 1 

Calou 
lated 1 

Vo =^(201) (Ill) 

31 

1 o , . 

i 34 52- 33 8 

1 c , 

1 34 58 

34 60 

op -(Ill) (110) 

H 

01 53- 92 21 

' 02 9 

02 10 

o'ti. -(Ill) (osn 

4 

36 35- 30 37 

1 16 so 

36 28 

t»p -(021) (lioj 

4 

66 38 55 44 

: 55 42 

1 55 42 

.jV =(11«) (SOI) 

3(1 

1 52 38- 53 0 

1 52 

32 51 

Total nuiulMir at moasute 

1 


1 


mento 






The Average Difierencu of angle between this thallium topper salt ami 
the conespondmg potassium copper sulphate, that is, brought about by thi 
replacement of potassium by thalbum, is 28', and the maximum angular change 
(largest of all the angular changes), which occurs in the pnncipal angle, tin 
raonoclimc axial angle oc, is 1^" 5' The effect of replacing sulphur by selenium 
will be found dealt with oii p 416 


Volume 

Relatwe Deimly The accepted value, the mean of three good determinations 
IS 3 728 

Moleouhr Volume M _ m 6.4 

Tojm Axtal Rattos 

/ w = b 2003 8 2b82 4 1614 


()ftm 

Ortetdalton of Ojittcal EUipmd [Inimalnx) —The plane of the optic axes is 
the symmetry plane 6(010} The sign of the double refraction is negative 
The axis y (the vibration direction for the y-mdex of refraction) of the mdicatnx 
bes 17° 20' behmd the vertical crystal-axis r, m the acute crystal-axial angle 
00 , and is the obtuse bisectrix (second median bne) of the optic axial angle, 
the a-axiB of the mdicatnx (corresponding to the a-mdex), the acute bisectrix 
(first median Ime), bes 32° 63' above the crystal-axis a, m the obtuse crystal- 
axial angle oo The vibration direction for the ^-mdex of refraction is the 
symmetry axis b 
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Rtfimolwe Induces —These ate as under — 


laght 




F 


1 'ittU 
1 5060 
1 5900 
1 6048 
I 0081 
1 0120 


I (1044 
1 H06U 
1 6000 
1 6146 
1 6182 
1 6222 


Mtaii mdi x for Na Hgh», _ 1 (HHM 

Double refrautiui) Nay , - 0 «1W 


I 6188 
1 6144 
I 6100 
1 6244 
1 6277 
I 0318 


General Formula for the intermediate refrattiv(‘ index [i, c«rrett<*d to a 
vacuum 


3 I 688:1 + - 


, 3 061 000 000 000 , 


The a-mdices are also closely reproduced by the formula if the constant 
1 5881 18 dunmudied by 0 0100, and the y mtlices if it be increaHetl b) 0 0094 
Axial Ratios of Optical EUips<nd 

a fl Y - d 99‘18 1 1 0068 


Molecalni Optical Constants These art i 

ray (’ — 

Specific refraction 
a* -J 
(n* \-2)J 

Molecular refrac tion (Lorenz) 
n«- 1 M 
n*+2 d 

Molecular refraction (Gladstone) 

M 


follows, for the red hydrogen 


0 0924 


Y 

0 0936 


Mean molecular refraction (Gladstone) ■ '( = 124 31 


Optic Axial Angle —The optic axes do not emerge m air, owing to the wide- 
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ness of the true optic axial angle, 2Va Closely concordant (within 4' at most) 
measurements of the latter afforded the following mean values — 


Light 

f", j 

Light 



la 

86 

22 

T1 

86 

10 

C 

86 

21 

(M 

85 

7 

Na 

85 

16 

F 

85 

2 


Dtsj)er8t07i of the Median lAties This is such that the first median Imo lies 
nearer to the crystal-axis a for green thallium light than for red C-hydrogeii 
light hy 1 h' Oil of cinnamon was used as the immersion liquid for this particular 
determination, its refractive index being imutically identical with the mean 
index of the crystal 

Ihammon of the ResuUs 

The main pomt of mtcre-st in discuHsing the results of this investigation is to 
make clear how these thallium salts of the great senes K^M(S 04 )g 6HjO 
differ from the other salts of the senes already fully desenbed, namely, those 
contauung as the Il-base one of the alkali metals of the same family group, potas¬ 
sium, rubidium, or ctesiiim, or the radicle ammomum NH^ Differences there 
must bo, as it is noa certain that except in the cases of cubic ciystols-where 
the symmetry itself fixes the angles unalterably -change of chemical com¬ 
position, even the isomorphous replacement by family analogues, invanably 
causes morphological and physical change The author’s previous work has 
already shown what is the nature of the change when those four bases replace 
each other It has been conclusively proved that there are small eutropic 
changes of intorfaoial angle and larger eutropic alterations of the optical and 
other physical properties m the cases of the alkali-mctaUio replacements 
By " eutropic ” is meant that the changes are proportional to or follow the 
order of the change of mass of the atoms mtcrchanged, that is, that they arc 
functions of the atomic number or atomic weight The mtroduction of 
ammomum, while not octmg eutropically, as we ore here dealing with a radicle 
complex and not a simple analogous atom, effects changes which m regard to 
many of the properties—especially structural umt-cell size and edge-dimensions, 
and molecular refraction—resemble remarkably closely those accompanying 
the mtroduction of rubidium, the middle member of the alkab family-group , 
so that the rubidium and ammomum salts are strikingly isostructural and 
similar m all molecular properties The work already achieved on four thallium 
salts of the senes has shown that these thalhum salts likewise, although not 
qmte so closely, resemble the analc^us ammomum and rubidium salts, to the 
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extent indeed of being very nearly laostructural with them But they have 
been shown to exhibit one very remarkable outstanding difference, namely, 
very much higher refractive power, their refractive indices being so much higher 
that, as will be seen m the next memoir, the double selenates containing libullniTn 
are practically as highly refractive as the bquid so much used m optical work 
for its high rcfractivity, inonobromonaphthalenc We may now proceed, 
therefore, to examine the further results here in this memou: presmitcd for the 
remainder of the double sulphates containing thallium 

Dealing first with the Interfaced Angles, instead of giving a senes of tables 
showing the whole of the angles of the thalliuin salts alongside those for the 
alkahmetallic and ammonium salts, which would occupy a large space,'*' a tabh 
IS next show n m which are concisely and comparatively given the averagi and 
maximum changes of angle for each replacement The average change is 
obtained by making a list of all the mdividual changes of angle (30 quite different 
angles being compared), and taking their mean, irrespectively of the change 
being an increase or decrease In the case of passing from a potassium salt to 
a rubidium one, and thence to the analogous ccssium one, the change is olw ays 
of the same sign, as the rubidium value is always intermediate between the 
values for the potassium and oiBSium salts, by virtue of the progression according 
to atomic number But with the mtroduction of ammomum or thaUium the 
changes may be of either sign, there being no progress m order of mass, but 
only such a change of angle as is of a like order of magmtude, corresponding 
to true isomorphism (in the wider sense now understood, which recognises the 
minute but very real differences between the members of isomorphous senes 
not cubic m symmetry) The maximum angular change is simply the biggest 
change that is observed on reviewing all the changes, and m the cases of the 
thalhum salts and many of the other salts it is that wbch occurs in the pnncipal 
angle, the supplement of the important monoclimc axial angle namely, oc = 
( 100 ) ( 001 ) 

No thalhum-codmium salts are mcluded in this investigation, for they appear 
to be mcapable of existence All attempts to prepare them hai e merely afforded 
white opaque granular deposits, which break up into a white microcrystallme 
powder on drying, the crystalhtes of which show no resemblance under the 
microscope to the salts of this senes rotassium-cadnuum sulphate and 
selenate with OHjO have previously been shown to be also incapable of 
existence 

* Three snoh tables have already been given for the cinc, nickel, and cobalt doable 
sulphatee containing thalliam, and may with advuitago be oonsulted, on p 220 of the 1009 
memoir (fee oU ) and pp. 243 and 263 of the 1026 memoir (alwi fee cU ) 
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Table of Average and Maxununi Cbaogee of Angle in Doable Salpbatee 



! V.or, 

ro nhnngi for 

repliwieucut 

Maxim. 

m thaiigr 

forixpl. 

uxment 



uf K by 



ofK 

by 



1 Kb 

Ch j NH. 

■n 

Bb 

c. 1 

NH« 

T1 

Mg group 

' 28 

ns , 

50 

40 

71 

1 

141 < 

138 

1 ^ 

' 108 

7ii , 

20 

50 , 

SO 

35 

06 

130 1 

124 

, 88 

Ni „ 

27 

5+ ' 

40 

33 

1 03 

122 

117 

1 84 

Co ,, 

27 

no 1 

52 

30 > 

06 

137 ' 

127 



32 

05 

02 

41 1 

1 72 

145 

138 

1 104 

(u ; 

22 

47 

10 

28 1 

' 1 

115 1 

101 

1 05 


27 

SO 1 

51 

30 jj 05 

183 1 

124 

80 


The maugaueae aalta do not appear m this table as the potassium salt of this 
group also does not exist, and cannot therefore be compared As regards these 
SIX groups compared, for which all the members have been obtained and investi¬ 
gated, the results are striking in every case the change of angle, whether 
average or maximum, on the introduction of osmum for potassium is twice as 
much as when rubidium is mtcrohaugeil for potassium, thus corres^ioiiding 
exactly to the change of atomic weight or number i'he atomic numbers arc 19 
for K, 37 for Kb, and 56 for (’s, that is, 18 additional electrons are added mthe 
first replacement and d(3 in the second, m one or ta o additional shells around 
the nucleus The introduction of ammonium or thallium provokes amounts of 
change which are loaer than when usssnim is introduced but higher than when 
rubidium is interchanged, the thallium value being the lower and nearer to the 
rubidium value, while the ammonium value is nearer to the oesium one 
It 18 really astonishing how exact this is, as regards the alkah-metallic 
(hanges, whether we consider each group alone, or the mean given at the foot 
of the table For instance, m the latter case 66' and 27' or 133' and 66' stand 
wonderfully closely to 2 1 If an additional table be now given for the values 
of the axial angle ^ itself, the changes for the two replacements K by Cs or Rb 
will be seen ala ays to stand, almost exactly to a mmute of arc, as two to one 


(Jomparison of the Monivlinic Axial Angles ^ for Double Sulphates 


Oontsining | 

Mttgncuuni 

Iferrouji iron 

MaiigancNP 

1 

1 Copper 

PotaMium 

104 48 

104 32 

“ ' 

104 28 

Rubidiiuii 

105 60 

105 44 

105 57 

105 18 

rwliiiii 

107 6 

106 52 

107 7 

106 10 

Ammontam 

107 6 

106 50 

106 51 

106 0 

ThaDinm 

100 30 

106 16 

106 28 

105 33 
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It will be clear that the axial angle for the rubidium salt la ui all four oaaea 
half'way between the axial angles of the corresponding potasainm and ctesium 
salts, that the axial an^c of the ammonium salt is very close to that fur the 
cessium salt, and that m the case of the thalhum salt the value is mtermediatc 
between the values for the rubidium and csesium salts Precisely similii i results 
were obtamed for the zme, mckel, and cobalt groups already completely dealt 
with m previous papers 

Passing next to the changes m Molecidai Volimu and Tapic AjtuU Hatios, 
which bterall> mean the volumes and edge-dimensions of the nnit cells nf the 
structural units, the following tables will bo instructive 


IJensitj and Molecular Volume of Double Sulphates 


Ciintuiniiitc 

Putoatiuin 1 Kubidiiuu ' Cuw 
' t 

.■uin 

Amm, 


J 

'1 lllllllUDI 

1 

MiiRncMiuni > 

2 034 

1 

2 J»« 2 ((70 


1 723 


|< 

673 




IIMI iM| 20« is 

218 08 


207 

78l 


203 M 

1 

2 24(1 

'2 601 '2 876 


1 032 


^1 

720 




I (Hi l(l> 206 6Sj 

217 07 


2(H1 

181 


20(1 46 

Nickel ' 

2 237 

2 68(1 12 H72 

213 00 

jl 021 


|l 

770 




lot 00 203 43| 

1 

203 Olj 


201 07 

Cobslt 

2 210 

2 687 2 844 


I OOl 



782 




106 88 203 03 

218 llj 

1 

208 



201 40 

Irun (fetnfiu) 

2 177 

2 618 2 798 

1 

1 801 



(130 



108 06 207 81 

220 77 


208 

88 


207 84 

MsngiuieiK- 


2 481 2 740 


|l 8.31 


jl (186 



1 212 28 

224 06 

1 

212 

1 


‘206 82 

Copper 1 

2 233 

|2 371 2 868 


jl 028 



72s 



108 iO' 208 24 

218 84 

1 

200 

08| 


20-) III 


Speofio gravity at 20°/4° is on the left-hand, and molecular-volume on the 
right, m the column 

As regards specihc gravity, the usual progress with atomic weight or muiiber 
IS clear m the case of the alkali metals , but the ammonium salt is lighter than 
any, and the thallium salt nearly a aholc unit heavier than the cwsium salt 
With respect to the particularly interesting molecular volume, the umt c-c 11 
oontent, there is an increase of an average of 9 t> units when rubidium replaces 
potassium, and an increase of a further 12 7 umts in the mean when csssium 
replaoes rubidium But the cell volume of the ammonium salt is strikingly 
close to that of the rubidium salt, expressing the isostructure which the author 
has BO fully proved m previous commumcations, and thalhum also acts 
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minilarly to anunomum, although the volumes of the thaUium salts aie not 
quite 88 close to those of the rubidium salt 

Table of Topic Axial liatios of Double Sulphates 


CouUiniiig 

j Magnomum | lerrousiron 

Manganuii 

10 

Copper 







1 ^ 

l6 

a. 

Potassium 

In 0711 8 ISDoL 0892^0 0533 8 2066|4 11113 


-1 


0 0709* 

8 1063 

4 1240 

Rubidium 

6 IKUJ 8 36184 16600 1602 8 36284 1818 

6 2404 8 4636 

4 1846 

6 2017 

8 28(X) 

4 1640 

Cnsium 

'U 2008 8 0012 4 26410 2621 8 0242 4 2716 6 3286 8 7004 
10 2320 8 4317 4 1418 0 3096 8 41724 1749 0 2670 8 4600 

4 2746 

6 3332, 

8 6240 

4 2164 

Ammonium 

4 1761 

6 1786 

8 2790 

4 1042 

Thalhum 

0 1733 8 29394 1470 0 2050 8 3647^ 1765 6 2134 8 3367 

4 1378 

6 2003 

8 2682 

4 1614 


This table only gives the values for the four groups of which the thalhum 
salts are uo\i described But similar tables were given for the sine group m 
Ihe 1909 paper, and for the nickel and cobalt groups in the 1925 paper (both 
loc at ) 4nd all these tables mdicate the same facts, namely, a regular pro¬ 
gression 111 the relative dimensions of the structural-umt cells, when potassium 
IS replaced m turn by rubidium and then by caesium, and closeness of the 
dimensions of the cells of the rubidium, ammonium and thalhum salts containing 
the same M-metal 

It must be remembered that these measures of cell volume and cell edges 
arc relative To get the absolute dimensions the X-ray analysis is required, 
a task which is not yet feasible on account of the complexity of the molecule, 
the low (monoeluiio) symmetry, and the presence of the six molecules of water 
The author has hopes, however, that further progress will enable the problem 
to be tackled, and these relative measures converted into absolute ones, as was 
done for the sunple sulphates of potassium, rubidium, cisBium and ammomum 
by Frof Ogg and Mr Hopwood* m the laboratory of Sir William Bragg The 
wonderfully close confirmation of the author’s relative dimensions for those 
salts renders one confident that m this case also of the more compheated doable 
sulphates a like confirmation is bound to occur f 

* ‘ Phil Magvol 32, p 618 (1926) 

t A further memoir has just (February, 1928) been published by Prof Ogg [Phil Mag, 
vol 6, p 354 (1928) ] giving the resulta of a much more detailed itody of the four iimple 
sulphates of K, Rb, Cs and MH( with orystala supplied by the author The full 
struoture hai been worked out, the space group being Vd 16, with four moleoulet of 
to the stniotural unit cell The resulta as regards the relations of the four salts 
and the absolute dimensions of the structural units are fully oonflrmed. 
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Passing now to the optical properties, the Onentcaum of the Opioal Indtoatnr 
u the first fundamental property for which a comparison should be instituted 
The whole of these double sulphates and, as will be shown in the next memoir, 
also the double selenates, exhibit in strikingly similar fashion the fact which 
18 graphically illustrated m fig 6 The elhpsoid of three cMerent rectangular 



axes, of different lengths, represented relatively by the throe refractive mdi^es 
a, Y consider the Fletcher mdicatrix as the representative ellipsoid, 
IS only so far fixed that one of its axes, the intermediate one ^ m the case of this 
senes of salts, is identical m direction with the single symmetry axis b 
of the monoclimo crystal It is free to rotate aliout this axis whenever 
a change of one mterchangeablo metal for another is effected, and it docs 
actually so rotate It has been shown m previous commiinioations that for 
any potassium salt its position is such that one of its two other axes, which he 
m the symmetry plane, is as shown m fig 0, near to and somewhat to the left 
of the vortical crystal-axis o For the corresponding rubidium salt it hes a 
little more to the left, and for the caesium salt still more so The ammomum 
salt has this same axis very close to the c-ams, between it and the potassium 
position. It IS now shown for the four thalhum salts here described, and a 
aimilRT fact was shown for the previously desenbod thalhum salts containing 
sino, mokel, and cobalt, that this axis hes to the right of the crystal-axis c 
The amounts are shown in the httle table which follows — 
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Inclination of y-axia of Elbpsoid to Right of Crystal-azia e 


Tn Tl-Mg-sulphate 

9 

4 

„ 'Tl-Fe-sulphate 

16 

16 

„ Tl'Mn-sulphate 

14 

16 

, T1 {'Si-sulphat4 

17 

26 


The valuCB for the 2 inc, luokel, and cobalt salts were found m the former 
work to be respectively 13“ 29', U° 40' and 16“ 40' behind the axis r 

The sign of the double refraction is negative in all these thalhiun salts Also 
m all of them this direction just located is the vibration direction of the light 
affording the y-index of refraction, and is the second median line (obtuse bi¬ 
sectrix) of the optic axial angle 

Taking next the Rtfraolwn Gon^ida, the next table compares the three most 
characteristic of these, namel}, m the upper part the mean refractive index 
1/3 (a + M" Y) sodium light, m the middle part the double refraction, 
that 18 , the difference liotween the two extreme indices a and y for sodium 
light, and m the lower part the mean molecular refraction accorduig to the 
Gladstone formula (that of Lorenr shou ing precisely the same facts) Full com¬ 
parative tables of the refractive indices themselves for six wavo-longths have 
already been given m the 1909 paper (p 222) for the zme group, and m the 
1926 paper (pp 247 and 267) for the nickel and cobalt groups, which exhibit 
ipiite similar relationships to the four group of which the thalhum salts are 
now described, it is therefore unnecessary to occupy space here m giving four 
other siwiiliij tables, and a table of the form now given (sec p 391) is really more 
instructive 

The outstanding feature displayed by the thalhum salts at once strikes the 
eye, namely, their relatively verv high refractive index, double refraction, and 
molecular refraction 

The properties already sufficiently proved in former memoirs, the eutropic 
progression shown by the potassium, rubidium, and osesium salts, especially 
clear as regards double refraction (a dinunution with atomic weight and number) 
and molecular refraction (a steady and accelerating increase), and the sumlonty 
of molecular refraction shown by the rubidium and ammonium salts, are con¬ 
cisely exhibited by this table 

The Optic Axui Angle phenomena do not call for any special componson, 
as they ore only another natural expression of the refraction relationships along 
the three axes of the optical elbpsoid, which determine where the two oironlar 
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Refraotioa CooatantB of the Double Sulphatoe 


(lonlAioing 

Magnealum 

F^nutuiroi) 

Manganese 

PotMRium 

1 4SS4 

1 4860 


Rubidium 

1 47H 1 

1 4889 

{ 4827 

(Inthim 

1 4877 1 

1 6044 

1 4970 

Ammniiiiini 

1 4744 

1 4926 

1 4861 

TbMlinm 

I 784(1 

I 0061 

1 6080 


1 49071 3 

1 4943 3 " 
I 8087 I fr 2. 


PotMwium 

Rubidinin 

('aMiom 

Ammonium 

rh»llium 


I 0 0148 

I 0 0107 

' 0 0069 

I 0 007(1 

0 0244 


0 0210 

0 0102 I 0 0140 
0 0091 I 0 0079 
0 0119 0 0118 
(» 021S ' 0 0227 


0 0184' 
0 0180 
0 0106 
0 0144 
(» 0194 


I 


PotaMium 

Kubidinm 

(’Mium 

Ammonium 

Thnllinm 


91 2J 
90 74 
100 38 


96 69 
101 11 
110 82 
102 71 
126 07 


I 101 98 
I 111 44 
I 102 37 
' 122 27 


96 91 

101 44 
110 66 

102 26 
124 71 


l£ 


sections of the ellipsoid shall be situated, perpendicular to which are the optu 
axes But it should be emphasised that throughout the whole seven 
thallium double sulphates the acute bisectrix of the optic axial angle is the 
iiimimnm axis a of the indicatnx ellipsoid, for which the axes are proportional 
to the refractive indices, and the maximum axis y is the obtuse bisectrix The 
intermediate axis p is always the symmetry crystal-axis b, perpendicular to 
the unique systematic symmetry plane, which contams the a. and y axes The 
maximum index y hemg the nearer to the intermediate index and the mim 
mnm axis a further therefrom, the double refraction is of negative sign, and 
this prevails throughout the whole set of thallium double sulphates The 
study of the interference figures donng the measurements of optic axial angle 
have consistently also indicated a slight dispersion (for different wnve-lengths 
of light) of the biseotrices, the first and second median lines which an* them¬ 
selves the a and y axes of the ellipsoid- m the svmmetry plane, m amount 
varying from a quarter to three-quarters of a degree, and m the same sense, 
which 18 always such as bnngs the first median line nearer to the inclined orvstal- 
axis a for green thallium than for red hydrogen hght 


Condtmon 

The results for these four remaming double sulphates containuig thallium 
are precisely m Ime with those previously derived from the study of the thalUum 
salts of the zmo, mckel, and cobalt groups ThaUium docs not eutropioally 
replace the alkali metals, but although the changes in oxtenor angles and 
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internal physical properties are not proportional to the heavy mass, as repre¬ 
sented by the high atomic number of thallium (81), this heaAuer and more 
compbcated atomic nature and structure do register themselves m the tran¬ 
scendent optical refraction and spectral dispersion exhibited by the thaUium 
double salts The exact position of the thalbum salt of any group, as regards 
all the properties other than this refraction of bght, is, mdeed, very close to that 
occupied by the similarly non-eutropio ammomum salt, which has been through¬ 
out shown in previous memoirs to be so close to that of the analogous rubidium 
salt that almost perfect isostructure—^identity of umt-cell shape and size— 
has been proved The true isomorphism of these thallium salts with those 
contaimng the three most closely allied alkab metals (family-group and even senes 
analogues) and ammomtiin is perhaps best of all proved by this fact, that for 
all morphological and optical (other than refraction) properties and constants 
its position 18 not an extreme one, but one not far removed from that of the middle 
member of the group of three eutropic salts, the values never being below those 
of the potassium salt nor above those of the cmsium salt 
One further fact is shown by these thallium salts, in common with the salts 
of any other individual K-base when studied by themselves, namely, the 
astonishingly small effect on the crystal characters and constants of change of 
the M-metal Attention has been called to this m many previous memoirs 
durmg this long investigation, and it is a fact which never fails to be impressive 
in view of the relatively great changes invoked by mterchange of the alkali 
metals It is to lie expected that further work on the structure of the atoms 
of the metals, and the possible X-ray analysis of the crystals themselves, will 
tend to elucidate the mystery and furnish a reason for this striking fact 
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The Hexahydrated Double Selenatea containing Thallium Completion 
of the Thallium Salta and of the whole Monodinic Senes 
By A E n TurroN, D Sc , M A , F R S, Past-President of the Mineralogical 
Society 

(Received Pobruary 2, 1928 ) 

The introduction to the preceding memoir (p 367) applies equally to this 
paper, in which are described the six doable selenates containing thalhum as 
the R-metal and magnesium, ferrous iron, mckel, cobalt, manganese, and copper 
as the M-metal respectively The optical and volume properties and constants 
of the zinc-thalliiun selcnatc are also included, as these were not determinable 
with the crystals described m 1909,♦ while lately the author has obtained qmte 
excellent crystals of this salt suitable for all purposes 
While this work has been m progress a paper by L C LmdsleyandL M Dennis 
has appeared,t concerning five of these thallium double selenates, those m which 
the M-metal is copper, cobalt, nickel, magnesium, and manganese, which they 
consider to have made for the first time This is, of course, an error, as all of 
them were mode by the author previous to 1909, as will be clear from p 367 
of the preceding |>apcr, but, as there stated, the crystals obtained were not of 
adequate perfection for complete gomometneal, optical and density measure¬ 
ments and determinations Lmdsley and Denms, however, only give measure¬ 
ments of two angles, and these are supplementary to each other, being the 
acute and obtuse angles of the primary prism p{ll0} They give no optical 
or other physical data They found m the case of each salt an mcrease of about 
40'm the acute angle of the prism, and a bke amount of diminu tion of the 
supplementary obtuse angle, compared with the corresponding angle on the 
crystals of the analogous double sulphate 
The uroii salt, Tl^e(Se 04 ), 6H,0, does not appear to have been previously 
obtained by anyone, doubtless for the same reason as was pomted out by the 
author in a special commumcation^ on the mteraction of iron and selcmc acid 
For iron docs not react with selemc amd as it does with sulphuric acid, but 
reduces it (doubtless through the nascent hydrogen first formed) immediately 
to elementary selcmum, which is deposited as a red precipitate But a satis- 

* ‘ Boy Soo Proo A. vol 83, pp 216-218 (1909) 
t ‘ Joom Amor Chem Soo voL 47, p 377 (1926) 
t‘Bo7SooFroo,’A,vcd94,p862 (1918) 
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factory method of obtammg pure ferrous selenate was eventually discovered by 
the author, consisting m the use of pure ferrous sulphide instead of metallic iron, 
dilute selemc acid decomposes it like dilute sulphuric amd, with hberation of 
hydrogen sulphide, which is not sufficiently powerful a reducing agent to decom¬ 
pose selemc acid, yet is efficient enough to prevent any oxidation of the ferrous 
selenate to feme during the warming caused by the heat of reaction The 
ferrous selenate may be obtamed m good crystals by evaporating the filtered 
liquid under reduced pressure, over oil of vitnol under the receiver of an air 
pump Thallium ferrous selenate has been obtamed m excellent crystals by 
mixing cold solutions of these crystals and of thalhum selenate cr 3 rstal 8 , and 
evaporating likewise to the crystallisation point under much reduced pressure 
and at a fairly low temperature, using excess of ferrous selenate over and above 
that required for equivalent molecular proportions 
One outstanding fact is, indmi, noticeable with regard to the formation of 
all these thallium double salts, both sulphates and selenates, namely, that the 
deposition of the double salt crystals only occurs when there is considerable 
excess of the M-solt present From solutions containing equal molecular pro¬ 
portions of the thallium R-salt and of the M-salt, thallium sulphate or selenate 
usually first crystallises out, even two or three nightly (rops in succession bemg 
obtained of them , and it is only when the M-salt has licen thereby rendered in 
considerable excess that one at length obtains a crop of the double salt crystals 
This fact IS probably connected with the low solubility of thallium sulphate and 
selenate, and as the selenate is the less soluble of the two the phenomenon 
IS accentuated in the preparation of the thallium double selenates Another 
difficulty caused by this slight solubility of the thallium simple salts is that one 
can only start with such very dilute solutions as are alone possible with those 
salts, rendering the protess of further evaporation to the crystallising pomt of 
the double salt a lengthy business, often of many days or even weeks Especially 
IS this so m the case of the preparation of thallium ferrous sulphate or selenate, 
as no warming to accelerate evaporation is jxissible , for even gentle warming 
causes rapid oxidation to the feme salt, and instead of the desired hexahydrtc 
monoclimc salt octahedral crystals of thallium feme alum TlPefSOj)^ J2H,0 
or the corresponding selemc alum are deposited, from a brown turbid liquid 

ThaUtum Maquenaw Sdettale, TljMg(Se()4), 6H*(> 

MwykuUMfy 

Klevcn good little crystals were used for the gomometry, selected from hve 
crops of outstanding exoellenoe 
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Crystal Hyslem Monochnu ('l»iw No 5 holohe^iral-prisinatK 
Ratios of Axes a b 6 ^ (» 7185 I (» 49‘U 
ixml Anqlc a = 105° %' 

Fmmt observed 5{()10}, f'{2oi}, ftiwl w'{l21} 

The last-menhoned form wiw represented sometimes bv quite large fares 
Cleavatje —Parallel f'{2oi}, the cleavage direction coniinon to thi whole senes 
UcAil -Short prismatir to more or less tabular parallel to thf basal plane 
r{001 ] A typical crystal is portrayed in fig 1 

Afoipholoqiral Angles The accompanving table n jirisi nts the results of tlie 
gonionietry (p iOb) 

The Avoragi Angular UiffercuM between this sail and the corresponding 
potassium magnesium selenate, that is the mean of all the differences m 
interfacial angles brought about by replacing {^totassium by thaUinm is 31' 



► to 1 —Tl MgSelenaU 


The Viaxiinum Angular Difference, uhuh happens to uciur for the primipal 
angle, the munoolinic axial angle {i, namely, oc = (UKl) ((Wl), is 1° 18' 

1'hc difference in the four mam angles, occasioned by replacing sulphur i>\ 
solemum, that is, between thallium magnesium sulphate and selenate, is as 
follows For 00 = (100) ((K)l), 54' for pp = (110) (llo), Ai' for eg— 
(001) (Oil), 1' anil for cp -(001) (110), 46' All these changt's are in 
the direction of im rcasi of the angle, on chougmg sulphur for selomum 

I olnnu 

Relative JJtiisili/ The mean of two excellent detemimatioiis gave as tin 
accepted value of the specifii grn\itv I 721 for the authors stiuidard 
temperature of 20°/1° 

Moloeulat I oliiiM -= = 22<l 61 

d 1 721 

Topic Axial Ratios / -y co — 6 J58tl 8 4041 4 2412 



396 


A E. H. Tutton 




Hexahydmted Double Selenntes 


397 


Optics 

OnmUUton of Optical EUipsoid —^The optic axes be in the symmetry plane 
6{010} The double refraction is negative The first median line, the a-axis 
of the indicatnx ellipsoid, corresponding to the a-index of refraction, luw 20“ 3' 
above the crystal-axis a, in the obtuse crystal-axial angle ae , the second median 
hne, the y-index and axis, is for sodium light 4° 27' behind the vortical erystal- 
axis c, in the acute crystal-axial angle ac The p-axis is the symmetry axis b 


Ec/raotive Indices —The fiO^-prism observations afforded the following results 


Tiiiiht 


P 

Y 

U 

1 6206 

1 0202 

1 6360 

( 

1 6210 

1 6207 

1 6364 

Na 

1 6260 

1 6J37 

1 6404 

T1 

1 6207 

1 63»4 

1 6461 

Cd 

1 6326 

1 0414 

1 6462 

b 

1 0363 

1 6462 

1 6621 


■Nfom index for Va H«ht. ^ ^ — 1 S33n 

3 

Donbic rrfnwlion Nay., - 0 0164 

General formula for the intermediate mdex corrected to a vacuum — 


p 1 6162 4- -t- .000 ^ 

The a-indioes are closely reproduced if the constant 1 6162 be dimimshed 
by 0 0087, and the y-mdices if the constant be increased by 0 0067 
Axial Ratios of the Optical EUipsoid {Indicatnx) — 

* p Y == 0 9947 1 1 0041 

Molecular Optical Constants —The values of these constants for the red 
hydrogen ray C are given m the next table 

a p { 

Specific refraction 1 

n*-l !■ 0 0945 0 0966 0 0964 

fn* + 2)d J 

Molecular refraction (Lorenz) ') 

n»-l M > 77 69 78 47 79 13 

n* + 2 d J 

Molecular refraction (Gladstone) 'I 

n-1 „ > 137 00 138 92 

— “ J 

Mean molecular refraction (Gladstone), ? + = 138 77 


140 40 
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Opitctd Anal Angle The following an the valiuw of the truo optic axial 
anglo within the erirstal, 2V„, ohtaineil aa the mean of several closely agreeing 
results The apparent angle in air, 2E, was so large that it was not quite com¬ 
pletely visible through the seetion-plates jUTpenHicHlar to the acute bisectrix 


Light 

2V„ 

Jjigbt 

2V,. 

Li 

77 17 

T1 

77 "lO 

(' 

77 20 

Cd 

77 58 


77 U 

' F 

78 Id 


Ihupeinoft of iht Median Lines The dispersion of thi two miHimn lines in 
the sjrmmetry plsne is siiih that the first median line lies nearer to the erystal- 
ixis a by IK' for green thallium light than for reil ('-h\drogeti light The plate 
III each cAse a as immersed hrst in carbon bisulphide and afterwards m mono- 
hromonaphthalene two Inpiids which possess rofraetive indices respettiyeh 
slightly lower and higher than the crystals th«**inditationB in the two liquids 
were identical to within 2' 

Thalhiim Zinc Selenaie, 'ri,Zn(Se 04 )j bHjO 
Morjdiologi/ 

'Phis was dealt with in the 1<KI9 memoir {lac et/) 

Volmne 

Rdattve DensUy —The accepted mean value of three goml determinatinna of 
the specific gravity at 20°/4'° la 3 958 

Afo/eetdar Vdiime — ^ = 217 69 

d 3 958 

Tojne Axial Ratios x 4* w ~ 6 3173 M 1468 4 24*20 
Optics 

OrtenUUion of Optical Ellipsoid {InduxUnx) —The plane of the optic axes is 
the symmetry plane 6 {010} The sign of the double refraction u negative 
The maximum axis y of the ludicatnx, corresponding to (directioii of vibration 
for) the Y'lndex of refraction, hee e® 46' behmd the vertical oryatal-axis o, m 
the acute axial angle ao (which is 74° 6'), it is the second median hne (obtuse 
bueotnx) of the optic axial angle *1110 minimum axis « of the indioabnx, 
the direction of vibration for the «-uidex of refraction and the acute bisectrix 
{first median line) of the optic axial angle, hes 22° 40* above the crystal-axis a 
in the obtuse axial angle ac 
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Tlie ^-mdex of refraction Ium the aymmetry nxia b for itH vibration direction 
Refradrve Indtcps —These are set out m the accompanying table 


UKht 


Li 

\a 

n 

(4t 


1 11352 1 (U75 1 (IMIt 

1 6358 L 6481 1 6.55.5 

I H4U I iUU» I 6615 

I 6471) I lUUHl I 6687 

1 6520 I 6648 I 6731 

I 6576 I (•7<Mt I 67in 


Monn indox for \h li«hl ^ ^ I 6.525 

llniitih nfmilinn Niiy „ 0 0201 


General formula for the intermediate index 9 for anv wave-length a 
corrected to a vaomim - 

o . , 825 988 4 108 1(K) (KM) 000 , 

p ~ 1 bi7l f—• -p-h 


The a-iiidices are also approximately reproduced if the lonstant I (i27l be 
diminished bv 0 0125, and the Y-mdices if it lie iii< read'll by 0 (M)7(> 

Annl RnfutK of Optical Hlhpsoid {InduxUtur) — 

a p Y - 0 9924 1 I (M)t() 

MoUculai OptuxU CmistatUt —These are given below for the red hydrogen 
ray 0 

a p Y 

Specific refraction 1 

w«-l f- 0 0906 0 0919 0 0928 

(n« + 2)d J 


Molecular refraction (Loren*) 
a«-l M 
n«-f2 d 

Molecular refraction (Gladstone) 


w — 1 
d 


M 


78 02 79 22 79 93 

138 41 111 08 142 70 


Mean molecular refraction (Gladstone), = 140*73 

Optte AxuU Angle —The following values, the mean of several closely agreeing 
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values from different crystals, were obtained for the optic axial angle in air, 
2E, and for the true angle within the ciyatal, 2Va 


Light 

2E 


2V 



0 

• 

0 

' 

Li 

120 

15 

G 8 

12 

C 

120 

19 

68 

15 

Na 

120 

47 

68 

34 

T1 

121 

18 

69 

1 

Cd 

121 

28 

69 

14 

F 

121 

50 

69 

30 


Dtsperston of the Median jAnes - The median Imes are so dispersed m the 
symmetry plane, that the first median line lies nearer to the axis-o by 30' (mean 
of two detenmnations with different crystals, affording respoetively 3S' and 27') 
for green thallium light, than it does for red C-hydiogen light The observa¬ 
tions were made with the crystal in each (asc successively immersed m carbon 
bisulphide and monobromonaphthaleno, the refractive indues of which liquids 
are very slightly lower than, and higher than, those of the crystals, the 
indications in the two liqmds were identical within 2 minutes 

Thailtum Ntekel Sdenate, Tl,Ni ( 80 O 4 ), fiHjO 
Morphohgy 

Twelve crystals from four crops were used for the crystal-angle measure¬ 
ments The crystals of this salt are coloured bright green 


FlO 2 —T1 !Ni Srlcnate 

Crystal System —^Monoclmic Class No 5, holohedral-pnsmatic 
Satios of Axes—a b 0 = 0 7466 1 0 8019 
AxmI Angle= 36' 

Forms Observed 6 {010}, c{001}, p{ll 0 }, J>'{120}, g{011}, r'{201}, 
0 { 111 }, o'{Ill}, n'{121} 

Cleavage —The cleavage direction is parallel r' {^1}, as usual m this senes 
EabU —The most typical habit is illustrated m fig 2 
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Interfacial Angles of Thallium Nickel Selenate 


A„«le 

No of 
meaauro 
inenta 


1 obaerved 

C'alcu 

latpd 

llifl 


= (100) 

(001) 

3 

74 23- 74 32 

74 27 

74 24 

3 

L, 

= (100) 

(101) 




40 38 

- 

*c 

- (101) 

(001) 




28 46 


J"' 

= (001) 

(201) 

13 

63 49- 64 10 

Ul 04 

63 49 

0 

1"' 

-(001) 

(loi) 




38 22 


Lv 

- (lOl) 

(201) 




20 27 



-(201) 

(100) 

t 

41 37- 41 44 

41 il 

♦ 1 47 


[r'6 

= (201) 

(OOI) 

12 

no 49-116 211 

116 7 

no 11 

4 

rap 

•=(100) 

(110) 

3 

30 32- 30 06 

30 43 

30 43 

0 


- (110) 

(120) 

2 

19 20- 10 28 

10 24 

10 2S 


p'h 

-(120) 

(010) 

1 


34 01 

34 49 

2 


- (110) 

(010) 

10 

54 6- 04 32 

04 17 

54 17 

0 


= (110) 

(lIO) 

26 

71 3- 71 48 

71 26 




= (ilo) 

(IIO) 

21 

108 10-108 00 

108 34 

108 31 

0 


= (001) 

(Oil) 

46 

25 11- 26 10 

20 48 

• 

- 


= on 

(010) 

12 

63 00- 64 20 

64 0 

64 12 

1 

Iw 

- (011) 

(Oil) 

22 

128 J-128 46 

128 24 

128 24 


foo 

= (100) 

(111) 

_ 

_ 

_ 

48 OO 

— 

\oq 

=■(111) 

(Oil) 




27 9 



= (100) 

(Oil) 




70 00 



= (011 

(Ill) 




34 32 


(_o'o 

= (111) 

(loo) 

— 



69 20 

- 

Cfo 

-(001) 

(111) 

2 

34 9- 34 33 

34 21 

34 24 

1 


- (Ill) 

(110) 

2 

42 41- 43 21 

43 1 

42 09 

2 


= (001) 

(110) 

40 

77 5- 77 44 

77 23 



- po' 
o*c 

= (110) 

(111) 

7 

57 41- 08 21 

58 2 

08 1 


-(111) 

(OOl) 

0 

44 25- 44 55 

44 30 

44 36 

1 


- (110) 

(001) 

44 

102 14-103 0 

102 37 

102 37 

0 

rbo 

- (010) 

(111) 

4 

70 0- 70 27 

70 14 

70 10 

2 

J M 

= (111) 

(101) 




10 44 


loo 

= (111) 

(111) 

1 


30 33 

30 28 

5 

'bo' 

= (010) 

(Ill) 

2 

60 6- 00 10 

00 8 

60 10 

2 

bn' 

- (010) 

( 21) 

1 


47 16 

47 13 

1 


= (121) 

(11) 

1 


17 54 

17 07 

3 


= (111) 

(01) 




24 OO 


o'o' 

= (Ill) 

(11) 

1 

— 

40 36 

40 40 


'•q 

- (101) 

(Oil) 

_ 

_ 


37 64 

__ 

qp 

= (011) 

(IlO) 

28 

86 32- 86 59 

86 47 

86 42 

6 

qn' 

= (011) 

(121) 

6 

30 19- 30 50 

30 30 

30 32 

2 

%'p 

= (121) 

(IlO) 

4 

01 0- 51 24 

01 10 

01 10 

0 

P* 

= (IlO) 

(lol) 




60 24 


.pq 

- (IlO) 

(Oil) 

20 

93 1- 03 27 

93 14 

93 18 

4 


= (loi) 

(Oil) 

_ 

_ 

_ 

40 0 

— 

J v 

= (Oil) 

(110) 

20 

63 3- 63 24 

63 14 

63 12 

2 

w 

L« 

- (110) 
= IllO) 

(101) 

(Oil) 

30 

116 27-116 56 

116 40 

71 42 
116 48 

3 

rr'o' 

= (201) 

(Ill) 

3 

34 03- 30 8 

35 0 

34 58 

2 

Jo’p 

-(Ill). 

, (110) 

S 

01 45- 02 34 

03 14 

02 17 

3 

V 

-(110), 

■(201) j 

16 

52 29- 53 57 

03 41 

62 40 

4 

Total nniaber of meaaore 







manta 

1 

441 
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Morphological Angles The leanlto of the interfocial angular meafluiementif* 
are given in the accompanying table (m, p 401) 

The Average Angular Difference between thia aalt and its potaaaium analogue 
K-Ni-selenate, i« 28', and the Maximum Angular Difference, which occuth for 
the angle ac - (100) ((K)l), the monoolinu axial angle, m 1° 9' These repre- 
s<nt the tharai teristic (liffenncis in the irvsta] angles brought about by the 
replacement of iKitassiiun bv thallnini The repliucmimt of sulphur bi 
w'lenmm causes the following changes in the mam interfacial angleH(the differ- 
emes between Tl-Ni-sulphnte and selenate for oc — (100) (001), 48' for 
pp--(llO) (llo), dH' foro 7 --((MH) (011) 11' and for fp-= (OOl) (110) 
11' all are m< reases of angle on passing from the sulphate to the sdenati* 

Volume 

Relaltve Venstty - The mean of four trustworthy ileterminations gave foi the 
luceptefl value of the spceilic gravity at 20°/d®, 9 90S 

MnUTular VrUmne 214 H 

Tofjne Ariol Bntios - y iji t> b ib80 8 40f><) 4 2191 

(hptm 

Orientation of Optical EUvpsoul - -The optic axes lie m the symmetry plane 
b {UlO}, and the sign of the double refraction is negative The Y'UXib of the 
clhpsoid (vibration direction of y-index of refraction), the obtuse biseotnx 
(second median hne) of the optic axial angle, lies 10° 10' bebmd the vertical 
crystal-axis c, the a-axis of the elhpsoid the acute bisectrix (first median line) 
lies 20° 00' above the crystal-axis a, m the obtuse angle ac of the crystal axes 
R^ractive Indices —The results of 60°-prism observations are as under 


hght 

1 

1 ' 

y 

Li 

I 6334 

1 6464 

1 6612 

(' 

1 6339 

1 6469 

1 6617 

Ka 

1 6378 

1 6498 

I 6660 

T1 

1 6443 

1 6663 

1 0626 

Cd 

1 6480 

1 6600 

1 6666 

V 

1 6623 

1 6643 

1 6709 


Me.u index ?L+.|J-i:for NeUght - I 6479 
Double refnotioD, N«^. ->r 0 0182 

The Tibntkm-dircotiOM of a end y ere ai girm in the ptevioui eeotion the viimtion direvtion 
of pit the symmetry axis /> 
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(yoneral formula for the ]ntorm<*diHtp iiwlex p, <!orr«cte«l to a vaonum 


The a-indices are closely reproducecl if the eoustant 1 li'Vll ih (Imiinished l»\ 
0 0120, and the ^-indices if it lie imreawMl liv 0 
Axinl nfOjjtiml filhjumuf (Induvtinr) 

y P Y 

MdkiuUu Opliod CoMitank The follouniK are the valiu s of thine coii'^tuut'S 
for the rod t’-ra} of hydrogen 


Specific refraction 
w«-l 

(»=* I 2) if 

Molecular refraction (liorenr) 
ii»-l M 
«*-l 2 if 

Molecular refraction (Gladstone) 



0 0895 0 0909 0 091") 

71) 55 77 71 78 25 

1H6 74 198 31 199 55 


Mean molecular refraction (Gladstone), 


= 197 87 


Optic Anal Angle The following are the remilts of the measurements of 2K 
the angle m air, and of 2V«, the true optic axial angle within the crystal The 
observations with the usual ground plates, immersed in moiiobromouaphthalene 
were confirmed as regards 2V„ by measurements also in carbon bisulphide 
For the very high refractive index of the crystals happens to lie intermediate 
between, and very close to, the indices of those two highly refractive liquids 
The values as determined in the two liquids were almost identieal, being only 
a few mmntes apart 

Taght 2K 2V„ 


lil 

107 

24 

58 

5 

c 

107 

31 

58 

10 

Na 

109 

2(» 

58 

59 

91 

112 

1 

69 

51 

(Jd 

114 

10 

GO 

17 

F 

115 

.18 

GO 

53 
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Dtspersum of the Meduin Lines —This is such that the hist modian line lies 
about 35' nearer to the crystal-axis a for thallium green light than for 
red C-hydrogen light This was rendered qmte clear as the result of the 
measurements in carbon bisulphide and monobromonaphthalene 

ThaUtutn Cobalt SeletuUe, Tl2Co(Se04), GHjO 
Morphology 

Eleven good httle crystals were used for the gomometry, selected from five 
crops of outstanding excellence The crystals of this salt arc ruby red ui 
colour 

Crystal System —Monoclmic Class No 5, holohedral-pnsmatic 

Ratios of Axes—a b c == 0 7463 1 0 6021 
Axial Angle —p = 106“ 40' 

Forms Observed—a{m}, 6{010}, c{001}, p{110}, p'{l20}, j{011}, f'{201}, 
o{lll}, o'{Ill}, and n'{l21} There is a good cleavage parallel r'{201} 

Habit —The most typical habit is illustrated m fig 3 



Fio 3 —Tl Oo Selenste 


Morphological Angles —These are given in the accompanying table (p 406) 

The Average Angular Change occurring on the replacement of potassium 
by thaUium, that is on passing from potassium cobalt selenatc to thallium 
cobalt selenatc, is 34' The maximum change is 1° 23', and it occurs for the 
principal angle, the monochnio axial angle ^ [oo = (100) (001)] 

'The angular change on replacing sulphur by selemum, m the case of the four 
mam angles, is as follows For ao = (100) (001), 46', lot pp = (110) (lIO), 
31', for oy = (001) (011), 12', and for cp = (001) (110), 39' 

Volume 

Relative Density —The mean of two excellent determinations gave as the 
accepted density at 20°/4° the value 3 998 

Mdeoidar Vdume = 213 92 

d 3 998 

Topic Axuad Ratios —x <]/ <0 = 6 2696 8 4010 4 2181 
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Tnterfacial Angles of ThaUium Cobalt Selenate 


Anglo 

No of 
measure 
meute 

Lunito 

olMcrvud 

latcd 

Diff 

for = (100) (001) 


_ 


74 20 

_ 

iM -- (100) (lOlj 




40 36 


»c ^ (101) (001) 




28 44 


cr' -=(001) (201) 

2 

63 42- 03 07 

63 60 

63 60 

0 

-(001) (TOl) 




38 22 


K'r’ - (lOl) (201) 




26 28 


r a (301) (lOO) 

1 


41 63 

41 60 

3 

[r'e - (301) (OOl) 

3 

116 3-116 18 

110 12 

lie 10 

2 

fap (100) (110) 

2 

36 40- 36 42 

36 41 

36 41 

0 

1 pi/ =- (110) (120) 

2 

10 26- 10 30 

10 28 

10 28 

0 

J p'b - (120) (010) 

2 

84 48- 34 62 

34 60 

34 61 

1 

\vb - (110) (010) 

0 

64 0- 64 30 

64 18 

64 10 


=(110) (lIO) 

2S 

71 1- 71 38 

71 21 



[pp - (IIO) (IIO) 

24 

108 10-108 08 

108 30 

108 30 

0 

fc9 -(001) (Oil) 

3U 

26 20- 26 00 

26 48 

• 

_ 

=(011) (010) 

2 

64 6- 64 20 

64 13 

64 12 


[n ^(011) (Oil) 

12 

128 4-128 38 

128 23 

128 24 

1 

-(100) (111) 


_ 

— 

48 40 

_ 

(111) (Oil) 




27 7 


aq - (100) (Oil) 




76 66 


JO' - (Oil) (Ill) 




34 36 


[o'a - (Ill) (lOO) 


— 

— 

60 20 

— 

fro -(001) (111) 

1 

- 

34 22 

34 22 

0 

op -(111) (110) 



42 04 

42 68 

4 

Jfp (001) (110) 

44 

77 4- 77 48 

77 20 



Ipo -(110) (111) 

8 

67 66- 08 16 

08 4 

68 1 

3 

o'r _ (111) (001) 

8 

44 26- 44 40 

44 36 

44 30 

4 

[pc =(110) (OOl) 

42 

102 20-102 66 

102 40 

102 40 

0 

fho - (010) (111) 


— 

— 

70 16 

— 

4 o* (111) (101) 


- 


10 44 


loo -(111) (111) 

- 

-- 


30 28 


(bo - (010) ( 

11) 

_ 

_ 


65 0 

- 

bn' = (010) ( 

21) 




47 12 


4 »'o' (I21) ( 

11) 




17 67 


1 o'*' = (Ill) ( 

01) 




24 61 


[o'O' - (Ill) ( 

III) 

— 

— 

— 

40 42 

- 

f*, -(101) (Oil) 


— 


37 62 

— 

jp - (Oil) (IlO) 

22 

80 20- 80 68 

86 48 

86 46 

2 

J»' - (Oil) (I21) 

7 

36 10- 36 40 

36 32 

36 33 

1 

■ n'p -(121) (110) 

7 

61 7- 61 26 

61 17 

61 13 

4 

p* = (IlO) (lOl) 




66 22 


Lpj =(I10) (Oil) 

21 

03 0- 03 27 

03 10 

03 14 

4 

f*'j =.(101) (Oil) 

- 

_ 

- 

46 6 

— 

Jjp =(011) (110) 

22 

63 1- 63 24 

03 11 

63 10 

1 

\p»' =(110) (lOl) 




71 44 


tw = (110) (Oil) 

22 

116 40-117 4 

lie 40 

110 60 

1 

fr'o' = (301) (Ill) 

2 

36 0- 36 4 

36 2 

36 0 

2 

4o'p =(Ill) (110) 

2 

02 6- 02 20 

02 IJ 

02 16 

2 

U' =(110) (201) 

2 

62 32- 02 60 

62 41 

02 46 

4 

Total number of moasuro 






monte 


328 


_ 


_ 
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(Jjdtcii 

OnentatwH of Ofltcal EUtpaoul -The plane of the optic axes la the symmetry 
plane 6{010}, and the double refraction u of negative sign The first median 
line, the vibration-duectiou of the a-mdex of refraction, lies 24° 2' above the 
inebned crystal axis a, in the olitnse angle of the crystal axes or , and the second 
median line, corresponding to the y-mdex, is 8° 22' behind the vertical axis c, 
in the acute angle ac The intermediate axis of the optical elliiisoul (mdieatrix), 
corresponding to the index p, is the symmetry axis h 
Rffradive litduxs —The results obtained from bO^-jirisnis are the fuilowmg 


1 «.1»7 
I <1402 
1 0442 
I lUim 
I osis 
1 <1062 


I IMVUI 


I <>022 


Mpiin imit N for Na light, 

Doiihk rtfrwiion, Nay-^ 0 UIV* 

Gen<‘ral formula fur the int<‘rroediatc index [i, corrected to a vacuum, is 


(i = 1 6.J22 + 


798 284 _ 1 66 1 300 000 QUO 
X* 


'Fhe a-mdices are equally well reproduced if the constant 1 6322 be diminished 
by 0 0093, and the y-iudices if it be increased by 0 005b 
Axuil Ratios of the Optical EUipsoul {Indicalnx) 
a p Y = 0 9944 1 1 00'33 

Molecular Optical Constants —These are as follows for the ray C (the red Imc 
of hydrogen, Ha) - 


Specific refraction "j 

»«-1 > 0 0901 

(n*4 2)f/ J 

Molecular refriution (Ijon n/) 1 


[1 

0 0911 


Y 

U 0918 


ft* -- 1 \1 > 77 09 77 % 78 50 

ft* -f 2 </ J 

Molecular refraction (Gladstone) I 


«- i > 14b ‘M. 138 «4 140 12 

— “ J 

Aleiui uiolet ular refraction (Glodstom), * P ^ ^ = 138 67 
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Optio Anal Angle —The following aie the values of the optio axial angle in 
an, 2E, and of the true angle within the crystal, 2V„, obtained an the mean 
of several closely concordant determinations - 

Light 2E 2V„ 


Li 

111 

4 

6b 

11 

C 

111 

10 

b6 

16 

Na 

112 

30 

66 

12 

T1 

IH 

40 

67 

1 

Cd 

114 

26 

67 

18 

F 

115 

10 

b7 

3b 


Dupemon of the Median JAnes —^The dispersion of the two methan lines 
m the 83 rrmnetry plane, is such that the first median lino lies 20' nearer to the 
crystal-axis a for thallium green light then for rod C-hydrogen light iMoiio- 
bromonaphthalcne and larlion bisulphide were used in suw ission as immersion 
liquids m the determination, their refractive indices being just sligbtiv highii 
and lower rospoctivel^ than those of the crystals 

TIuUli Hit! A errom Selenalr, T1 jFelHeOi) ^ OHqI ) 

This salt has not hitherto been described, doubtless owing to tht diftn ultv 
of (ireparing ferrous selenate For as described in a previous commiini(ation,* 
when one attempts to prepare it by the action of selenic acid on iron the former 
18 immediatidy reducetl by the nascent hydrogen first formed, a red precipitati 
of selemum being thrown down 'The author found, however as stated in tlu 
memoir just referred to, that if one uses ferrous sulphidi' in-rtead of iron, ferrous 
selenate is produced, the escaping hyilrogen sulphide not being abh to rediioe 
selemc acid, while it prevents any oxidation of the ferrous salt to ferru The 
ferrous selenati* may cither be irystallised out or the filtered solution used 
directly for the preparation of the double salt by lulding solution of thallium 
selenate 'fhe best crystals of the double salt are obtained however bv the 
former method hy mixing the aqueous solution of chalhum selensb with a 
solution of the pale green crystals of ferrous selenate \s cold solutions only 
must Ir‘ used, owing to the ready oxidation of ferrous salts by worming and 
thallium selenate is but slightly soluble in water the mixed solution is both 

* ‘ Ko> Soc PrcK A. vol »4. (i W2 (1»I8) 
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very dilute and may contam considerable excess of ferrous selenate over and 
above the amount calculated for equivalent molecular propoftions This is 
no detriment, however, but rather an advantage , for if equivalent amounts are 
used thallium selenate invariably crystallises out hrst, and several mghtly crops 
may be deposited before the double salt begins to crystallise The dilution being 
considerable and evaporation at the ordinary temperature being essential, it 
must be accomplished under reduced pressure, under the receiver of an air 
pump, over a dish of vitriol 

Four good crops of the double selenate were eventually obtained, the first two 
of which were troubled with partial turbidity, although quite clear in parts, 
but the third and fourth crops were composed of perfectly transparent, limpid, 
bnlbuiitly refractive crystals of a pure and very pale green (at first almost 
colourless) tint, eminently suitable for gomometrical and optical investigation, 
of a size up to 5 mm in their longest dimension 


Morphology 

Twelve very perfect crystals from the two best developed crops were used 
for the crystal-angle measurements, the results of which arc set out as follows 
The crystals were coloured a very pale bluish green when fresh from the mother 
liquor, but become more yellowish green after a few days 
Crystal System —Monoclimc Class No 6, holohedral-pnsmatic 
Ratios of Axes—a b o = 0 7446 1 0 6011 
Axial Angle -= 106® 27' 

Forms Observe —a{l00}, 6{010}, c{001}, p{110}, p'(120} (only traces), g{011}, 
1 '{201}, o'{Ill} There is a good cleavage parallel to r'{201} 

Habit —The third crop referred to was a very beautiful one, largely of crystals 
^-3 mm in diameter, and more or less spherical, although on the whole slightly 
tabular parallel to the basal pinakoid c{001} The fourth crop was composed of a 
few of the larger crystals already referred to, very suitable for optical work 
The faces of both crops were remarkably perfect, affording single brilliant 
signal-images, even from the forms c{001} and p{110} which are so usually 
striated in the salts of this senes The faces of r'{201} and were 

particularly good, which is again exceptional The {{011} faces were developed 
to about an equal extent to the o{001} faces, as m the rubidium salts of the 
senes Good and fairly large faces of «r{100} were common, with smaller but 
equally good b-faccs No measurable faces of p'{120} or o{lll} were observed 
on any of the crops 
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A.S1, 

No of 
meoRuro 


obfiervod 

latod 

Dili 

fflC 

-(100) 

(001) 

10 

74 25- 74 17 

74 12 

74 33 

1 


-(100) 

(101) 




45 44 



- (101) 

(001) 




28 49 


rr- 

-- (001) 

(201) 

17 

02 32- 0.1 44 

03 28 

03 42 


M' 

- (001) 

(lOl) 




78 20 


»'t' 

= (101) 

(201) 




25 22 



-(201) 

(lOO) 

12 

11 11 41 54 

41 49 

41 15 



-(201) 

(OOl) 

12 

110 10-110 70 

no 22 

no 18 

4 

r ap 

- (100) 

(110) 

21 

25 17- 75 50 

35 41 

15 41 

0 

PP 

- (110) 

(120) 




19 28 


\p‘b 

- (120) 

(010) 




71 61 



= (110) 

(010) 

22 

54 12 54 20 

54 19 




- (110) 

(lIO) 

10 

71 11- 71 75 

71 24 

71 22 


Wp 

- (IIO) 

(Ilo) 

10 

108 25-108 50 

108 30 

108 38 

2 


- (001) 

(Oil) 

13 

25 70- 25 67 

25 47 

* 

- 


-(Oil) 

(010) 

22 

04 U- 04 21 

b4 11 

04 13 


U? 

-(Oil) 

(Oil) 

10 

128 15-128 47 

128 20 

128 20 


foo 

-(100) 

(111) 

_ 

_ 

_ 

48 60 

- 

oq 

-(111) 

(Oil) 




27 n 



- (100) 

(Oil) 


70 4- 70 9 


70 7 



-(Oil) 

(Ill) 

1 

14 71- 14 70 

74 14 

74 72 

2 


-(Ill) 

(loo) 

1 

09 10- 09 20 

09 18 

09 21 

1 

Cro 

(001) 

(111) 




74 27 



-(111) 

(110) 




17 3 



- (001) 

(110) 

25 

77 20- 77 40 

77 10 



po' 

- (110) 

dll) 

17 

57 no- 58 7 

57 58 

57 57 

1 


-dll) 

(OOl) 

19 

44 22 44 42 

44 11 

44 31 

0 

Lpc 

- (110) 

(OOl) 

40 

102 20-107 40 

102 11 

102 10 

1 

/bo 

- (010) 

(111) 

_ 

_ 

_ 

70 15 



(111) 

(101) 

- 

— 

- 

19 45 


fbo' 

- (010) 

(Ill) 

12 

or. 8- 05 22 

h5 14 

06 17 

1 

Un' 

=- (010) 

(121) 

2 

47 20- 47 20 

17 20 

47 17 

7 


- (121) 

(111) 



17 57 

17 50 

1 

loV 

-(Ill) 

(loi) 




24 47 


l_oV 

-(Ill) 

(III) 

5 

49 20- 49 25 

49 32 

49 74 

2 

r 

= (101) 

(Oil) 

_ 

_ 

_ 

77 66 


9P 

= (Oil) 

(110) 


80 32- 87 45 

80 39 

80 77 


J **' 

= (011) 

(I21) 

JO 

76 25- 35 20 

75 27 

35 30 

1 

1 '^'P 

- (121) 

(110) 

JO 

51 4- 61 11 

61 8 

61 7 

1 

pi 

=- (IlO) 

(lol) 




65 28 


Im 

- (IlO) 

(Oil) 

78 

92 12- 92 20 

97 21 

93 23 



- (101) 

(Oil) 


_ 


45 4 

— 

J «» 

= (Oil) 

(110) 

74 

03 16- 03 30 

03 22 

0.1 21 

1 

i jM' 

- (110) 

(lOl) 




71 75 

— 

Lp? 

= (110) 

(Oil) 

14 

116 20-110 61 

no 38 

no 39 

1 

fr'o' 

= (201) 

(Ill) 

20 

34 47- 34 60 

14 51 

74 63 

2 


-(Ill) 

(110) 

20 

92 16- 92 27 

02 27 

92 26 

2 

ipr' 

= (110) 

(20l) 

7rf 

62 76- 62 55 

62 45 

52 42 

3 

[r'p 

-(201) 

(IIO) 

74 

127 10-127 27 

127 15 

127 18 

3 

Total number of moonure 







ments 


017_ 

i__ 

_ 

__ 

_ 


2 K 


VOL oxvni —A 
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A typical crystal of these particularly satisfactory crops is illustrated in 
fig 4 

The crystals of the other two earher crops, which showed slight turbidity at 
the periphery, were more tabular, often plates, parallel c{001}, and they showed 
relatively very lai^e development of the p)rramidal form the faces of 

which were often larger than those of the primary pnsm p{llO} 

The average difference (ignonug sign) of interfacial angle between this salt 
and potassium ferrous selenate (that is, for the replacement of potassium by 
thallium), the first member of the iron group of the senes, is 39', and the 
maxmium difference [which occurs for the axial angle ao, (100) (001)] is 1® 37' 
The differences m the four mam angles between this salt and the corresponding 
sulphate, thallium ferrous sulphate (that is, for the replacement of sulphur 
by selemum) are as follows, all being mcreases of angle For oc = (100) (001), 



Fig 4 -Tl Fo .Solonak 


49', for pp = (110) (lIO), 20', for eg = (001) (011), 9', and for cp = 
(001) (110), 41' 

Volume 

Relative DensUy —Three concordant determinations afforded the mean value 
3 940, for the specific gravity at 20°/4® 

nM 1 1 rr 1 ^ 852 22 (iia •m 

Molecular Volume ^ 

Tojno AjooI Ratios —x '1^ “ — ® 2846 8 4416 4 2300 
Optics 

Onentatwn of Optical Ellipsoid —The optic axes ho m the symmetry plane 
6{010} The double refraction is negative The maximum axis y of the optical 
ellipsoid (mdicatnx), the vibration-direction for the y-index of refraction, hes 
9® 9' behind the vertical crystal-axis e, in the acute axial angle ao (which is 
74° 33'), it 18 the obtuse bisectrix (second median line) of the optio axial angle 
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The niinimum axis a of the indicatnx, the vibration direction of the a-index 
and the first median Imo (acute bisectrix) of the optic axial angle, lies 24° 36' 
from the inclmed crystal-axis a in the obtuse axial angle ac The p-mdicatnx 
axis, the vibration direction for the ^-index, is the symmetry axis b 
Refractive Indices —Excellently concordant determinations were obtamed 
with several pnsms and gave the foUowmg nu an values — 


Light 


1 02<>1 
I 0297 
1 0302 
i 0410 
1 0402 
1 0490 




1 0403 
1 0460 
1 bOU 
I 0078 
1 0017 
1 0002 


y 


1 0)27 
1 0533 
1 0'.8'J 
1 ()0.»-) 
1 0095 
I 0741 


Mo»u index for \a light, —*1^— 1 6485 


Double refraction. Nay a - 0 0237 


General formula for the intermediate index % for any wave-length X, 
corrected to a vacuum (correction + 0 0004) — 


p = 1 6266 + 


745 318 
X* 


4 616 300 000 000 , 
1* 


The a-mdices are also ajiproximately reproduced if the constant 1 6263 is 
diminished b> 0 0162, and the Y-mdices if it be mcroased by 0 0075 
Axial Ratios of OjAtcal EUipsoid (Indicatrix) — 

a p Y = 0 9902 1 1 0046 


Molecular Optical Constants —These are as follows for the ted hydrogen ray 
C - 


Specific refroctiou 
n«-l 
{n* + 2)d 

Molecular refraction (Lorenz) 
n«-l M 
d 

Molecular refraction (Gladstone) 


n —1 


M 


Y 

0 0929 


76 9$ 


78 50 


Mean molecular refraction (Gladstone), 


136 20 139 71 

^ + '^ ± - 1 =» rvj 07 
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Ojitic Axial Angle —The following values were obtained for the optic axial 
angle m air, 2E, and for the true angle withm the crystal, Very 

concordant, almost identical, values were yielded by the half-dozen different 
determinations with separate clear crystals 

Light 2E 2V„ 


Li 

125 

23 

69 

1 

C 

125 

48 

69 

6 

Na 

130 

6 

()9 

3b 

T1 

134 

18 

70 

3 

Cd 

136 

18 

70 

20 

E 

140 

30 

70 

45 


Dispersion of the Median Lines -The dispersion of the median lines is such 
that the first median line lies nearer to the axis a by half a degree (mdividual 
determinations gave 25-28') for green thallium hght than for red (’-hydrogen 
bght Carbon bisulphide and monobronionaphthalcnc were successively used 
as immersion liquids, the refractive indices of which are just lower and higher 
respectively than those of the crystals, the results afforded being identical to 
within 3' 

Thallium Manganese Selenale, Tl 2 Mn(Se 04)3 bllgO 
Morphology 

Ten good crystals were used for the goniomotry, selected from the four best 
crops 



Fio 5 —T1 Mn htU nate 


Crystal System —Monochmc Class No 5, hulohcdral-prismatic 
Ratios of Axes —a b c = 0 7463 1 0 4993 
Axial Angle—^ = 106° 29' 

Forms Observed—a{m}, 6{010}, c{001}. p{llO}, ^'{120}, g{011}, r'{201}, 
o'{Ill}, and n'{l21} There is a good cleavage parallel r'{201} 

Habit —A typical crystal is shown in fig 6 ns regards general habit, but a 
large proportion of the crops obtained were composed of crystals showing only 
the faces of c{001} and or only mere linear traces of the other forms 
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lutcrfacial Angles of Thalhnm Mangaiuise Selenate 
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Morphological Angles —The results of the gomometncal measurements are 
given m the accompanying table {see p 413) 

It was shown m the memoir on the manganese group of double selenates,* 
that a potassium salt of the group has never been obtamed, and appears to be 
mcapable of existence, being outside the hmits of stabdity No comparison of 
the thallium salt with an analogous potassium salt can, therefore, bo made 

The effect of the replacement of sulphur by selemum, afforded by a com¬ 
parison of thalhum manganese sulphate with the present salt, is to produce the 
foUowmg angular changes, all increases —ao = (100) (001), 53', pp = (110) 
(lIO), 15', eg = (001) (011), 14', and cp = (001) (110), 44' 

Volume 

Relative Density —'I'he mean accepted value, from two excellent determina¬ 
tions, IB 3 833, for the temperature 20“/4‘* 

Molecular Volume - = ¥4:^= 222 10 

d 3 833 

Topic Axial Ratios —f w = 6 3684 8 6200 4 2540 


Optics 

OnerUation of Optical Ellipsoid {Indicatnx) — The plane of the optic axes 
18 the symmetry plane &{010} The sign of the double refraction is negative 
The maximum axis y of the indicatnx, vibrations along which correspond to 
the Y refractive mdex, lies 8° 21' behmd the vertical crystal-axis e, m the acute 
axial angle ac, and is the obtuse bisectrix (second median line) of the optic 
axial angle The Tninimiim axis a of the indicatnx, the acute bisectrix (first 
median hne), corresponding (as regards direction of vibration) to the a-mdex 
of refraction, lies 23° 50' above the inclmcd crystal-axis a, in the obtuse axial 
angle ao The sjrmnietry axis b is the vibration-direction of the light affording 
the p-mdex of refraction 

Refractive Indices —The determinations afforded the following results — 


light 

“ 

P 

la 

1 6213 

1 6364 

C 

1 6210 

1 0370 

Na 

1 6270 

1 6429 

T1 

1 6343 

1 6400 

Cd 

1 6379 

1 6634 

F 

1 6422 

1 6679 


y 


1 6470 
1 6631 
1 6608 
1 6640 
1 6686 


Mean mdex for Na>bght, » 1 6412 

Double refraction, 0 0266 

• ‘ Roy Soo Proo ,’ A, vol 101, p 226 (1922) 
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General formula for the mtermcdiate index p for any wave-length Yi corrected 
to a vacuum — 


The a-mdices are also closely reproduced by the formula if the eonstant 1 6147 
IS diminished by 0 0163, and the Y-mdices if it lie mcreased by 0 0102 
Axtal Ratios of Optical EUipsond {Indicatnx) — 

a p Y = 0 9907 1 1 0062 

Molecular Optical ConstarOs —These are as under, for the n d hydrogen ray 
C — 

a p Y 

0 0919 0 093b 0 0948 


Specific refraction 
n«-l 
(n»+2)d 


Molecular refraction (Lorenz) 
n«-l M 
n»-f-2 d 


78 21 79 72 


Molecular refraction (Gladstone) 
M M 


Mean molecular refraction (Gladstone), |~^T = 141 10 


80 71 


143 70 


Optic Axial Angle —The angle in air, 2E, was not observable, but the tnio 
optic axial angle, 2ya, within the crystal was found, as the mean of several 
closely agreemg determinations, to be as under - 


Light 

2 V, 

Light 

2 V„ 


O ! 


o / 

Li 

72 1 

T1 

72 63 

C 

72 4 

Cd 

73 10 

Na 

72 27 i 

i F 

73 32 


Dispersion of the Median Lines —^The two median lines are dispersed m the 
symmetry plane m such a manner that the first median line hes 27' nearer to 
the ci 3 rstal-axis a for thalhum green light than for red C-hydrogen light 
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ThaUxum Copper Sdenate, Tl,Cu(So 04 )j 6H,0 
MorpJwlogy 

Eleven good httle crystals were used for the gomometry, selected from four 
crops of outstanding excellence The crystals of this salt are bright blue in 
colour 

CtystoA System - Monoebme Class No 5, holohedral-pnsmatic 
Ratios of Axes -a b c = 0 7631 1 0i5048 
Axtd Angle p = 104° 69' 

Forms Observed6 {010}, f{001}, p{llO}, ;/{l20, p"'{l.lO}, ?{011}, 
m{021}, f{031}, -t'{I01}, r'{201}, o(m}. o'{Ill}. and n'{l21} The form f{031} 
18 e\c,ecdmgly rare in the senes 
Cleavage —There is an excellent cleavage parallel f'{201} 

Habit —Short prismatic to more or less tabular parallel to the basal plane 
o{001} A typu al crystal IS 2 >ortrayc<l in fig 6 
Morphological Anghs —The results of the measurements of thi mterfacial 
angles are given in the accompanying table (see pp 417 18) 



l!iu 0 - T1 Cu Selonato 


The Average Angular Difference between this salt and the corresponding 
potassium salt K-Cu-selenate, that is, the effect on the mterfacial angles of 
replacing potassium by thallium, is 43' The difference which occurs for the 
important axial angle p, ac — (lOO) (001), is 1° 34' This is exceeded, however, 
by one other angle, for which the maximum angular difference of 1° 39' occurs 
The effect of replacing sulphur by selemum, as seen on companng Tl-Cu- 
sulphate and Tl-Cu-selenate, on the four mam angles, is as follows For ao = 
(100) (001), 34', for ^ = (110) (lIO), 22', for cj = (001) (011), 8', and 
for cp = (001) (110), 29' 

Volume 

Rdaltve Density —The mean of two closely agreeing determinations of the 
specific gravity at 20°/4° gave as the accepted value 3 944 

Molecular Volume —^ = 218 01 

Toput Axial BeAtos —x ^ co = 6 3294 8 4045 4 2426 
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luterfaciol Angles of Thallium Copper Solcnate 


Angle 

No of 
muoDUrc 

Limits 

o8.ir\ed 

for - (100) (001) 

U 

73 0- 7» 1 

, 

«* - (100) (101) 




te - (101) (001) 




cr' - (001) (201) 

15 

81 4 83 10 

83 17 

U' =(001) (lOl) 

K'r' = (lOl) (201) 
r'o - (201) (100) 

j 

41 38- 41 41 

41 41 

l^r'e = (201) (OOl) 

1) 

113 10 115 30 

110 45 

Cap (100) (110) 

3 

35 38 30 13 

1.5 57 

\pp' -(110) (120) 


19 22 19 34 

19 28 

' p'b -(120) (010) 

2 

34 27- 34 39 

34 33 

py"=(120) (130) 
p"'b - (130) (010) 



0 53 

1 


24 40 

\pb -(110) (010) 

33 

31 30 31 12 

63 39 

ipp -=(110) (llO) 

18 

71 44- 72 12 

72 1 

fe? -^(001) (Oil) 

37 

25 48 20 0 

20 0 

V* - (Oil) (010) 

38 

83 61- 64 12 

04 0 

hi - (010) (031) 

1 


W 22 

hn =(031) (021) 

2 

34 15- 34 30 

11 21 

bm - (010) (021) 

14 

28 37 128 35 

4.3 4(1 

[inq -= (021) (Oil) 

1 

- 

18 11 

foo -(100) (111) 

_ 


_ 

oj (111) (Oil) 




\aq =(100) (Oil) 




\qo' - (Oil) (Til) 




Lo'o •= (111) (TOO) 

— 

— 


fco -(001) (111) 

2 

14 13- 34 53 

It 14 

op (111) (110) 

2 

43 5- 43 11 

41 18 

cp _ (001) (110) 

42 

77 42- 78 8 

77 30 1 

po’ -(110) (111) 

12 

57 24 67 58 

37 39 

- (HI) (OOl) 

18 

44 3- 41 44 

44 21 

-=(110) (OOl) 

28 

101 65-102 20 

102 4 

r6o =(010) (111) 

3 

89 58- 70 7 

70 3 

<M =(111) (101) 




Loo =(111) (111) 

1 

— 

19 53 

n>o' - (010) (Ill) 

n 

04 35- 0.3 13 

05 3 

5»' =(010) (121) 




»V _(I21) (Ill) 




oV _(!ll) (lOl) 

1 


24 51 

LoV =(Ill) (III) 

3 

49 39- 49 55 

19 47 

=(101) (Oil) 

_ 

_ 

_ 

iP =(011) (IlO) 

33 

85 65- 88 12 

80 2 

=(011) (121) 

1 


35 18 

n’p =(121) (110) 



30 40 

pa - (IlO) (lOl) 




Lw -(IlO) (Oil) 

33 

03 44- 94 3 

03 38 

fyg -=(101) (Oil) 

_ 


_ 

gp =-(011) (110) 

31 

03 28- 03 41 

03 33 

Ur' =(110) (lOl) 




Lm -(110) (Oil) 

32 

110 13 117 U 

no 27 


JU 1 
lu 2S 
J4 31 
il 33 
M 

72 2 


34 21 
1] 22 
4i 43 
18 17 

4U 20 
27 14 
71) 34 
34 18 


31 2» 
13 17 

57 1(1 
11 28 
102 4 


70 1 


10 60 
39 58 


17 38 
24 54 
49 48 


71 28 
118 28 


isS 
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Tnterfacial Auglca of Thallium Copper Selenate—(contmued) 



OnenltUton of Optical Ellipsoid (hiduMtnx) —The optic axes lie m the symme¬ 
try plane 6(010} The sign of the double refraction is negative The maxumim 
axis Y of the indicatrix, light vibrations along which correspond to the yuidex 
of refraction, lies 14° 25' behind the vertical crystal-axis c, m the acute axial 
angle ac , it is the obtuse bisectrix (second median line) of the optic axial angle 
The minimum axis a of the mdicatnx, the acute bisectrix (first median hne) 
of the optic axial angle and direction of vibration for the a-mdex, hes 29° 24' 
above the crystal-axis a, m the obtuse axial angle ac The vibration-direction 
for the p-mdex of refraction is the symmetry axis 6 
Rffractive Indices —These are found to be as follows — 


Light 


p 


1 6330 
1 634A 
1 6395 
1 6461 
I 6466 
1 6037 


1 6fie4 
1 6011 
1 6060 
1 6631 
1 6666 
1 6709 


1 6600 
1 6662 
1 6720 
1 6787 
1 6823 
1 6867 


Moiin index for Na-bght, ^ ^ ^ — 1 0690 
Double rofmotion. Nay-. = 0 0324 


General formula for the mtermediate index p, for any wave-length X, 
corrected to a vacuum - 

„ , , 48B 126 , 9 191 600 000 000 , 

P = 1 6363 - ^ -1---1- 

The a-mdices are also fairly reproduced if the constant 1 6363 be dimimshed 
by 0 0168, and the y-indices if it be increased by 0 0164 
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dxtal Ratios of the Optical EUtpsoid {Indtoatnx) — 
a p Y == 0 9898 1 1 0094 

Molecular Optical Constants —These are given below for the red hydrogen 
ray C — 


Specific refraction "1 

a 


Y 

n«-l 

(n*|-2)d j 

Molecular refraction (Lorenz) ') 

[• 0 0907 

0 0926 

0 0943 

M*-l M 

n* + 2 d j 

Molecular refraction (Gladstone) ') 

^ 78 00 

79 62 

81 08 

J 

|- 138 32 

111 94 

146 23 

Mean molecular refraction (Gladstone), ” =r- 

141 82 



Optus Axial Angle —This very large angle is invisible m air, although one 
optic axis 18 visible through a pair of c-faces, much to one side of the centre 
The measurements for the true angle within the crystal, which were earned out 
with the plates immersed m monobromonaphthalcne, afforded the following 
mean result, the individual values being almost identical 


Light 

2Va 1 

Light 

2V. 

Li 

86 14 

'n 

85 

4 

C 

86 13 

Cd 

85 

1 

Na 

85 9 

F 

84 66 


Dispersion of the Median Lines —The first and second median lines are 
dispersed m the symmetry pleme to the slight extent that the first median bne 
hes nearer to the mchned crystal-axis a for green thaUium hght than for red 
C-hydrogen hght by 17' This was the mean of tuo determinations (yieldmg 
16' and 19' respectively) m monobromonaphthalcne, the refractive index of 
which IS practically identical with that of these hlghl^ refractive crystals 

Discussion of Results 

The considerations on p 384 of the preceding memoir on the double sulphates 
contammg thalhum apply equally to the double selenates, so that it is only 
necessary to proceed at once with the discussion of the vanous properties 
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As ngards the IrUerfactdl Aiigles the next table gives a comparison of the 
average and maximum changes brought about by the replacement of potassium 
bv thallium and by the other interchangeable R-bases 


Tabic of Average and Maximum Changes of Angle in Double Selenates 



A^eraKe ihangi for replaeomriit 
of K by 

Ufaximum uhange for repluitineiit 
of K by 


Kb 

('8 

NH, 

Tl 

Kb 

('8 

NH, 

'11 

Mk 

21 

ri2 

r>t 

Jl 

6(1 

12M 

120 

' 

/ll ,, ! 

27 

f.2 

411 

41 

U4 

131 

122 

102 

Ni 

2J 

47 

45 

2S 

67 

no 

no 

60 

(.. , 

2r> 

11 

40 

If 

(H 

13S 

J2S 

81 

J’e „ 

27 

rw. 

54 

ill 

SO 

130 

130 

07 

* " 

11 

SI 

47 

41 

70 

148 

12') 

00 

Mean 

2(1 

1 

1 60 

IS 

«5 

13 i 

121 

88 

M( ati of both aol 
phates and selo 
natra 

27 

56 

1 

10 

(15 

133 

125 

1 

80 


It will be evident how analogous the sclenatc results are to those yielded by 
the sulphates, from the fact that the mean values for the whole of the two 
senes are practically identu al with those for the selenate senes The change, 
whether average or maximum, is directly proportional to the change m atomic 
number \v hen rubidium or ijesium is introduced instead of potassium, the figures 
in <he second column m each case being double those m the first, correct m the 
mean to 3' The uitroduction of ammomum or thallium for potassium pro¬ 
vokes intermediate changes, the former change being nearer the amount for the 
cajsium replacement, and the latter nearer to what occius when rubidium is the 
replacmg clement 

The monoebme Axial Angle jj is reviewed comparatively for all the double 
selenates now desenbed in the next table, from which it will be seen that the 
increase of this angle occurs cutropically (that is, proportionately to the change 
m atomic weight or number, rubidium being exactly midway m regard to these 
constants) only for the alkali-ractallic salts 

The half-way position of the rubidium salt, between the potassium and 
cscsium salts, will be very clear from this table The ammomum salt possesses 
an axial angle very nearly identical with that of the csssium salt, while the 
thallium salt comes between the rubidium and csesium salt, the value being 
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Compansoix of Monoclinic Axial Angles ^ for Doilble Sclcnate<< 


(onUuning 

MH)tiie«iuni 

Niokd 

(nbalt j 

hcrrouHirnn j 

MaiigiuieiK 1 Luppii 

I*iita!i8iuin 

Kiibulium 

4minonium 

Thallium 

1U4 18 

105 14 

106 17 
106 27 
105 36 

104 27 
106 20 
106 11 
106 17 

105 36 

104 17 
106 lA 
106 18 
106 23 

105 40 

lOJ 50 

104 67 

106 2 

106 a 

105 27 

1 

j lot 25 

105 0 1114 44 

106 22 105 12 

106 16 105 10 

105 211 101 5!l 


nearer to that of the former Similar relationships were shown m the 1909 
memoir (Joe ot) to hold in the rinc group of double selenates, and all these 
conclusions are exactly similar to those drawn in the preceding memoir for 
the double sulphates 

The thanges m interfacial angles brought about by replacing sulphur by 
sclciuum may next be discussed The next table shows the changes, all bt ing 
increases, in the four mam angles 


Angular Uiffcn nccs between Analogous Hulphatcs and Selcnati’s 


\nKl( 

11 Mk 


I ri (o 

T1 Ic 

n Mu 

111 u 


s»Uh 


SultB 

HultH 


-(100) (001) 

>1 

1 -tH 

15 

40 

51 ' 

U 

-(110) (lIO) 

32 


il 

20 

15 


.? -(001) (Oil) 

4 

\ u 

12 

■» 

14 1 


rp - (001) (110) 

4(1 

1 “ 

30 

41 1 

_ 

44 1 

I 20 


For the Tl-Zn salt previously (1909) described (he cit) the numbers were 
22', 38', 6' and 21' It will be observed that the changes never reach a whole 
degree, and are characteristically such as have been shown by the author 
invariably to accompany isomorphous replacement in crystal systems of lower 
than cubic S 3 rmmetry 

With regard next to the VoluTne ConstarUs, the n< xt two tables compare the 
densities, molecular volumes, and topic axial ratios 
From them, ]ust as from the similar tables given in the preceding memoir 
for the double sulphates, the relative volumes and edgc-dimensions of the struc- 
tural-umt cells of the space-lattice are seen to progress eutropically for the three 
alkali-metalho salts, while the ammonium salt is almost precisely iso-structural 
with the ammomum salt, their volumes and dimensions being nearly identical, 
and the thallium salts also resemble, although not so closidy, the corresponding 
rubidium salts m these respects 
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Donsity and Molecular Volume of Double Seleuatcs 


Containing 

PutasHium 

Rubidium Ceeslum 

Ammonium Thallium 

Magiicxium 

2 305 

208 03 

2 084 I2 930 

218 16 231 20 

2 068 3 721 

210 42 220 01 

/..u 

2 168 

208 80 

2 808 3 121 

218 36 230 77 

2 261 3 068 

217 73 217 69 

Nukil 

2 150 

200 14 

2 850 3 114 

210 00 229 17 

2 213 3 903 

210 53 214 13 

Culialt j 

2 130 

208 bO 

2 HJ7 3 094 

218 40 230 73 

2 228 3 908 

218 10 213 92 

Iron (ferrous) 

2 4W 

210 30 

2 800 3 048 

220 20 233 21 

2 101 3 040 

220 30 216 30 

Manganese 

- 

2 703 3 008 

222 92 230 01 

2 168 3 8.1.1 

223 36 222 10 

roppor j 

2 139 

200 00 

2 839 3 073 

^ 219 94 233 79 

2 223 3 044 

220 04 218 01 


The replacement of sulphur by sclemum m the thalhum double salts causes 
an expansion of the umt-cell volume by an average of 12 91 units, corresponding 
to an increase per atom of selcmum of 6 5 units This is m accord with previous 
observations, for the mcrcasc has varied in different groups of the salts from 
6 0 to 6 8 units 

Proceeding now to the Optta, the Orientation of the Optical EUtpsoid shows a 
similar rotation about the symmetry axis 6 os m the double sulphates, so that 
fig 6 on p 389 of the preceding memoir is valid equally for the double selenates 
The positions m the thalliiim salts of that axis of the indicatrix eUipsoid which 
IS the vibration direction of the y-mdex of refraction and is the obtuse bisectrix 
of the optic amal angle, that is, the second median line, is given in the next 
little table It is not so far removwl behind the vertical crystal axis c as it is 
m the double sulphates 


Inclination of y-Axis of Ellipsoid to Right of Crystal-Axis c 


In T1 Mg selenate 

4 

27 

III Tl Fe selenate 

9 

9 

Tl Zn „ 

6 

46 

,TiMn „ 

8 

21 

Tl Ni „ 

10 

19 

,. TlCu 

14 

26 

TlCo 

8 

22 
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The sign of the Double Refractton is negative m all these double selenates, 
as in the double sulphates 

The Refractton ConstatUs are compared in the next table, in an analogous 
manner to the double sulphates, as described on p 390 of preceding memoir 


Refraction Constants of the Double Selenates 



The thallium double selenates are seen to distinguish themselves by excep¬ 
tionally high refractive indices and molecular refractton, as they have been shown 
to do in the cases of the double sulphates Indeed the maximum index of re¬ 
fraction in some cases exceeds that of the very highly refractive liquid mono- 
bromonaphthalene (1 6667 for Na-light), so much used on that account as the 
immersion hquid lu determinations of optic axial angle with complementary 
plates perpendicular to the acute and obtuse bisectrices For instance, the 
Y-mdex of thallium copper selenate for Na-light is 1 6720 

The double refraction middle part of the table shows best the regular diminu¬ 
tion in this property with atomic number which occurs in the cases of the three 
alkali metals 

As regards molecular refraction, here again the eutropic progression is clearly 
displayed in the relations of the three alkali-metallic salts , and also the near 
identity of the molecular refractions of the rubidium and ammomum salts is 
plainly revealed, while the transcendent position of the thaUium salts is strik¬ 
ingly evident As regards the effect on the molecular refraction of replacing 
sulphur by selemum, there is an increase of about 14 umts, the exact mean of 
all the 34 cases being 13 8 If we exclude the thallium salts for which the 
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mean rise is more than the average for all, namely, 16 4, the average for 
the alkali-motaUic and ammomum salts is only 13 2 As there are two sulphur 
atoms replaced by selemum, the effect per atom is thus 6 6 or 6 9 umts, 
according as the salts containing thallium are mcluded or excluded from the 
comparison. 

With respect to the Opttc Axtal angle phenomtiia it is only necessary 
to emphasise that for this double selenate series, as for the double sulphates, 
the double refraction is throughout of negative sign, the minimum a-axis of 
the elbpsoid being the first median Ime (acute bisectrix), and the y-axis the 
second, and that these two axes of the optical ellipsoid (mdicatnx) are dispersed 
in the S 3 unmetry plane to a similar small extent, varying in the seven different 
salts from 17' to 36', m the same sense, which brings the first median line nearer 
to the inclmed crystal-axis a for green thallium light than for red hydrogen light 

Conclusion 

The results for the double selenates are thus analogous m every respect to 
those for the double sulphates contaming thallium The replacement of 
sulphur by selemum causes all the constants to be pushed on somewhat, just os 
it docs in the alkali-metallic and ammomum salts, the unit cells of the structural 
space-lattice for instance being enlarged, and the mterfacial angles and physical 
properties correspondingly altered The amounts of change ore never larger, 
however, than such os have now been shown generally to accompany 
isomorphous replacement 

The not effect of replacing sulphur in all the double sulphates by selemum is 
to leave the relations of the thallium double selenates to the double selenates 
containing potassium, rubidium, cxisinm, and ammonium almost precisely the 
same as has been stated in the preceding commumcation for the double sulphates 
The two senes confirm each other absolutely as regards those relationships 
While the potassium, rubidium, and csesium salts contaming the same M-mctal 
show the regular cutropic change followrmg change of atomic number and 
wei^t, the ammonium and thalhum salts do not show any relationship to 
atomic or molecular weights, but only such changes as are similar in amount, 
lying between the limits of the potassium and caesium salts, and being thus of 
the small order just referred to, characteristic of isomorphous replacement 
Yet the ammomum salts do show one constant and significant projierty, that of 
being nearly perfectly isostructural with the analogous rubidium salts and of 
exhibiting constants very close to those of the rubidium salts And the thallium 
salts, likewise, show tendency in the same direction, but the similarity never 

VOL oxvm— A. 2 p 
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proceeds as completely towards identity as m the case of the ammomum salts 
This fact, however, in regard to all morphological properties, such as crystal 
angles, and the directional size and volume of the unit space-lattice cell, obvioudy 
brings the thalhum salts well inside the isomorphons senes, and not as extreme 
members, these latter being the potassium and ctesium salts One outstanding 
and very stnkmg exceptional property the thallium salt possesses, however, 
which at once distinguishes it from all the other R-base salts of the senes, namely, 
its very high optical rofractivity 

Compared with the remarkable determinative effect on the crystal form 
and properties which interchange of the five R-bases has been shown to exert, 
the very shght effect of interchanging the M-metals is again shown in the 
cases of the seven thalhum salts A glance at the tables on pp 421 and 424, 
showmg the changes m the important axial angle ^ of the crystals and in the 
molecular refraction, two typical morphological and optical properties, will 
at once render this fact quite plam That the structure of the atoms them¬ 
selves, and their positions m the penodio table, determining their structure, are 
prime causes must be evident, and this is a Ime of study which it is hoped in 
future work to take up and elucidate 

It 18 , however, already certain that the eutropic progress of the potassium, 
rubidium and ctesium salts is due to the progressive enlargement of the 
atoms of these alkah metals, by a complete shell of 18 electrons each time we 
pass from one to another, corresponding to the increase of 18 in atomic 
number, from 19 to 37 and 65 It corresponds, indeed, to the passage from 
nrgon to krypton and xenon, the complete-shell (and therefore inert) elements 
next below them in atomic number, 18, 36 and 54 And the very mobile 
extra electron left outside the outermost complete shell amounts for the 
great (maximum) electro-positive chemical activity which these alkah metals 
display, enabling them to form this magmficently crystalhsing series of 
isomorphous salts 

This oommumcation now closes the author’s long descnptive and comparative 
study of this great isomorphous senes of 77 salts, rounding off the work on the 
alkah-metaUio and ammonium salts which was brought to a conclusion m the 
1922 memoir* (which gave as an appendix, p 262, a complete list of the memoirs 
published since the inception of the research in the year 1890) by a descnption 
of the whole of the analogous thalhum salts of the senes, a task which has 
proved much more difficult, but is now satisfactonly completed 


' Roy Soo Proc,’ A, voL 101, p 246 (1922) 
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The Bending of a CerUrally-Loaded Isotropic Re<tangular Plate 
Supported at Two Opposite Edges 
By A E H Lovr, FRS 
(Received February 6, 1928 ) 

1 The plate will be taken to be of uniform isotropic material, the elastic 
quality of which is speoiiicd by its Young’s modulus E and Poisson’s ratio a, 
and it will be token to 1 k' of small uniform thickness 2h The flexural rigidity 
D of the plate is then given by the formula 

D = iEA»/a-'i*) (1) 

The imtially plane middle surface of the plate will be taken as the plane of 
rectangular cartesian co-ordinates x, y, and the edges of the plate will be taken 
to cut this plane m segments of the lines x= a, y= :^b, so that the length 
of the }>late is 2a, and the brcailth 26 

The plate will bo taken to be bent by concentrated pressure P, applied to one 
of its faces m a hno normal to the faces and passing through the origin, the 
centre of the rectangle The deflexion u>, or the displacement of a point of the 
muddle surface in the direction of the pressure P, is the quantity to bo 
determined 

The problem has a certain interest in connection with the experimental 
detemunation of the constants E and <r See § 12 infra 

It 18 known* that w is given by a formula of the form 

«' = ^{(®* + y*)logr-|-x}, (2) 

where r denotes the distance of the pomt {x, y) from the origin, and x & certain 
bi-harmomc function detemuned by the boundary conditions, that is to say x 
IS free from singulanty within the rectangle, satisfies the equation 



at all points withm the rectangle, and further satisfies certain conditions at the 
boundary 

The edges a: = ± a will be taken to be supported, and the edges y == ± 

* See my “ Rlastioity,” Chapter XXU 


2 F 2 
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to be free The conditions to be satisfied at the supported edges ® = ± a 
arc 

10 = 0, V*ir = 0, (4) 

where V* stands for f)*/0** + 9*/3y* The (onditions to be satisfied at the free 
edges y = ± b are* 

| jv *» + ( l -,)^)=-0 (5) 

They express rcs|icotivoly the vanishing of flexural couple and transverse 
force 

The problem is reduced to the determination of the function / 

2 To detenmne this function we begm by transforming to a circular boundar) 
The region withm the rectangle in the plane of the complex variable s (= a; -f 
can be represented conformally on the half-plane Y > 0 in the plane of a 
complex vanable Z (= X -j- tY) by the cquationt 

Z ^\/lm + 16 )|, (6) 


where the modulus I of the elliptic function is determined by the equation 

K'/K = 26/0. (7) 


so that k depends m a known way upon the ratio of the breadth of the rectangle 
to its length 

The H^on within the curcle K1 = 1 in the plane of an auxiliary complex 
vanable IJ (= ^ -j-*'*]) he represented conformally on the same half-plane 
Y > 0 by the equation 


K 


i-Z 

»+z 


( 8 ) 


and from the elimination of Z between the equations (6) and (8) there results an 
equation by which the region within the rectangle in the s plane is transformed 
into the region withm the circle m the 1^ plane 
The differential forms of the two equations of transformation are 

and 

dz = -2t(i-f 


* These can be obtained from results gi\ earn ray" Elasticity," ChaptwsXXU and XXIV, 
or from those given in Rayleigh, “ Sound,” vol 1, § 216 
t See A K Fbnyth, “ Theory of Funotions of a Complex Variable,’' 2nd edn, Cambridge, 
1900. p 689 
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and, if a real positive acute angle a is determined by the equation 

tania = y'A:, (9) 

these differential formulro combined with (8) give 

j. ^ta dX. 

' K(l + /,)v'(l-2i:*eo<.2a+C*)’ 
from which, v, ith the condition that s — 0 at i; — (», it appears that 

where P* is the symbol of Legendre’s nth coefficient This formula holds at all 
points on or within the cirtlt |1[1 = 1, and shows that the function s/lj is a 
holomorphic function of IJ, or of s, m the region lioundcd by the circle, or the 
rectangle It follows that the function log (r/p), where p stands for |li|, is 
harmonic within the rectangle, that is to say m free from singularity and 
satisfies the equation V*{log (r/p)} = U 
Since the product of x* + y* and a harmonic function is bi harmonic, it follows 
that, instead of the formula (2), we may take 

w = ^ {(•»* + »*) log P +- /} (12) 

Then / is a bi-harmonic function to be detcrnimetl by means of the boimdary 
conditions (4) and (5) 

3 Let us suppose temporarily that all four edges of the plate are supported 
Then we shall have the displacement w expressed by the equation (12), in which 
/ IS bi-hamioni( and, at the etlgcs, we shall have 

/ 0. V*-/ =- - V* {(a^ + f) log p) (13) 

Now we have, everywhere m the rectangle except at the ongiu, 

V®{(J'- + y*) log p} - 4 log p + 4 + y^) log p 

At all the edges p -- 1 so that this becomes, at th«* (dg' y = b, 

V»{(r' + y*)logp} = 46^ 

Also, at the same edge (y = b), 
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for it 18 the ratio of corresponding short lengths in the two planes The other 
edges can be treated m the same way, and we see that, at the edges y = ±b 
we must have 


V»-/=-46|||, (14) 

and at the edges a; = ± a we must have 

^ = 0. (15) 


From the symmetry of the conditions it is s<on that / must be an even func¬ 
tion of X and an even function of y Certain even bi-harmonic functions of x 
and y vanishing at all the edges, are known in the forms 


Xbsinh vb 


cosh \>y \ 
cosh 'jS ' 


cos vr, 


(16) 


where v = (2« -f 1) n/2a, n may be any jiositive integer, and the letters r, y 
may bo mterchanged, a, b bemg interchanged at the same time We see that 
we could deterramc x by the formula * 

where Y, is the functiou obtaineil from X, by these interchanges, if we could 
determine the constants A, and B, For this purpose we should require an 
expansion of | d^{dt | at y = b in a senes of the form Sa„ cos vr, and similarly 
for X = a. 

4 We proceed to form an expression for ( dl^Jdz | at y = 6, and to expand it 
in a Fourier senes vahd m the interval —a We ha\ e 

dK -2i, 

dz {t+zr 
and 

^ ^ (* + *^)} ‘^“1 

Also, at y — 6, 

-(2-}-j6) = — 

a a 

so that 

^_1_ ^ _ K dn(Kg:/a)cn(Ky,'a) 

\/k 8n(Ka:/o)’ dz a‘\/l 8n*(Ka;/o) 

In these we put 


X = — o-fot/K 


(17) 
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Then, at = 6 in the interval 2K ^ i^ 0, vie have 

liKk'^y/l mt 
th a {ty/k cn<—diW)*’ 

and 

|<!:|_ aK(l-t)Vt ml 

Ia| a 1-tm‘l ' ' 

We expand the function sn </(l —1 sn^t) in a Fourier senes of the form 
Sa»coB(nict/2K) + hn The function hemg uneven, we know 

beforehand that the coefficients a„ must vanish Disregarding this for the 
moment, we have 


2 Ktf„ — 

ml 

met 
cos — 

il, 


1 - 2 K. 1 — i sn- < 

2 K 


2K6„ = 1 

r-*^ sn< 

Bin — 

(It 


I-2K 1 —hnn^t 

2 K 



and 

(a, 4- A) 2K = I^ ^ ( 19 ) 

.'_2K 1 “-Jfcsn*^ 

To evaluate I we treat t as complex, and take the contour integral 

J 1 —A; 8 n*< 

round the rectangle m the t plane with vertices at — 2K, 2K, 2K + 2iK', 
— 2K + 2tK' Since the elliptic function has the periods 4K, 2tK', and the 
exponential function has the period 4E, the contour integral is (1 —f) I, where 
q = The contour mtegral is equal to the product of 27rt and the sum 

of the residues of the function at those of its poles that are withm the contour 
These poles are at ± K ■)- ^K' and ± K + JiK' The residue at any pole 
IS the value of 

2 kcn<dnt 

at that pole It follovre that the contour integral is equal to 

„ ( ) 
i2t(l-;t)V^ ■2»(l-^)V* 2»(l-/t)\/^'^2*(l-A-)V*J’ 

or we have 


(20) 
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We have the result that, at ]/ = 6 in the interval a'^x'^ — a, 

|S| =!■ S (31) 

\dz\ n,_o 2a 2o 

In the sHini way it can be proved that, at r == o, in the interval b'^y^ — b, 


^1 =? i. 


* 


26 


(2w + l)7i.y 
2b 


( 22 ) 


6 Reverting to the problem of § 1, we determine / as the sum of two 
bi-harmonic functions and /*, where Xi w of the form 
* ^ /y Biohfia ; cosh |juc \ 

\a smh pa cosh po/ 


p being (2m + 1) 7r/26, and y, is of the form 

, _ V Ti /'/ ^9 _ C0Bh_vj\ 

'“'.to •'6 8inhv6 cosh v6/ 


cos py, 


(23) 


(24) 


V being (2n + 1) 7t/2« At the edges y — ± 6, yj satisfies the combtions 
A-0, V^A^O, 

at the edges / = ± o, it satisfies the condition y, = 0, and, at these edges, 
it will satisfy the condition 


if 


VVi-4o 


£1 
dz r 


2A, = _ 4a J sech p« (26) 

a smh pa b 


The coefficients can be determined in the same way, and we have the solution 
of the problem in the form 




cos py 


I 4^1 2 smh pu I cosh pa; _ r smh pae ^. 
w=o (2m + 1) cosh* pa'cosh po a smh pa/' 

+ 4e £ „ 

„^o (2n + 1) cosh* v5 \coah v6 b smh v5/ J 


(26) 


p and V being (2m + l)7i/26 and (2n + 1) 7c/2o 
This problem of the centrally loaded isotropic rectangular plate, supported 
at all four edges, was solved by Hencky,* by starting with the form (2), and he 
* H Hencky, “ Der Spannungsxustand in roobteckigen Flatten ” (Dins ), MUnohen, 1013 
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completed the solution for a square (« = b) The problem is simplified very 
much by starting, as above, with the form (12) I have verified that, when 
a — b, the above formula (26) and Hencky’s formula) lead to the same numerical 
value for the central dcficxion, viz, (0 1467) (Pa^/itl)) 

6 The bi-harmonic fimction /j will be useful in the problem of the plate 
supported at the edges x = a, and free at the edges y — ± 6 The conditions 
to be satisfied in this problem were laid down in § 1 For brevity we w rite 

Xo =■ (** + f) log p 

Then ue seek a solution in the form 

w - (P/»nD) (/o + /, + /2 + /3 + /4), (27) 

where is the function so denoted in § 6, and all the fuiietions /j, /j, /* 

are bi-harmomc, and arc even functions of both x and y 

The function expresses a displacement, vanishmg at all the edges, and 
maintained by central load and by certain flexural enuplcs and transverse 
forces at the edges , and the function has been adjusted to give no flexural 
f ouple at the (‘dges y = ± ®nd to give no displacement at any edge, and so 
that the flexural couples answering to it at the eilges / — ± a balance those 
answering to /, 

All the functions /j, /j, will be adjiisteil to give no displacement and no 
flexural couple at the eilges x — ± o 

The function yjj will be adjusted to give no transverse force at the edges 
y = ± 6, and so that the flexural couples answering to it at these eilges balance 
those answenng to /q 

The functions jj, and will be adjusted to give no flexural couple at the edges 
y — ± 6 The transverse forces answenng to at these edges will balance 
those answering to Xo» and the transverse forces answering to at these edges 
will balance those answenng to /j 

The combmed solution gives no displacement or flexural couple at the edges 
* = ± «» and no flexural couple or transverse force at the edges y = ± 6 

7 The boundary conditions satisfied by Xg are, at the edges / = ± a, 

X* - 0, vVa - (28) 

and at the edges y — ]_ &, 

(29) 

We seek a solution in the form 
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V being {2w +1) Ti/Ua This satisfies conditions (28), and it will satisfy the first 
of conditions (29) if, at i/ = ± 6, 


{2v* cosh vy — (1 — <i)v*(B, vy sinh vy + cosh vy)} = 0, 


that IS, if 

B, {(1 4- a) sinli v6 — (1 — o) v6 cosh v6} — B„' (1 — a) sinh v6 = 0 
so that Xa can be expressed in the form 
Xa = 2 B, [vy sinh vi/ — {vi coth v6 — (1 -j- o)/(l — o)} cosh vy] cos vx (30) 


At the edge y = h, log p and its x-denvatives vanish, and V®Xo = ^ 1 |, 

and therefore the contribution of Xo to the left-hand member of the second 
of conditions (29) is 

471 (6/a) 2 scch v6 cos vx 
n-o 


The contnbution of /j to the same is 

2 B, {2v* cosh v6 -f- (I + O') v* (v6 smh v6 — v6 coth v6 oosh v6) 

-|- (I + o) V* cosh v6} cos vx 


Hence this condition is satisfied if 
47t6 


= - 


tanh v6 


(31) 


(32) 

(33) 


(3 + <t) cosh v6 sinh v6 — (1 — o) v6 
The function Xa ic determined by the formulie (30) and (31) 

8 The boundary conditions satisfied by Xs are, at the edges x i a 
Z3 = «. V*X3 - 0. 

and, at the edges y — ±b, 

->) 3^- |;[{v+ (I-»)^) (x.+xJI -'> 

We seek a solution m the form 

Xa = 2 (C/ vy smh vy + C” cosh vy) cos vx, 

V being (2n -f 1) re/io This satisfies conditions (32), and it will satisfy the 
first of conditions (33) if 

20/ cosh v6 -f (1 — o) (0/ v6 sinh v6 -f 0/' cosh v6) = 0 
We therefore take /g to have the form 

P I _ ^soihvy _COTh vy] 

H = n * 1 v6 sinh v6 +{2/(1 -- <r)} cosh v6 cosh vhj 
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To determine the constants C, we have to express the contribution of to 
the left-hand member of the second of conditions (33) We have 

|; = 2jlogP + («- + !rt^, 

and 

Along the edge y — b, where p is con8tant]> 1 for all values of and dp/Byia 
1 dl^ldz 1, this gives 

Agom 

ell - 

-and, therefore, along the edge y = b. 

It follows that the contribution of to the left-hand member of the second 
of conditions (33) is 

|(10_2o)-f4(2-o)x^ + (l-o)(/3 + 68)^^}||[ (J6) 


Tn this we may take, according to (21), 

I^U- 2 sech Mcos X-c, (21, M 

I az I a i_o 

X being written for (2f -f-1) 7r/2a, and we have to expre&s (35) as a senes of the 
type Sy, cos vjb in the mterval o > a: > — a 
9 To this end wo bogm by observing that the senes in the nght-hand member 
of (21,6t«) can be differentiated term bv terra as often as may be vVished, for the 
coefficients seoh X6 secure uniformity of convergence of the denved senes 
Thus we have, m the interval o > a: > ~ o, 

= (— Xa: sech X6 sin X ®), 

oa; I tfz I o j=o 

<** + 6*) ^ I @ I = - £ {- X* (*= -1 ft*) <^08 A*} 

03* I OZ I O |,=o 

The functions representetl in the above interval by the senes m the nght-hand 
members of (36) are even in x, and they are capable of expansion bv Founer 
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senes, for they arc continuous and have continuous denvatives of all orders at 
every point within the interval We wish to expand them m Fourier senes of 
cosines of multiples of 7Tz/2a Before it can be expanded m such a senes, a 
function, even in x, must bo defined in a wider interval 2a > a; > ~ 2a Let 
f {x) denote the function to be expanded, and let a new function F (x) be defined 
by the conditions 


m a > a: > ~ a, F (*) = / (a:), 

in 2o > ® > a, F (a-) = —/(2o — a:), 

in - 2a < a: < - a. F(x) = -/(2o + x) 


(37) 


Then F (x) is defined at all points of the interval 2a > a; > — 2a except the end 
points and the points x = ±a, at which it is, and legitimately may be, left 
undefined The function F (x) can be expanded m a Former series of cosines 
of multiples of nxj2a, and this senes is convergent, and its sum is / (x), at every 
pomt m the sub-interval o > x > — a Further it can be proved without 
difficulty that all the coefficients of cosines of even multiples of nx/2a arc rcro, 
and that, if the senes is 


then 


F (*) — S flt« cos vx, 
11=0 

(X„ a = 2 1 / (x) cos 'ixdx, 


m) 


V being (in -f 1) K/2a 

10 To apply this process to the functions represented by the right-hand 
members of (36) we have to evaluate the integrals 


and 



sech lb "ke sin Xx) cos vai dx, = U, say, 


soch 7b XV cos Xx) cos va: dx, = V* say, 


X being (2/ -|- l)7r/2a, and v being (2n -j- l)7i/2a The factor soch 7b secures 
umformity of convergence, and therefore the order of the operations summa¬ 
tion and integration may be interchanged Wc thus find 




- ^ I — sech v6 -f (2n -f 1) £' 


21 + 1 




- !)'+'• sech Xb} 1 


(5vV— l)8ech v6 




(39) 
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where the acoonts attached to the signs of summation indicate that the terms 
in which Z = n are to be omitted from the sums 
If we write 


21 + 1 


i-o —»)(^+«+ 1 ) 


(2Z + 1)» 




(40) 


the expression (36), which is the contritnition of to the left-hand member of 
(33), will become 

(7c/a) S [{6 i (1 — o) — (1 — a) v® (6^ + Ja®)} sech v6 

+ (-1)* (2« +1) {2 (2 - a) L. - HI - <1) M.}] cos vx (41) 

The contribution of /j to the left-hand member of (ii) is found, after a little 
reduction, to be 


1 V r ... (3 + a) tanh vfe - (I - g) v6 sech® vf» 
6 „,o " tanh v64-‘2/{(l — o) v6} 


(42) 


and thus the coeflicieiits C„ are determini'd by the equation 

p _ tanh v 6 + 2 /{(l — g)v 6 } _ 

* o (3 -f o) tanh v 6 — (1 — o) v 6 sech® v 6 

X [|(1 - a) (6® -f |a*) - j sech 


where L« and M„ are given by (40) These cm fhcients bemg known, the func¬ 
tion IS given by (34) 

11 The boundary conditions satisfied by ^4 are, at x = ± o, 

X4 = 0, V®X4-=0, (44) 

and, at y = ± 6 , 

V*z.-(I—</■+/•) = “ <“> 

Just as in § 8 we find that the first three conditions are satisfied by taking 
to have the form 


2 

a-O [vO 


sinh v6 {‘2/(1 — a)} cosh v6 


cosh VO J 


(16) 



438 


A E H Love 


To determine the coefficients D, we have to express the contribution of Xi 
to the left-hand member of the second of conditions (45) at the edge y = b 
We may write Xi form 

t=o (2jL-|-l)oosh*irt» Vcoshw* osmhico^' 

K bemg {2k + l)nl2b Then this contribution will be found, after a little 
reduction, to be 


■ coshK® a;8mhK®\ 


4, S 

j -0 ' 1 ) cosh* koL\'< mhKO ' 


coshfca 


coshxx 


Just as m § 9 we expand this expression in a senes of the form Sy„ cos \x, vahd 
in the interval a > » > — o We put 


coshKj; = S 
X smh KB — P,' cos v* 


S ot,' cos v® 

!- 

J 


(49) 


Then 


a^'a = I cosh kb cos vxdx, 
P,'o = 1 ** X smh Kxcoswxdx 
On performing the mtegrations it is found that 


«»' = (- 1 )" 


V* a 




8 h*(o | 

a J 


(60) 


Hence the contnbution of Xi to the left-hand member of the second of conditions 
(45) at y = 5 18 

(51) 

The contnbution of X 4 to the same is found, as in § 10, to be 

1 5 7 ^ .(3 + <i)tanh v 6 -(l-o)v 6 sech» v 6 _ 

i t«ivi+2Al-i)v6}i-”■ 


(62) 
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and ihus the coeiEcienta are determined by the equation 

D _ tanhv6 + 2/{(l-a)v6) 

* V (3 + o) tanh v6 — (1 — <j) v6 sech® v6 


- . .t sechif a 

w+ 




(63) 


V being (2n + l) 7 e/ 2 o, and k being (24 +1) 7c/25 These coeliicionts being known, 
X 418 given by (46) 

All the terms of the solution expressed by (27) have now been found, and the 
problem is solved 

12 From time to time it has been proposed to determine elastio constants, 
especially of crystals, by measiuing, by an interferential method, the central 
deflexion of a centrally loaded rectangular plate, supportcil at two opposite 
edges Reference may be made to a pajicr by A E H Tutton,* where will be 
found an account of previous work on similar lines, and to a recent paper by 
W Mandell f Such measurements can be made with great accuracy, but, 
in order to infer the values of the elastic constants, it is necessary to apply a 
formula for the central deflexion of a plate so loaded and supported The 
theory of crystallme plates has not been made out, and, unless the plates are 
thick enough (in proportion to then; breadths) and narrow enough (in propor¬ 
tion to their lengths) to be treated os bars, no formula is available For a long 
thin narrow bar, loaded centrally, and supported at its ends, there would be a 
formula for the central deflexion which, m the notation of this paper, would 
be 

Wo = Po»/ 8 EA »6 , (64) 

and this would hold for a bar of crystallme material, provided that £ is the 
Young’s modulus of the material, answenng to tension in the (hrection of the 
length of the bar % 

The method could, of course, be used for isotropic matenals, and then there 
wpuld be available the formulae of this paper From these it would appear that 
the central deflexion Wq of the plate, besides being inversely proportional to the 
Young’s modulus E of the material, would depend also, in a way that is by no 
means simple, on the Poisson’s ratio a In order to test, or exemplify, the 
approximation to the bar formula (64) as the ratio a b mcreases, and to illustrate 
the dependence of the central deflexion on the value of a, I calculated the values 

* ‘ Phil TnuuA. Tol 202, p 143 (1004) 
t ‘ Roy Soo ProoA, voL 118 p 623 (1927) 

X Thu u the formula used by Handdl 
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of the quantity i(?oEA*/Pa* for various values of the ratio a b, and for two values 
of <y, via , I and between which the Poisson’s ratios of many isotropic materials 
are known to lie The results are recorded m the following table, where, in the 
line followmg the letter “ B,” is given the result of applying the bar formula 
<54) - 

Table of 7eoEA*/Po* 


X! 

1, 

- 


4 

1 

0 124U 

0 22JO 

0 3580 

0 4878 

i 

0 ISC') 

1 « 2144 

0 3593 

0 4018 

B 

0 1250 

I « 2500 

0 3750 

0 5000 


It will be seen that the values of the Young’s modidus, for isotropic material, 
that might be inferred by applying the formula (54) to a plate, of which the 
length 18 four times the breadth, would be hkely to be affected by an error of 
about 2 per cent, the inferred values beit^ too great, and the exact amount of 
the error depending upon the Poisson’s ratio of the material 
Tt may be observed that, if there were any effective instrumental method of 
mcasunng the central deflexion of a centrally-loaded rectangular plate of iso¬ 
tropic material, supported at all four edges, the theory of § 5 of this paper would 
lend to a very exact determination of the constant E/(l — o*) for the material 



441 


Helalivtty and Wave Meeluinia * 

By W Wilson, F B S , Hildrcd Carlile Professor of Physics iii the University 
of London 

(ttoccivcd, Fobruarj 9, 1928 ) 

The equations of motion of a < harg« d p iiti< le can Im expressed in the following 
general fomif 

where 





and A is the potential of the electromagnetic held in which the partirle is 
moving, e is the charge on the particle, Mq is its proper mass and t is the proper 
time IVhcre summation is implied it is extended over valnes of the imlires 
from X ^ 1 to X — 4 Kquations (1) do not represent g» odesics in the spar^i- 
timc continuum except in the special case where IT, roducia to the ‘ mechamcal 
momentum ” p. A very slight formal modification sufllifes, however, to 
convert them into equations representing a geodesic m a R-dimensional con- 
tmuum To accomplish this we extend the metncal tensor q,^ by introducing 
new components delineil bv 

= - A., 

as well as a component the sigmhiaiice of whu h will lie left for subsequent 
investigation The momentiini FT can now be put in the form 

lI.-zHo'/./^. (X= 1,2,3, 1,6) 

• J)r H 1 Flint has drawn iny stteuUou to a rcHaiiit paper b> O Klein (‘ / f Phjsik,’ 
vol 46, p 188 (1928)) in which an oxtonsion to five dimensions, exactly similar to that 
given m the present paper, is described The corresponding part trf this paper was written 
some time ago and without any knowledge of Klein’s work, and it is a fairly obvious 
oondlaty to ideas contained in the paper by the writer to which rofcienie is made ( Roy 
Soo Proo,’A,vol 102, p 478(1922)) 
t ‘ Roy Soo Proo ,’ A, vol 102, p 478 (1022) 


fri._ 511,,^ 


VOL OXVIU — A 


2 G 
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Smc#' 

wp must ha\ e 


jf-s = A., 



(2) 


If we now extend the sumrantion in equations (1) from X = 1 to X == 6 
and add a fifth equation 


/3JI^_ dlL\d^ 
\ 0 ^ dq^ / dr 


= 0 , 


(3) 


wc shall have the equations of a geoilesic iii a fi-dimcnsional umtmuum, and 
we shall refer to them as the extended equations (1) It is suggested that the 
extended equations may have more than a formal significance, t e , the eoni- 
pont nt ffjs and the co-ordinate i/' have some, at present unknown, physical 
significance. 

Equations (1), as extended, can be expressed in the following equivalent 
form 

8 IT. dg* = 0, (k = 1, 2, 3, 4, 5), (4) 


wlicre the limits of the inti^ral are the conterminous pomts of the a< tual path 
of the particle (a part of its “ world Ime ”) and a neighbounng path In fact 
the extended equations (1) can be denved from (4) by applying the theorem 
of Stokes Equation (4) la an extended Hamilton’s Principle * 

Let 0 and O' bo neighbouimg pomts on tho world hne of an electron (or any 
particle) and let ABO A'B'C' be surfaces enclosing small volumes m 
the 6-dimensional niiitmuum and con¬ 
taining 0 and O' respectively Wc 
shall regard A'B'C' as the “ parallel 
displacement ” of ABC correspond¬ 
ing to the mti'rval 00' By this is 
meant that if ABC is the locus of 
the end j^ioints of displacement vectors 
OA, OB, (X!, , then A'B'C' is 

the locus of the end pomts of the 
vectors OA', OB', OC' which are tho parallel displacements of OA, OB, 
00 respectively For the sake of geucrahty we will leave the metric of the 
continuum undefined It is obviously jiemussible to contemplate other metrics 
than that associated with tho fundamental tensor whose components 
• ‘Roy Soo Proo A. vd 102, p 481 (1922) 
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descnbe the gravitational and, in the theory now put forward, aleo the electro¬ 
magnetic field in which the particle la moving The metneal tensor implied 
m the volumes ABC A'B'C' will be represented by and we nbnll use 
|X to represent the determinant of the (x,* and the symbol yilp to represent 
the Christoffel bracket c’cprcsaioii 




/ 


The contracted Chnstofiel expn asion will be denoti'd by y.. 
The volume ABC is represented by the integral 

V---j j|x‘'V'¥ <k'' 


To get an expression for the incrcniuit of this due to the displacement from 
0 to 0' it will auflice to consider the increment 


8 dq^) 

or 

C-), 

if we write 

dq^ = l\ 

and 80 on The general expression for a parallel displacoincnt is 
and smee the vectors 

d>r 

m the integral have each only one component we have 


( 6 ) 


(6) 


where 

It 18 known that 


8e = -r:.4‘8, 

8(S^S» I’) ... 1 




r.= r» 
lii‘ = 
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Combining (6) and (6) we g« t 






It follows therefore that the mcroment of the small volume ABC 

hy 




r.)Y 


or 

8 V/V =. K.%*. 


IS expressed 


(7) 


where the vector y. — 1\ w d( noted by K, 

We will now ado])t such a raetnc (assuming tbs to be possible) that 
K. = an. 


where a la a suitable luiivirsal constant 
In the ncighbourhoo<l of a geodesic 


and therefore 


cY 05* 


where / is some function / ( 5 ^ 5 *) and conse 4 uently 


1 

V 05* 


K.=on. 


(S) 


(9) 


The extended ivjnations (I) are obviously unaffected by substituting for fl, 
the vector 

where yj is any function t] ( 5 ^ 5 ®) 

The circvunatances are exactly similar to those associated with the vector 
potential m electromagnetic problems, where it is usual to impose the condition 
that the divergence of the vector potential shall be zero We shall therefore 
subject the arbitrary function ») contained in 0 to the condition expressed by 


div n = 0 , 


(10) 
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or, A^^hat la the same thing, 


1 9 ( 1 .*1 9V| 


or, if we C.UTV out the difTt rentiatiou and siibsiitute rtlT,, for 

^ tlq" V rq‘ 

(equation (0)) 


If now a- be given the \ ilue — and if [x,* — wc see that (11) is 

8 < hro( 1 linger equation for a thargeil partu le The “ v olumo ” V is Schroedinger's 
fiinotioii ij/ Equation (11) is leally more general than Selnoedinger’s, since the 
siiniimitions with respect I'D k and X extend from 1 to 5 It becomes exactly 
Schrnt dinger s equation in < ertain limiting cases, for instance if V is independent 
of and if Ilg IS zero 

In a ncent communication to the Society, II T Flint and I W Fisher have 
identificil the Schroodmgft function tji with the gdugi* or metrical factor of 
apace time d( lined by 

(fa® — dac* * 


This view of the meaning of tji has a close similarity to that adopted in the present 
paper 

Let ns c onsider the case when th< determinant, p, is constil uted la follows 


p = j 0 0, 0, 0 , 

u , {111 

0 , 0 , P33, 0 , 0 (12) 

«>. 0 , p„, 


where the indices 1, 2, 3 refer to rectangular axes of cu-urdmatee, x, y, zrespec 
tivily, and 4 refers to the tunc axis This form of p is suitable for deabng 
with an eleotaon in what is approximately an clectrostatir field We easily 
fmd for the components of the contravanant metneal tensor p“ 

= 1 / \^iv {i” = {*“ = {A** ihuR (13) 


and so on 

We shall now deal with a nuclear atom consisting of a nucleus with a charge 
Ne and a single electron with a charge s' = — e The only way to advance is by 
• • Roy Soo Proo A, voU 117, p tt25 (1928) 
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keeping reasonably close to the older theory, which must be somewhere near 
the truth This forces ns to regard p as sensibly constant (for such a system 
08 wc are considonng) We shall therefore wnte 

ft = —wjoW, (14) 

where is the proper mass of the electron and G is a constant Wo have 

[*ii ^ ■= 1^33 == »«o. (^5) 

[tu=- — «»o^. 

where ^ is the scalar (elcctro-atatic) potential From (14) and (15) we have 
P„=:«.„(G-W (16) 

Suppose further that 

14 = 0 

This assumption is not so arbitrary as may appear at hrst sight It may be 
regarded as part of the description of the model of the atom \iluch has already 
the features represented by 

n,j = angular momentum - constant, 
n« = constant, 


and smoe we have introduced a fifth axis we shall supjiose the corresponding 
momentum TIb to be constant and assign it the value rero 
Now 

rr d* I 

Umj; + p».7 

therefore 






oVP/^'. 


(17) 


where p represents the ratio ^ 

Equations (16) and (17) impose a cxmdition on p, which is not nm identical 
with the ^ m the ordmary restricted relativity If the old relativistic 
expression for ~ be represented by S-, we have of course 

CJT 




From (16) and (17) wc have 


»»o (G — - »Wo*^p/e' 

or 

P = (G-^/c*)e'/m„^ 


(18) 
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Putting <f> — Ne/r and subatitutmg m (18) wo find, whf‘n r is very smell 

^ — — ISee'/m^ (1*)) 


It IS interesting to evaluate and i^mpare it with fi We hav( (if we 
consider a circular orbit) 

iaoPouVr=-Ncc7r*, 
and Hinef r>* = c* (J — l/p^*) we get 


ot for small tyilues of r 


(Po"-l)/Po---Ni/Kc=>r 
= _ NtZ/muf^r 


(20) 


if wu make the final assumption that m the ease wi arc i onsuh ring the 
wave ” function V does not contain so that terms bkc 


av 

¥ 


and 


aw 

dq’dy’ 


vanish, then equation (11) becomes 

4it*, 


Sq* 






= 1, i, 3, 4), 


smeo g 18 constant From (13), (16) and (17), and from 
n, = p. (k ^ 1, 2, 3), 


we get 




( 21 ) 


where K — nipC^p f e'<f> is the energy of the electron This equation lieeoincs 
identical with Schroedingor’s equation for the hydrogen atom, as originally 
given,* if ^ is sensibly constant 

Equation (10) referred in the first mstaneo 1<o the immediate ueighfiourhood 
of the path of an electron or particle, while, m the guise of the wave equation, 
it 18 extended to hold everywhere This assumes that 11 has a mi amng at 
places where there is no electron at all In the wavi equation Il^dq^kh, but 
not n„ 18 supposed to be given as a function of position, as arc the g‘*, etc , 
and the equation is therefore hnear A solution of it gives V, and consequently 
1 3V 

V Sg* ‘ every point If therefore any point and any direction, «, whatever 
are selected, the solution of the wave equation gives the appropriate value of 
* E Sofaroodingor, ‘ Ann d Pbya vul 70, p 361 (1026) 
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n„ cvcu if the electron is not present Consequently the meaning to be attached 
ton IS the momentum the electron or particle would have if present at the point 
inqiiestinii We can now find a meaning for the wave function V (Schroedmger’s 
();) If a particle at some instant is actually within a “ volume ” it will be 
within a volume V, which is the parallel displacement of at some later 
(or (arher) instant If its position at any time is unknown, thi probability 
that it 18 in a specified volume will depend m some w av on V 'I’his is, in fact, 
the usual vit w of the moaning of V or iji 
It IS easy to see that in the case of neutral particles not imder the influence 
of a gravitational or electromagnetic field, the waM* equation (21) reiluces to 


or 


i vw 


I d*v 


-nV*)V. 


,3 0 ^ 8 - /,» 


( 22 ) 


and tliereforc if then are neutral particles whose masses are suificientl) small, 
their wave equation (in the absence of a held) will bt the fanuhar one for the 
projiagation of light m emjity space This is m coiiformifv with the original 
suggestions of L de Broglie lud it would appear that light (radiation) is a 
corpuscular phenomenon after all as Newton suppos4»d it to be 
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All A-Jtay Studij of wmi' Simple JJaruativf'i of Ethane —Pmt I 
By Kathleen Yabuley, M Sc (Mrs Lonsdale), Amy liody Tate Scholar 
(ComimiiiKattfl lay Sir Willi tin F It S - Rm i\c»l Dti^iinber IC 1*127 ) 

Hexachlorethane —OjCIu Molecalar weight, 2Sfl 76 
This anbgtancfl is typical of the halogen derivatives of ctliano and will there¬ 
fore be considered in some detail 

Trtmorjthi’mi - -CoCbi is orthorhombic at ordinary temperatures, but at about 
46“ C it changes over to a tnchmc form and at 71“ the tnclmio form becomes 
cubic * Tlie process is reversible — 

45 1 - 4b 6 711 

Rhombic "*■ tncluuc ^ cubic f 

43 1 71 1 

GoB?nor points out that this tnmorphism is also coinmdn to CjBr« and to 
the so-talkd symmetrical and asymmetrical forms of C 2 CI 4 BTJ, the four sub¬ 
stances forming a completely isotrimorphons senes The transition tempera¬ 
tures in the case of symm CgC^Br, are 80“ and 108“-I09“ C Those of the 
other two substances are not given in the htcraturc Xn the following paper 
only the orthorhombic forms have been studied 
Ciystal iorm —This has been desenbed by Brooke,J Go 8 zner§ and Federow H 
Goszner gives 

Orthorhombic bipyranudal 

0 6 c = 0 6677 1 0 3160 
Density p = 2 091 grs /c c 

The X-ray investigation desenbed later shows that the o and c axes must be 
doubled The forms observed on crystals grown from an alcohol + ether 
solution named in accordance with the true unit cell, are { 100 } { 210 } { 101 } 
and occasionally {010} {ill} The crystals, when viewed along the [010] 
direction, present a pseudo-hexagonal appearance (fig la) and this fact is 

♦Lehmann,‘Z f Kr>stvol 1, p 100(1877), tAid , vol 0. p 684(1882) 
t Schwarz, ‘ Z f Krystvol 26, p 014 (1890), Goszner, tbtd , vol 38. p 161 (1904) 

+ ‘ Ann Philos ,’ vol 23, p 304 (1824) 

S Loc etl , see also Qioth, ‘ Chem Krystallographie,' vol 3, p 38 
II PederoM, ‘ Dos Krvstallreich p 264 
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emphaaiBed m Pederow’s sotting He defines the crystals of CgCI, and of its 

/ ® \ 

isomorphous relations as having the “ cximplex symbol ”1 61 I and renames the 

\+l/ 

forms mentioned above as follows {OlOl} {IIOT} {0110} and {1000} {1110} 



Fro 1 

It should bo noted, however, that in the [001] direction the crystal also 
presents the appearance of a hexagon with two truncated comers (fig 16) It 
will be seen later that the arrangement of the molecules in the unit cell accounts 
very simply for the pseudo-hexagonal appearanc-o m the [001] direction, but 
not so readily for that m the [010] 

No twinning or cleavage planes could be observed, nor were etch figures 
obtained for C^Clg Goszner, however, records the following results of etching 
with ether on CgBr, and CgCljBrj (symm), which may convemently be 
inserted here, since they indicate the holohedry of the senes 

On {100} Eight-sided figures, having two edges parallel [010], two parallel 
[001] and two similar pairs parallel to tho (100) (111) edges 

On {010} Similar eight-sided figares, but with the last four edges having a 
different inclination 

On {210} The figures were symmetrically disposed about all three s> nimctry 
planes 

X-Bay Qotwmeino Measurenimla —It was thought advisable to repewt the 
gomomotnc measurements for OjCl, as wdl as for the other members of the 
senes, using the Bragg spectrometer simply as a gomometer The method 
adopted was as follows The position of tho X-ray reflection on one side of a 
particular plane, say (210), was carefully found, the slit of the ionisation chamber 
being wide open Lcavmg the chamber in position the crystal was rotated 
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about the axis of the lUHirumeut until the reflection ou the same side of the 
(2l0) or (2l0) entered the chamber The angular distance between the two 
positions of the crystal gives the angle between the two planes Other angles 
(110) (lIO), (230) (iSO), etc, can very qiuckly be measured, whether these 
planes occur as faces or not In fact, the number of angles that can be measured 
in any ssone is hmited only by the intensity of the reflections from planes in that 
zone and by the patience of the observer In the case of the optical goniometer 
the number and perfection of the occurring faces is the principal factor to be 
considered This X-ray method is only applicable, of course, to orthogonal 
crystals, for which, however, it can give very accurate results The X ray 
method usually adopted, that of dotermiiung the exact angular positions of the 
reflecting planes, by observing the reflections from each side of them is tniieh 
less accurate, smee it involves a shift of the ionisation chamber It is huwi \ cr, 
the only available one if the crystal is not orthogonal or if the angle between 
planes of diilerent spaemgs is rcqmred Photographic methods are far less 
rcbable for goniomctric measurements A comparison of results for C,C1« 


follows - 

Brooke 

(joszner 

Yardley 




(oli-^) 

(calc) 

(210) (2l0) 

59 20 

59 10 

5‘) 9 

— 

(230) (230) 

- 

- 

119 6 

119 8 

(101) (lOl) 

OR 0 

08 12 

68 6 


• (102) (102) 

- 

- 

11 2 

31 2 


Since the (230) and (102) planes do not occur as crystal faces, they were not 
available for optical measurement The axial ratios calculated from the 
X-ray measurements are 

a 6 c = 1 1360 1 0 6302 

VoUtliXxgation of CryslaU —On exposure to the air the edges of the crystals 
soon became rounded, and within a few hours the crystals had often diaap|xiared 
A series of timc-mtensity observations were therefore earned out, using a fr» ‘•h 
crjrstal to begm with A comparison was first made of the reflections from the 
(100) plane (fourth order), which is a wcll-developeil face, and from the (001) 
plane (second order), which does not occur as a face at all The complete 
reflection was plotted (ionisation current v angle of deviation) for each plane 
at mtervals of 30 mmutes to 1 hour, the ionisation chamber sht being kept 
wide open throughout the observations The “ integrated reflection ” obtamed 



452 


K Yardley 


by tunimg the crystal slowly and uniformly through the reflecting position was 
also measured at intervals, and a comparison was made with the NaCl (400) 
reflection 

Curves a b and o (fig 2) were obtained using a fairly small crystal After 
about two hours the crystal unfortunately began to slip m its mount in such a 
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way as to tilt the (100) plane while leaving the (001) plane vertical The faces 
on the crystal, however, were still sufficiently recognisable for it to be replaced 
in position and the readings continued The results showed that 

(1) The effects of volatilisation upon intensity are similar whether the 
plane examined is an ocoumng face or not 

(2) It 18 not dependent to any discermble extent on the spacing (2 88 A for 
(400), 3 20 A for (002)) 

(3) The decrease m “ peak intensity ” is very nearlj proiKirtional to the 
tunc of exposure for the first few hours 

(4) The same is true of the “ integrated intensity ” 

Other curves wore obtamed for the (400) and (002) reflections from a larger 
crystal, measuring about 5x3x2 mm, which lasted for about 24 hours 
At the end of the period of observation (23 hours) there wore still quite moderate- 
sized {100} faces, though all other faces had completely disappeared and the 
crystal had become very thin in the [100] direction, with the result that after 
prolonged exposure the (400) reflection had diminished relatively less than the 
(002) In actual practice the crystals were never used when they had reached 
this stage It is evident that the process of volatilisation is a simple surface 
effect and that the dimmution of mtensity with time is largely due to the 
decrease m area of the reflecting planes In order to allow for this the crystals 
were chosen so that the planes in the zone to be exammed were as far as possible 
of equal area, and one set of readings usually lasted about three hours The 
reflection from one principal plane was measured at intervals and the reflections 
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from the remaining planes in the zone were increased proportionally to the times 
at which they were measured Most of the intensities given m the tables are 
in terms of “ peak ionisation current ” The “ integrated reflection ” was only 
measured for the various orders of the mam planes ( 100 ) ( 010 ) ( 001 ) ( 210 ) 
because, owing to the presence of a considerable amount of general radiation 
from the Bh target used, the peak current was much easier to measure during 
the limited tune available for observaiuons on each zone Moreover, the two are 
foimd to be roughly proportional, and the integrated refliTtion is only really 
necessary whore accurate calculation is to be based on the intensity observations 
In order to make quite sure that the process of volatilisation would not affect 
the relative mtensities of the reflections of different orders from any one plane, 
a separate mvestigation was carried out, the intensities of the two orders of 
(1(K)) and of the four orders of (010) being measured at the boginning and end 
of an interval of some hours, during which time each intensity dropped to about 
one quarter of its former value It was found that the mtensity decreased 
]iroportionally for all tlie orilers of either plane The impossibility of grinding 
different faces on these soft, volatile crystals made accurate measurement of 
the “ absolute intensity ” quite out of the question The mtcnsitv figures 
recorded for CjCl, and for the other subslances may therefore only be regarded 
as relative Also, it is not safe to compare the intensities of different planes 
except m a very general way Those of the different otders of one plane may 
be compared with accuracy 

Size of Unit Cdl It was mentioned above that the relative lengths of the 
original a and c axes hod to be doubled to obtain the true unit coll This was 
found necessary because, although the spacings of a largo number of axial 
planes could be accounted for by assuming a umt cell of the original dimensions 
which would contam one molecule, the spacings of all planes (h i 1) havmg no 
zero index were double the calculated values if k were even and only normal if 
k were odd The true unit cell contains four molecules of f’ji 1, and is of 
dimensions 

« ^ 11 Sis, 6 = 10 14,, 0 b 304 A 

Bravau T/iUice Adopting this new cell as a basis for calculation it is found 
(o) That no measured spacing is a multiple of the corresponding calculated 
spacing, 

( 6 ) That those planes whose measured spacings are sub-multiples of the 
calculated spacings belong exclusively to axial zones 

The latter fact proves that the Bravais lattice is Fq, while both show that, as 
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far as can bo judged from the massed cxpenmenial data, the coll now chosen is 
the correct one The volatilisation of the crystals mode rotation photographs 
difficult and complete sets of oscillations even more so, but such as wore obtained 
agreed with the ionisation results and showed no spots which were not in agree¬ 
ment with the above cell Lauo photographs were easier to obtain, since larger 
crystals could be used, and photographs taken with the beam perpendicular to 
(100) showed a large number of spots, all of which could be assigned mdices 
without further enlargement of the axes 
Results of ObsemUion —^Table T gives the spacmgs and intensities observed 
on the ionisation spectrometer All axial planes (and all general planes in the 

Table T 



Spacing 

Intensities obsened 



Plam 

- 

- 

_ _ __ -- - 

Remarks 


( nk 

Olw 

1 2 3 4 6 6 7 8 



100 

11 31. 

2 87, 

116 — 12 

Quartered 

Oil) 

10 14, 

5 07 

74 - 18 — 72 — 28 

Halved 

001 

0 30. 

3 20 

— 41. — 4 - — 



Oil 

5 40, 

6 44 

60 4 16 1 - 

Normal 

021 

3 074 

2 01 

0 6 - 

Halved 

012 

i 04, 

1 52 

~ 1 — 



031 

2 08, 

3 02 

13 2 

Normal 

041 

2 J5, 

1 18 

— 2 

Halved 

032 

2 32, 

1 19 

— 0 5 



OIJ 

2 08, 

2 00 

28 — 

Normal 

023 

1 06, 

0 08, 

— 3 

Halved 

053 

1 40, 

1 40 

1 6 

No 

nual 

101 

6 58, 

5 00 

32 62 2 0 2- — 



201 

4 27, 

4 28 

10 24 8 1 — — 



<01 

3 20. 

J 20 

12 6 — — 



102 

2 08, 

3 07, 

63 11 — — 



401 

2 62, 

2 00 

24 



302 

2 4ru 

2 44. 

33 2 - — 



601 

2 17, 

2 10 

10 



103 

2 00, 

2 05 




203 

1 99, 

1 07 

12 



001 

1 83; 

1 80 

3 



403 

1 1 71, 

1 70 

4 



104 

1 68, 

1 67 

4 6 



205 

1 25, 

1 24, 

7 



406 

1 J6, 

1 17 

1 6 



605 

1 06, 

1 00 

3 



no 

7 61, 

1 80, 

- - - 16 - - 2 

Quartered 

210 

5 OO, 

5 01 

100 22 41 1 _ _ 

Nonnal 

1») 

4 64, 

1 15 

— — — 11 

Quartered 

230 

2 01, 

2 02 

11 18 

NonnoL 

410 

2 77, 

1 38 

__ 8 

Halved 

250 

I 91, 

1 01 

7 

Nonnal 

010 

1 88, 

1 87 

26 — 



111 

4 80, 

4 00 

36 3 0 4 



211 

8 04, 

3 00 

6 3 



122 

2 63, 

2 63 

10 3 
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zones which were examined) with mdices simpler than those actually recorded 
were looked for, but without success Thus it may bo infi'rred that the reflec¬ 
tions from the different orders of the planes (043) (014) (105) (304) (130) 

(310) (140) (311) (233) , etc, were too weak, m general, to bo observed 

Altogether,the number of different orders of different planes looked for amounted 
to several hundreds in the case of CjClj, although only about 87 actual reflec¬ 
tions were observed on the spectrometer 
The following planes gave first order reflections — 


1 

Cull. j 

Ulw 

1 Intensity 

' 

( nil , 

Ul» 

1 Intensity 

121 1 

3 715, , 

3 72 

I MS 

332 

1 98, ! 

1 98 

' M 

221 

3 27i 1 

J 2(1 

MW 

1 213 

1 9t., 

1 09 

W 

112 1 

2 04, 1 

2 0.1, 

, MS 

' 311 

1 1 8.3, 

1 82 

MW 

131 ' 

2 89, 

2 83 

' VS 

141 

1 82, 

1 83 

MS 

321 

2 70. ' 

2 7« 

1 w 

r>.31 

1 82, 1 

1 82. 

! w 

212 { 

2 09, 1 

2 UU 

w 

611 

1 80, 

1 79 

w 

331 1 

2 3*5, 

2 37 

1 s 

' 432 

1 80, 

1 81 

! w 

421 

2 33, ' 

2 32 

1 M 

133 

1 78, 

1 7S 

1 V w 

141 1 

2 31, 

2 20 

M 

722 

1 77, 

1 75 

! VW 

322 

2 21, , 

2 21 

W 

<21 

1 74, 

1 73 

MW 

2J2 1 

2 13, , 

2 231 

W 

431 

1 61, 

1 61, 

1 MS 

111 1 

2 11, ! 

2 11 

■ \ W 

433 

1 03, 

1 03 

MW 

113 

2 07, 

2 03 

1 Ms 

' 144 

1 34, 

1 35 

1 V W 





344 

1 27, 

1 27, 

VW 

Vb 

- V^ry strong 



- MchU rate 


~ 

8 




71 W 

— Moilt rately weak 


MS 

=3 Moderately strong 

W 

Weak 







VW 

Vt ry weak 




Space-Group and Moleculai Symmetry (’ertaiii planes on the [001 i /one 
gave no reflections from any orders except the fourth, eighth, etc , their spai mgs 
thus being apparently quartered The only space group m the orthorhombic 
bipyramidal class for which quartcrings would be expected is In that 
case, however, cdl the axial zones should show qunrti rings m ii rtam planes * 
Since that is not so, it is evident that the explanation of these quartenngs must 
be looked for not from space-group but from intensity considerations 
Reflections were absent m odd orders from all planes m the [001] zone for 
which h was odd, also from all planes in the [100] zone for which I -j- I was 
odd All other planes were, m general, normal Assiiiumg that all these 
halvings are real, the only possible space-group is Qi®. If the crystals should 
prove to bo pyramidal only He, if there is no real plane of symmetry parallel 
to (010)), then the space-group would be (1, No suggestion has ever been 
* Niggli, ‘ Geom. Kiyst dea Diskoutinaain*,’ Leipzig (1019), Astbury and Yardley, 
* Phil TransA, vol 224. p 221 (1024) 
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made that the ciystals are not holohodral, but this possibihty is not dismissed 
by the X-ray evidence It will be assumed throughout this paper, however 
that the crystal class is correc t In that cose each of the four molecules m the 
unit cell must possess either a plane or a centre of symmetry * Intensity 
considerations very definitely ehmmate the latter possibility The lialvings 
found show that 

(010) 18 a pure plane of symmetry, 

(100) 18 a glide plane, translation ^ | 

(001) 18 a glide plane, translation | 

The co-ordmates of equivalent pomts referred to a' centre of symmetry as 
origin {ef Wyckoll.t who adopts a different origin of co-ordinates) are — 
a' y z, z, I \-r y\-z, W^l-'il-z 

— -x^ + y-z, c ~1J -'/*+* 

If the molecules possess 

(o) A centre of symmetry (fig 3«), the pomts at which the centres of the 
molecules must lie are 

0 0 0, 0|0, JO I, JH- 

(b) V plane of symmetry (fig 3b), the co-ordmates of correspondmg pomts 
m the planes of the molecules are 
x^z, -x-\—z — 

and there are two parameters x and 2 to be determined 



Ira 3 


* iiL ,loe ett 

t Wyckoff,' The Analytical Expression of the Results of the Theory of Space Groups,' 
Carnegie Institute, Washington (1922) 
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The planes in the [001] zone may be divided into three < lasses according to 
their behaviour to X-ra)s (see Table T) — 

(]) Planes (A A 0) for which h is even but not a multiple of 4 give normal 
reflections, e g , (210) (610) (230) (250) 

(2) Planes (A k 0) for which A is a multiple of 4 are halved (010) (410) 

(1) Planes (A k 0) for which A is odd are quartereil (100) (110) (120) 

The disappearance of all but fourth, eighth orders for (3) and of odd orders 
for (2) was remarkably complete in the case of CjClg and was confirmed by the 
absence of any observable reflection for planes such as (140) (320), whose second 
orders should, if present, have been easily measurable, and for (430) (810), 
whose first orders might have been expected from space-group considerations 
alone Now these results can only be obtained by an arrangement of units 
as shown in fig ‘kr, the projection of all four units, A, B, P, D on the (001) 
plane being tdsntuxil 



Fig 4 


Smee the centro-symmetrical molecules would have no degrees of freedom 
(» e , no variable parameters), they would not be free to take up these positions, 
nor could any arrangement of their atoms cause such a complete disappearance 
of expected planes 

The parameter x ((6) alternative) can, however, be adjusted so that four plano- 
symmetncal molecules would lie in the A, B, C, D positions For such an 
arrangement a: = i (f, S or J) Aocorcbng to the space-group 4 and C (and 
similarly B and D) must be inirror-images of each othei in the (100) plane In 
order that their projections on (001) should be identical, the molecule itself 
must possess, in addition to its real plane of symmetrv parallel to (010), a 
jiseudo-plane parallel to (100) or a pseudo-centre (fig 46) It is now easy to 
see a jpossible reason why the crystals present the appearance of a truncated 
hexagon when viewed along the [001] direction (fig 6) 

VOL cxvm— A 2 H 
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If the molecule possesses a pseudo plane parallel to (100), the projections of tho 
four molecules on (010) nould be as shown in fig Go, the projections of A and 



C being identical, as are also those of B and D This would cause a complete 
disappearance of the second orders of (101) (102), etc (and m general those 
of (A 0 1) where h w odd) and of tho first orders of (401) (403), etc (le, of (A 0 1) 
where A is a multiple of 4) Now many of these refleotions not only occur but 
are very strong The molecide, therefore, docs not possess a pseudo-plane at 
right angles to its real plane of symmetry 
In the case of a pseudo-centre the projection on (010) would be as shown m 
fig 66 Here the apparently identical molecules are an undefined distance 2z 
apart m the [001] direction, and it is theoretically possible to adjust the value 
of 2z so that none of the reflections actually found would be expected to vanish 
A third alternative, fig 6e, is possible, though highly improbable This is 
the case m which the projections on (001) of the two “ arms " of the molecule 
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are sunilar, though they ate otherwise quite unlike each other This possibihty 
will not be considered in any detail 

Wo are therefore left with a molecule having a real plane and a pseudo-centre 
of symmetry, which, as a whole, possesses one unknown degree of freedom, 
the parameter z Simple mathematical considerations can bo used to limit the 
possible values of z 

The pseudo-centres of the molecules he m the positions (i J *) (— J — J — z) 
(— 11 i — *) (S — H + 2)1 and thus for each atomlying at (i + i + ?, z + r) 
there will bo other atoms at (J — p, \~q, z — r) (i 4- p, ^ — q, c -f- r) 
(i — Pi i + ?i z — r) and 12 other positions The resultant effect of all those 
atoms will be proportional to 


{cosanalog + ^ + Iz + (Ap + Ag ir)J 

-I- cos 27cn [ I -f I -f fe _ (Ap + 4 -f Ir) I 

1 cos27«i[^ f ^.( hp~kq + lr )\ 

+ cos 27011 ^ J + ^2 — (hp — kq + Ir) ^ + 12 other termsj 

- ^ 4Ap^ l^cos 27tn {| + | -j- fe j [cos 2Tcn {bp + kq + Ir) 

-t- cos 27 m {hp — kq-\- Ir)] 

-f cos 27WI ( Y 4 I “ kq — Ir) 

-f- cos 2701 (Ap — Icq — Ir)]I 

r + I H- fo) cos 27t« (Ap 4- Ir) cos 27tn kq 

+ cos 271/1 ( - 4- g -t- ~ — fe) cos 27tn (Ap—/r) cos 27 tft Ag| 

Let 

cos 2701 (Ap + Ir) = X, cos 27tn (Ap - Ir) = Y, 

Exp = 8^^ ^ A . p ^ cos 27«i Aj |x cos 27TO (| + | + 1 ^) 

+ Yco8 27m(^^ + 8 i - ^)}> 
X=sY if A = 0 or 1 = 0 


2 H 2 
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Then expression vanishes when 

00827w(| + I +1*) + C08 2ir»l^ + ^ + f - fe) =0. 

le, when 

coa2’rH (J "f / + eos2m (~ + -—lzj = 0, 


1 0 , when 

n{f+k + l) 

= wld integer, 

(1) 

or when 

n{h + l-4Iz) 

= odd integer, 

(2) 

I == 0 for zone [001] 





Then from (2) odd orders must vanish if h is odd, and from (1) o<ld orders 
vanish if k is odd and h a multiple of 4 
« = 2, 6, 10 4N — 2 orders vanish if A is odd 
Table I shows that these conditions are fulfilled A = 0 can be considered 
in the general case where 

X Y 


Then the expression vanishes when the terms vanish separately That is, 
when 

«(2 + ^ + 4fc^> = odd integer 
and 

n [2h + 2i + * -h A — 4fe) = odd integer 
These conditions are both fulfilled if 

y -f- + 4«fe = odd integer 


There are eight different cases to be considered — 


nA = 4N ] 

4N| 

_4N + 1] 

4N4-11 

,4N-1] 

4N-1] 

^4N+2] 

4N + 2] 

nA = 2M + lJ 

’2Mi 

2M + li 

2M J 

'2M + li 

’2M J 

2M + lJ 

'2M r 


For example, 

If nA = 0, 4, 8 4N1 

and nA = 0, 2,4 2 mJ 


then reflections will vanish for which nit = 


1 3 6 
4’ 4 ’ 4 


2P + 1 
4 
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There have been observed — 

(401) (421) (441) therefore z 

4 4 

(002) (022) (042) (062) ((^2) (402) (422) therefore s ? | 

(043) then fore z ji. — 

12 4 12 

(004) (024) (044) (064) (404) (804) (444) therefore = ?£ —, 

11) 16 1<) 

(406) therefore 3 - - i. 1 

' ' 20 2t> 1 

(046) therefore 5 =?^ 

By ‘firoilar reasoning ne find that the obMiad planes c\cliide all the following 
values of 3 - 

o-Lll-L-L21^11 1 li^li 

32 24 20 16 12 32 10 8 20 32 Z 10 3 24 32 4 

iZJLA ^ ill 3 ^illlJLiiii 1 

32 24 10 16 3 32 20 8 3 32 12 16 20 24 12 2 

showing that z is not equal to any ver> simple fraf tioii It was hoped that by 
estimating the average corrcoted intensity (lob, — ^ LiiTo^^ ^ the reflec¬ 
tions which eliminate any particular value of z and plottmg a curve for intensity 
n z, a distmct minimum would be obtained which would point to the most prob¬ 
able value of the parameter The curve obtained, howevtr, showed a number 
of mimma corresponding to the higher values of / (t e, to the reflections of 
large 6), no doubt because the correction made for 0 was insufficient, smee 
It did not allow also for the falling off of scattering power of the constituent 
atoms with angle It was not, therefore, possible to obtain a defimte value 
for the parameter z 

In spite of this failure, a considerable amount of information about the position 
of the atoms can be deduced from the [001] zone alone The details are best 
left, however, until results for some of the other isomorphous members of the 
senes have been given. 
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Hexabrouethank —CaBr, M = 503 62 
CryOal Data —The habit is similar to that of CgCla Oossner*' and Sohimperf 
have measured the angles between faces and their results are compared with 
those found as before on the Bragg spectrometer — 




(losziit r 

Schimpcr 

Yardley 

(210) 

(3l0) 

= 68 60 

68 50 

68 60 

(101) 

(loT) 

- 58 15 

57 60 

58 6 

(102) 

(lo2) 

- 

- 

31 7 


Readings on the spectrometer were difficult to obtam because of the high 
absorption of the Rh Ka radiation by the Br atoms Using the values of 

P 

for Mo Ka given m Wingardh’s tables:]; and extrapolating for Rh Ka by means 

of the relation ^ « X* ^ we find that for C.Clg ii = 47 7, whereas for C.Br, 
P P 

^ — 269 7, a value nearly six times as large For this reason the mtensity of 
P 

nearly all the reflections was small and often the peaks were ill-defined and 
difficult to measure The spectrometer readings give an axial ratio of 

o b c = 1 1278 1 0 6270 

as compared with Gosznor’s value 

o 6 c ^ (2 X) 0 5639 1 (i x) « 3142 

The latter is possibly the more correct in this particular case, but the difference 
IS small 

The density p = 3 823 grs /c c * 

Results of ObseruUums —This substance was much more stable than C|C], 
and would stand a longer exposure 


• Loe ett 

t Oroth, ‘ Chem Krystallographie,’ vol 3, p 30 
t' Z f Physik,’ vol 8, p 363 (1022) 
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Table II 



Spacing 

Intcninty olwerved 

Plane 





('ale 

Ob« 

1 2 3 4 5 (1 

lUU 

12 07, 

2 00, 

_ _ - - 12 _ 

UlO 

10 70, 

6 36, 

- <» - 4 19 

001 

6 72, 

3 36 

_ 4 — 0 5 — 

on 

6 OB, 

6 68 

10 — 4 

031 

3 16, 

3 IB 

2 (very lironcl) 

013 

2 IB, 

lllw only 


lUl 

5 87, 

5 82 

8 6 8 — 

201 

4 4B, 

4 48 

2 2 

102 

3 23. 

3 22 

10 2 

401 

2 76, 

2 70 

2 

102 

2 68, 

2 52 

2 

210 

6 26, 

6 2B 

2 16 2 5 

230 

3 07, 

(lbs only 


610 

1 97, 

1 'm, 

1 

— 

— 

— 

-- - 


I-iauc photographs were taken with the X-rays perpondirular to the planes 
(UK)) and (010) Those showed reflections from about W) planes, the minimum 
value of «X found being 0 39„ A (using a Cu antitathode) 

TETRAtHLOllDlBROMtlHAME—C,Cl4Br, M — 326 68 
Two crystallme forms have lictn descnbod The first is said to be the sym- 
metrital compound, (XljBr CXTlgBr, and its preparation is given by Bour- 
gom * This substance volatilises slowly m the air at ordinary temperatures 
without decomposition, but on heating m a elosetl capillary tube it melts with 
decomposition at 197 C The second, the so-called asymmetrical com¬ 
pound, (X'lj (’C’lBrj, has been prepared by Bourgomf and Patemo J 
The crystals do not volatilise at ordmary temperatures, but on exposure to 
the air they go iloudy, eventually becoming quite opaque and falling to 
a white powder This apphed to crystals prepared m the lilmrutory by 
both the methods referred to Probably the change is due to a slow 
alteration of crystalline form On heating in a closed lapillary tube 
the substance melts with partial decomposition (and sublimation) at ill® C 
A mixture of the two compounds melts w ith partial decomposition at 198® C 
Bourgoint found that on heat treatment with amlmo the symmetrical com¬ 
pound decomposed into Brj and C 2 CI 4 , whereas the asymmetrical compound 

* ‘ BuU Soo Chim vol p 114 (1875) 

t ‘ Bull Soc CSiini\ol p 4 (1874) 

+ ‘ Jahrb Fort Chomie,’ p 259(1871) 
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gave CIj and C,CljBrj Bourgoin himself suggested (a) and (b) as the probable 
structural formula) of the two molecules, but m all subsequent literature the 


Br 

Cl 

(1 

1 

Cl- C-Cl 

j 

Cl C-Br 

I 

Cl-C -Cl 

I 

Cl—c-ci 

1 

1 

Cl-C Br 

1 

1 

Br—(’—Br 

1 

1 

Br 

1 

Cl 

1 

Cl 

symm (a) 

aysmm (h) 

asjTnm (c) 


formula (c) has been adopted for the asymm< tiic mohciile, as for a tetrahedral 
carbon atom (a) and (b) would bo identical 
Crystal Data —(Joszner* gives 
Symm compound p = 2 713 

a b c-=(2 <)() 5016 1 (2 ) 0 312Q 

Asymm com|)ound p = 2 794 

a 6 c = (2 ) () 5012 1 (2 <) 0 3149 f 

The majority of crystals of both compounds showed well-developed {101} 
and (210) forms, with smaller {100} and {010}, the latter occasionally being 
absent altogether In general, however, the crystals of the symm substance 
were found to bo elongated an the [001] direction, and those of the asymm 
substance m the [010] direction This fact made the comparison of Laue 
photographs of the two substances more diihcult than if then habits had been 
precisely similar The two sets of crystal angles, according to Goszner, differ 
only by a few minutes, and they were therefore repeated on the Bragg 
spectrometer 



Hymm C,Cl,Br, 

Aaynim C,Cl,Br, 


Qouner 

Yardley 

Qoszner 

\ardley 

(310) (210) 

M 04 

08 08 

0 , 

08 3U 

68 33 

(101) I (lOl) 

37 59 

58 0 

08 30 

08 32 

(103)1(102) ^ 

~ 

31 0 

~ 

31 18 


* Loe ea 

t Wrongly given m 0 3171 thronghout the text U GoBxner’a paper, hu actual measure¬ 
ments lead to the value 0 3149 
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The spectrometer readings give as axial ratios 

9ymm <1 b c = 1 noS I 0 6270 

Asynim « 6 c = 1 1220 1 0 6288 

The small differences between the two crystalline forms are therefore fullj 
confirmed Apart from these geometrical differences lio^siver, the X-rav 
evidence shows that the two isomers are remarhabl) alike 

Results of Observations —The three axial lengths were found to be 
Symm a -- 11 73 A b 10 17 V t = 6 W, \ 

Asymm a - 11 61 A 6 — 10 3*) I e = 6 ll A 

The results for the asymm form led to a deasity of 2 746 lastead of 2 791, iind 
attempts by iiu ans of the flotation method to repeat Goszner’s high \alue were 
quite imsuccessf 111 The intensity measurements for the two substances shos^ cd 
none of the distinct differences that might be cxpccti d if the two mole¬ 
cules were really CClj^rCClaBr and (X^laCClBrj respcctixcly Even the 
intensities of the different orders of ( 100 ) were verj much alike, although this 
plane shows tlio biggest difference in spacing In both tases the quartering 
discussed m coimection with CjC, was not so complete as for that siibstaiite 
or for CjBtj A small, but quite distmct, second order was observed for Iwth 
forms This might be explamed either by a slight variation m x (J for CjC'lj) 
or to a sbght departure from the pseudo-symmetry postulated for C^Clj The 
terms ‘‘ symmetncal ” and “ asymmetrical ” are misleading from a crj stallo- 
graphic point of view Whatever their molecular strui tures may be, both forms 
possess the same amount of real symmetry, t e, one plane There is no wav of 
givmg the “ asymm ” molecule, CCI 3 CTlBra, a pseudo-centre of symmetry, 
but it 13 still possible to think of ways of arranging the atoms so that their 
projection on one particular plane would apparently have two planes of sjth 
metry, without requiring the disappearance of observ ed planes, One such way, 



Fig 7 
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which would permit a tetrahedral arrangement of the carbon valency bonds vt 
shown ID fig 7 (p 4C6) 


Table III 


iSymmrtncal f'jCljBr, 


Tntcnsitieg ofaaorved 

I 1 6 G 7 8 


100 II 7J, S 8G 

OlO 10 37, ■) I'l 

001 « M, 3 27, 

on I 6 5(1, ; 7 47 

on 2 12] 2 15 

101 5 08, I 6 (>G 

201 ' 4 35, I 4 33 

102 3 13, I 3 14 

401 2 67, I 2 (.8 

302 I 2 50, , 2 72 

no I 7 77, 1 «5 

210 1 6 10, I 7 10 

120 1 4 74. 1 10 

610 I 92, 1 01, 

111 I 4 98, ' 4 92 

121 ' 3 83, , 3 89 

131 > 2 05, I 2 01 


3 
I 
0 

4 
13 

3 

3 


10 

1 2 

14 — 

2 2 

4 


12 2 7 6 


4 5 

8 — 
J 7 — 
8 — 


27 
3 5 
1 


2 0 
0 5 


10 


2 

2 5 


4»yinmrtncal (I, Ur, 


100 

, 11 61, 1 

6 80 


0 7 


20 ~ — 2 

010 

10 35, 1 

5 10 


12 6 


3 , 10 — 2 

001 

, 6 so, 1 

3 25 


12 


1 

101 

1 5 67, 1 

5 66 

4 

12 



201 

1 4 31, 1 

4 31 


4 

1 


102 

3 13, 1 

3 11 

20 

3 



no 

' 7 72, ' 

1 05 

_ 



3 5 — -- — — 

210 

1 6 OG, 1 

5 10 

30 

4 

12 5 

0 6 

m 

4 72, 

1 19 

_ 


— 

25 -- - 

230 

2 96, 

2 98, 

3 7 

6 7 

— 


610 

1 90, 

1 91, 

L JL. 





Laue photographs of the two substances taken with the X-rays perpendicular 
to (100) (010) and (001) showed a large number of spots, but revealed no obvious 
differences The presence or absence of some of the weaker planes may quite 
well have been due to sbgbt missottmg of the cr 3 rstals or to their slightly different 
habits 
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Pbntabromfluorethanb -CjEtsF M = 442 fil 
A pure specimen of this compound was very kindly lent to me by Prof 
Swarts* and beautiful crystals could be grown from ethyl alcohol 
Crystal Data —The crystals obtamid were m the form of thin and rather 
brittle plates, which were found to be completely isomoiphoiis with CjCl*, etc 
The tabular faces were { 100 }, the { 010 } and { 101 } were well-developed boundary 
faces, while the {210} wore either absent or very small Thi pseudo hexagonal 
appearance in the [ 001 ] direction was therefore no longer obvious, though two 
or three small spee imcns were femiid which, instead of being tabular on { 100 }, 
were psciido-heYagoiial prisms on {010} as basal plane, boundeil by almost 
equally developed {100} {101} faces The following angles were accuratily 
measured as befori, 

(210) (2l0) = 67" 30' (101) (lOl) 57" 54' 

(210) (2lO) = 62°21' (102) (lo]) - 10 59' 

giving an ixial ratio 

a b c = 1 1012 1 0 (,0'W 

Experimental Technique —^This comjHnind absorbs the Ph Ka radiation almost 
as much as CjBrg, and in order to obtain goexl reflections a very thin flake 
was used (these were not available for CgBrg) mounted on a crystal holder, which 
was a modification of that described by W L Bragg and G B Brow n f Instead 
of a rotating circle, a fixed vertical circle A was uh« d, of e\t< rnal diameter 10 
cm A scale was marked on the front of the circle and an arm carrying a vernier 
and a third small rotating curcle B could be moved through about 190° on the 
circle A and clamped in any desired position By nuaus of simple X-ray 
measurements the {100} planes were adjusted to be jiaiiillol to the plane of A 
and then any plane m the [100] zone could be brought into a vertical position by 
a suitable motion of the arm, and the reflection from it measured I'he advan¬ 
tage of this method of adjustment was that the X-rays could always travel 
through the least possible thickness of the crystal Other /ones w ere arranged 
so that the same condition was fulfilled , the inevitable absorjition was greatest 
m the case of planes making a small angle with (100) At the same time the 
ionisation chamber slit could be shortened vertically so that no extraneous 
reflection could enter from any other plane that might be nearly vertical also 
[This precaution was taken throughout the measurements on the series, and in 

• ‘ Bull Awul R Belg vol 33, p 473 (1897), abstract in ‘ Itec 'rrav Chun Pays Bos,’ 
vol 17, p 238 (1808) 

t ‘ Roy Soc Proo,’ A, vol 110, p CO (1026) 
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tho case of the more important intensity meamirementa tbo comparison of the 
orders was made with three different directions in the plane set vertical in turn 
No variation of the relative intensities was found, showing that in none of these 
positions did any extraneous reflections enter the chamlier ] 

Results of Observations —The crystals of CjBr^F \ olatihseil very slowly, a 
large plate lasting for about a week e\en uhen left exposed The density 
measured by flotation in Rohrbach’s solution was 3 46 grs /c c , but this value 
was probably about 1 per cent too low , cakulated from the X-ray measure¬ 
ments tho density would be 3 49, 

. Talile TV 



Spacinfi nlwenisl 

('iilo j Oha 1 J 1 1 I (I 7 8 

11 14, I 7 8.’ ' — - — 111 - J - 2 

10 77j I •> S7 4 — 10 — 2H — 10 

0 IW, J 28 ; — 12 . _ _ 

5 60, 5 79 I 1 > I — 

4 15, 2 03’ , 2 

3 14, J 09, ! 1 

2 11, 2 14 2 

5 73, 5 74, 1 4 11 - — 

4 39, 4 37 1 5 1 1 — 

3 38, 3 18 2 7 

1 16, 1 16 I lb 1 

2 69, 2 70 I 5 


2 10, 2 11 I 5 

2 06, 2 06 2 

7 96, 1 99 — b 

6 18, 5 23 26 1 7 8 — 

4 89, 1 21 - _ J *, 

3 06, 3 06, 14 9 

1 94, 1 94, I 7 

0 06, 6 12 5 

3 02, 3 01 2 

3 04, 3 02, 1 


A Laue photograph taken with the X-rays perpendicular to (100) showed a 
minimum value of nX of 0 SBs A 


Tbichlortbibrombthane — CjdaBr, M = 370 14 
This compound, whose structural constitution is uncertain, was prepared by 
Mouneyrat’s method * It is isomorphous with the rest of tho senes 
Crystal Data --Gtood crystals were grown from the mother liquors and these 


* Bull 8oo Chun voi 10. p SOI (1808) 
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were considerably elongated in the [(M)ll direction They showed well- 
developed {160} and {101} forms with smaller terminal faces {210} and occasionally 
{010} On recrystallisation from binaeuc, however, the relative importance of 
the faces waa completely changed The {210} and {101} were now the mam 
forms, {010} bemg fairly well developed and {100} qmte small The following 
angles were measured on the Bragg spectrometer, 

(210) (210) = 58“ 49' (101) (lOl) = 58“ 7' 

(230) (250) = 01° 13' (102) (102) = 31° 3' 

(120) (12o) = 47°53' 

giving an axial ratio 

a 6 c -= 1 1270 1 0 0202 

Structural Formula —This substance may be uther CCI3 CBts or CCljBr 
CClBr, A compound which according to its synthesis is most probably 
CCljBr CClBrj has been prepared by Besson* by the action of Br on 
CClj CClBr in sunlight at 100° C This substance melts under pressure 
at 178°-180° and its density is given as 2 11 The compound prepared by 
Mouneyrat and described here does not melt under pressure but begins to give 
off Br at 200° in a closed tube and at 235° has completely disappeared The 
density calculated from the X-ray data is 3 03^ It apiiears, therefore, to bo 
quite a distmct isomenc form, and the belief expressed by Mouneyrat that the 
formula is CCI3 CBr, is possibly justified 
Results of Observation —The crystals do not volatilise, but on exposure they 
rapidly grow cloudy Laue photographs were taken with the X-rays per¬ 
pendicular to (100) (010) and (001), and the minimum value found for mX was 
0 48 A Prom the spectrometer results (Table V) it will bo seen that the (100) 
plane now shows weak sixth and tenth orders as well os a doubtful second order 
(The latter was difficult to measure accurately because it was superimposed on 
the “ wash ” of general radiation from the largo fourth order) 


‘ Boll Soo Chimvd 11. p 920 (1804). 
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Table V 



Sparing 

InteiuitioB observed 

Plane 

Calo 

Oba 

1 2 3 4 8 0 7 

100 i 

11 77, 

S 89, 

_ T _ 07 _ 2 ~ 

010 

10 44, 

0 22, 

-- 2S 9 3 31 - 

001 

6 64i 

3 20 

— 40 - 

on 

c ra. 

C 87 

7 8 3 30 

031 

3 07, 

3 (Xi 

11 

013 

2 13, 

2 IH 

12 

101 

6 71, 

8 71 

13 87 1 2 

201 

4 37, 

4 3> 

1 « 4 5 — 

102 

3 1C, 

‘ 14, 

1 (HI 10 — 

401 

2 72, 

2 OH 

10 

302 

2 Cl, 

2 31 

1 17 - 

310 

6 12, 

0 12 

7 2 1- 

120 

4 77, 

1 20 


230 

2 09, 

3 00, 

0 8 

111 

8 01, 

5 03 

7 - 1 

121 

3 88, 

3 02 

20 3 

131 

2 97, 

2 97, 

2 5 

331 

2 42, 

2 42 

0 

441 

1 88. 

1 87 

2 8 

— 

- - 

- — 

- _ - - - 


TjBTOABBOMDlMKTHYLiTHASF CHj CBfj CBr, OHj M = 373 76 

This compoimd was prepared by the v Pechmann-Baucr method • Federowf 
describes two crystallme modiiicatious The first, n stable tetragonal form, is 
described in Part II of this pajier The wcond is an unstable orthorhombic 
form 

(a) Low Temperature Orthorhombic Modification —Pederow grew this form 
from ligroin at — 10° C , ho gives very approximate angular measurements 
(110) (llo) = 66°—66f (Oil) (Oil) = 69°-601° 

and also mentions the presence of {010} planes From these he deduces the 
ratio 

a b c = 0 635 1 1 746 

[f we change bis a, h, c axes into <?', o', 6' axes, the occurring forms become 
{101} {110} and {100} and the new axial ratio 

o' b' o' = 0 573 1 0 306 

This bears a close resemblance to the onginal form of the axwl ratios of 
C,C1«, etc , and the crystal habit is the same as for those substances 

♦ • Ber d Deut Chem Ge»vol 42, p 668 (1909) 

t ‘ J Fnkt Cbomvol 42, p 146 (1890), aUo ‘ Z f Kiystvol 21, p 399 (1893) 
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Some of the CjBri (CH,) j prepared m the laboratory was allowed to erystalliac 
from ether + ligrom surrounded by a freezing mixture m a vacuum flask, and 
a few orthorhombic crystals were obtained These showed well-developed 
{101} and {210} forms, with smaller {100} ai«l {010} fates A Laue photo¬ 
graph of a small crystal taken with the X-rays perpendicular to the (100) 
plane was entirely similar to those of the other memliers of llii stries The 
crystal, however, was not qiute single The spettronuter reidmgs wire made 
using a fairly large crjstal and m some haste because of its probable mstabilitj 
The crystal did, in fact, go cloudv and fall to pieces after a few daj s 
The following angles arc probablj correct to within — 

(210) (100) = 28" 17' (102) (100) = 71 25' 

(101) (100) = 00" 10' (210) (210) = 20“ 47' 

Those give an axial ratio 

a b c -- 1 073 1 0 601 

= 2X0 51b 1 2 X 0 300 

It will bo seen that the a/b ratio is about 7 per cent smaller than Federow s 
admittedly inaccurate value The X-ray data lead to a density of 2 045 


Table VI 


Plane 

Spacing 

IntciuntiPD olwcriod 

Calo 

Olw 

123451178 

100 1 

11 70. 

2 04, 

_ _ r, ----- 

010 

10 00, 

6 42, 

— a — 11 — 0 — J 

001 

« «!, 

3 37, 

— i 

101 

6 72, 

0 84 

’ 2 '» 

102 

3 16, 

J 20 

3 6 — 

210 

6 16, 

6 20 

2 6 — 11 

230 

3 08, 

3 10 

3 6 

111 

6 06, 

6 16? 

Veiy broad 

311 

3 20, 

3 12 

3 


(6) Second Orthorhoinbtc Modification was found durmg the attempts 
to obtam fresh batches of tetragonal crystals that an orthorhombic modifica¬ 
tion, isomorphous with the senes but quite distinct from the low-temperature 
form, could be obtained by recrystallisation from benzene at ordinary tempera¬ 
tures It yielded very good crystals, many of which were plates on {010} (not 
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on { 100 } as in the case of other members of the senes) elongated in the [ 001 ] 
direction, and bounded by small {101} and smaller {210} and {101} faces These 
showed the full symmetry of the bipyramidal class Others, however, were so 
unequally developed that their symmetry was not obvious The latter were 
tabular on a pair of { 101 } faces, the remaining pair being very small These 
plates were bounded by { 210 } faces, the { 010 } and { 100 } being entirely absent 
The following angles are correct to within 1' 2' 

(210) (210) = 58° 12' (013) ( 0 .^) = 64° 25' (101) (lOl) = 68 ° 42' 

(610) (310) = 21 ° 10 ' (013) (0l5) = 2i°42' (102) (102) = 31° 25' 

Hence 

a b c -- 1 1206 1 O 6296 


Table VIT 


Plane 

Spacing 

Tntenintioa obaerved 

Calc 1 

1 Obf. 

1 2 3 4 6 6 7 8 

100 

11 70, 

! 2 92, 

— — -46— - — 16 

010 

10 44, 

' 5 22. 

1 — 17 — 3 5 - 16 — 16 

001 

0 67, 

3 27. 

— 21 - 1 5 — — 

Oil 

6 56, 

5 37 

i 6 4 12 — 

013 

2 14, 

2 16 

8 - 

101 

5 73, 

6 71 

10 36 — — 

201 

4 37. 

4 34. 

2 4 6 6 

102 

3 16, 

3 14 

42 4 — 

401 

2 67, 

2 66, 

16 

302 

2 61, 

2 40 

17 

210 

S 10, 

6 09, 

21 4 13 5 

230 

2 08, 

Oba o^y 

— 

eio 

1 01, 

1 92 

7 

111 

6 02, 

4 00 

9 — — 

112 

3 02, 

3 02 

10 

131 

2 07, 

2 06 

0 


It will be seen that there are marked difierences between Tables VI and VII 
The (010) plane shows the biggest change both in spacing and m the relative 
intensity of its Various orders 

Qeneral Survey of the Isomorfhous Senes—There are certam conolusions 
common to all members of this isomorphous senes 

The space-group is 

There are four molecules m the unit cell, each possessing a plane of symmetry 
parallel to (010) 
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In the case of C|CII«, C|Br( and probably C,Br 4 (CH 3 ) 2 , the molecules also possess 
a pseudo-centre, the four pseudo-centres lying in the positions 

a i *) (-i -i ~z) (-1 i i -z) (i -H+ z) 

The parameter * does not appear to equal any very simple fraction 

Considering the [001] zone alone, the number of possible atomic arrangements 
IS, to a certam extent, linuted 

(1) The two C atoms may lie in the (010) plane or at equal distances on either 
Side of that plane—one parameter x 

(2) The six halogen atoms (or methyl groups) must be arranged m one of four 
possible ways — 

(а) All six may he in the (010) plane 

(б) Two may ho in the (010) plane and four outside it 
(o) Four may he m the (010) plane and two outside it 
(d) All Six may he outside the (010) plane 

Fossibihty (d) may be eliminated at once because CjBrrF and CjClaBr, arc 
among the molecules possessing a plane of symmetry, so that at least hto halogena 
must he in that plane 

(a) may also be eliminated because if the halogen atoms all lay m successive 
(020) planes, the intensities of the second, fourth, sixth, etc, orders of (010) 
should fall off very nearly “ normally,” the scattering power of the C atoms being 
comparatively small In general, however, the sixth, eighth order reflections 
are relatively far more mtense than the second and fourth, showing that heavy 

Dooj 

io 

-O^- ; — Q- to"* -O 

O : O 

(4) 

atoms must he between the (020) planes. Smee the projection of the molecule 
C|CI, on (001) must also possess an apparent plane parallel to (100), the possible 
arrangements left are (fig 8) 

( 61 ) IS highly improbable It would mean either that the four atoms lay m 

VOL oxvm—A 2 I 


8 ^ [ 1 ^ 



16/) (c) 

Wio 8 



474 


K Yardley 


a row along the b axis, or that the projeciaon of the atoms on ( 100 ) must be of 
the form shown m fig 9 , which seems almost impossible for a molecule such as 
Cf(\ Iiq — Ootr — 0, thiswonldreducetoaspecialcaseof (e), orifr = q9^0 
to a special case of ( 6 ) 

The twe most probable arrangements, therefore, are {b) and (c) In each of 
these the halogen atoms have only one variable parameter r in the [OlO] 



Fio 9 —^Tliree variable parameton m [001] direction 


direction, and it is possible to calculate all probable values of the structure 
factor S Assuming the ciystal to be ideally imperfect (an assumption which 
must be nearly true for soft orgamc crystals), the following relation holds — 


1 + C08* 20 
sm20 


Here 6 is the angle of reflection and K is a constant mdependent of 6 If the 
crystal were not assumed to be ideally imperfect, K would contam a factor 
dependent on the mtcnsity The temperature factor cannot yet be 

evaluated for these crystaU and is therefore neglected Then 


V sm 20 


Now R IS the product of the structure factor S and the composite Hartree 
factor 2 F, which allows for the falling oS of scattenng power of the constituent 
atoms with angle Hence the ratio B/S should be a function of 6 which decreases 
as 0 increases * Table VIII gives observed values B for the different orders 
of ( 010 ). 


Bragg,' Roy Soo ProcA, vol 105, p 16 (1924) 
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Table VIII 



In each case R for (060) has been taken os 100, to emphasise the fact that the 


values are only relative Where maximum values a(D)—_^ 

of E are quoted for (0100) and (0120), it means r 

that those orders wore carefully looked for and that ® . 

they could have been observed if R had been greater 

than the given value .t 

The structure factor 8 for any plane (0 « 0 ) a (,D^-1 i 

where n is even is given by (fig lo) r 

B(E).— 

(6) 8 « A + 2B cos 27cn cos , 

* * B®) —.. 


(c) Soc D + 2Eco8 27m^-|-4Cco8 2jr»?, A(D)-i 

® ® Fio 10 


where C is the scattering power of carbon and A, B, D, E are the imtial scatter¬ 
ing powers of the atoms given below 

Table IX 



CA 

C,Br, 1 

C,CLBr, 

C,Br,F 

C,Cl,Br, 

(«) and (i) 

A 

4C1 , 

4Br ! 

4Br f 

4C1 1 

2Br+2F 

2CH-2Br j 

4(CH,) j- 4Br 

B 

4C1 ' 

IBr 

4C1 1 2Cl+2Br 

4Br 

2C1 |-2Br ; 

4Br 1 2Br+2(CH,) 

~D~ 

8C1 

8Br 

4a+4Br 

1 

flBrfZF 

(ia+2Br r 6Br | 2tl 

4Br+4(CH,) r SBr 

B 

2C1 

2Br 

2C1 [ 2Br 1 

2Bt 

2Br 2C1 

2Br 


2 I 2 
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Only two values of x have been considered — 
a: = 0 (C - C in ( 010 ) plane) 

1 64 

X — = 0 77 A (C — C perpendicular to ( 010 ) plane) 

For the purposes of calculation we must know whether the atoms are ionised 
or not The following are the imtial scattering powers (0 = 0 ) in each case — 



C 

F 

CHj 

a 

Br 

Not lomsed 

6 

9 

9 

17 

34 

Ionised 

3 

10 

10 

18 

36 


/ 

(partly sharing) 

The values of S for the following different arrangements have been worked out 

for all possible values of ^ = 2 rc^ 
b 

(1) Arrangement ( 6 ), atoms not ionised , x = 0 

(2) Arrangement ( 6 ), atoms ionised , x — 0 

(3) Arrangement ( 6 ), atoms not lomsed, x == 0 77 A 

(4) Arrangement (5), atoms lomsed, ® = 0 77 A 

( 6 ) ( 6 ) (7) ( 8 ) Corresponding conditions for arrangement (c) 


It was found from these calculations that only for one substance, C^r 4 (CH,), 

( 6 ), could decreasing values of 5=/ ( 0 ) be found for arrangement (c), whereas 
S 

arrangement ( 6 ) gave some sort of agreement for every substance examined 
It may definitely be stated, therefore, that of the six halogen atoms (or methyl 
groups) m each molecule, two he m the plane of symmetry ( 010 ) and the other 
four are arranged m pairs on either side 
It was also found that for three of the senes a decreasing/( 6 ) could not be 
obtamed with the C atoms at distance 0 77 A from the ( 010 ) planes This leaves 
arrangements ( 1 ) and ( 2 ), results for which are tabulated below 
A value of whichR/S is a decrea 8 iiig/( 6 ) cannot be found for either symm 

or asymm CiC^Br,, assuming that the two Br atoms lie in the (010) plane 
This would indicate that the formula of both isomers is CCl, CClBr, It is 
true that the agreement even for the latter formula is not good, /( 6 ) for the 
first order being distmctly large, but this may easily be due to the fact that 
we have assumed only one variable parameter m the [ 010 ] direotaon, whereas 
for the molecule CCI 3 OClBr, there would probably bo two, one for the pair 
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of Cl atoms outside the (010) plane, and one for the Br atoms sunilarly placed 
This would apply in a greater or loss degree to the other “ uneven ” molecules, 
CBr, CBrJPandCa, CBr, (or CCljBr CClBr,) 

For C,Br4 (CH,)^ (both modiUcations) a decreasing/(6) was only obtained by 
aaaiiining the CH, groups to lie in the (010) plane, so that the formula 
CBr, (CH,). CBrj(CH3) is verified by this analysis. 

For each of the eight isomorphous crystals examined, a decreasing /(6) 
could be found for arrangement (2), which assumes ionised atoms In most 
cases agreement was possible and sometimes even better for arrangement (1), 
which assumes not ionised atoms, and it seems likely that the real truth of the 
matter is somewhere between the two extremes The deciding factor is, of 
course, the ratto of the scattenng powers of halogen and carbon atoms The 

values C = 3, Cl = 18 = 0 17 j imply that the C — C bond consists of two 

equally shared electrons, but that each C atom gives up its three remaining 
valency electrons to the three C!1 atoms surrounding it The values C = 6, 

Cl S3 17 sa 0 Sfi) imply that all the valency bonds are two-electron link¬ 
ages The C/Cl ratios used above are only really correct for 6 0, and smce 

we do not know exactly how each ratio vanes with mcreasing values of 6, the 
oalculationB cannot be apphed ngidly An intermediate value of the C/Cl 
ratio could be attamed by supposing that the C — C bond consists of tvfo 
shared electrons, while the C — G bonds consists of one shared electron (originally 
a C valency electron) This arrangement would be m agreement with Mam 
Smith’s statements* that chemical bonds m general consist of only one shared 
electron, but that the single bonds between C atoms m organic chemistry 
frequently consult of di-electromo junctions 
The values of r corresponding to the selected values of tf> for arrangement 
(2) are — 

C,a, r = 1 46 (3 62) ± 0 04 A 

C,Br, r = 1 68 (3 77) ± 0 04 A 

(s) CABr, r = 1 66 (3 64) ± 0 04 A 

to) CjCl^Br, r = 155(3 63)±0 04A 

CjErsF r = 1 68 (3 80) ± 0 03 A 

CjCljBr, r = 1 62 (3 70) ± 0 09 A 

(а) C,Br4(Cn,)8 r = 1 69 (3 86) ± 0 05 A 

(б) C3Br4(CHj), f = 1 78 (3 44) ± 0 01 A 

* ' J Soo C3iem Ind vol 43, p 323 (1924) (Chem and hid Rev ) 
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Fig 11 shows the final arrangement o{ atoms m the [001] zone, the values 
of the parameters x, p, q have not yet been detemuned That there are interest¬ 



ing differences m respect of these values between the different compounds is 
shown in the Mowing table, giving observed values of R for the (100) planes 
[R400 = 100 throughout ] 

Table XI 



CA 

C,Br. 

CiCliBfi 

syim 

j CABr, 

j 

C.Cl.Br, 1 

C,Br,(CH,)J 

(») 

f.BrjJCH,), 

a ^ 

11 81. 1 

18 07, 

1173 . 

11 61. 

11 84, 1 

11 77, 

11 70, 

11 70.. 

200 

< 9 

<12 8 

10 

11 

< 9 

<86 

<22 

< 7 5 

400 

100 

100 

100 

100 

100 

100 

100 

100 

600 

<12 

<22 

<18 

<20 

22 6 

21 

<40 

<13 

800 

47 

78 6 

41 

45 0 

37 6 

44 

<46 

260 

1000 

<16 5 

<29 

- 

- 

<30 

24 

- 

<17 0 

1800 

<17 6 

<32 0 

- 

1 _ 

<33 0 

<28 

"" 

<20 


There are also interesting resemblances between the reflections from vanous 
orders of the (210) planes and those of (010) It is hoped that further investiga- 
tiOD will help to fix all the remaining parameters (three in the [100] direction 
and four m the [OOlJ direction) with some oertamty 
It 18 mteresting to compare the form of the curves given by plottmg R/S 
against sin 0 with Hartree’s F curves * Hartree’s curves for Cl" (18) and 
*‘PhU Mag.’vd 60.p 289(1920) 
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(2) are given m fig 12 together with the “ observed ” curves for ionised 
0|C4 and CiBr^ Since only relative intensities were measured, the R/S scale 



has been arbitrarily adjusted so as to bring the curves into a position smtable 
for comparison. The falling off of R/S for higher orders is more rapid than 
would be expected from Hartree’s curves 
Symmetry of the Carhm Valencies —The projection of the molecule shown m 
fig 11 IS obviously consistent with a pseudo-tngonal molecule of the type 
usually assumed by chemists and indicated by other ezpenmonts Mark and 
Pohland* have mvestigated the structures of ethane and of diborane by the 
powder method and have found that m these the molecule, CgH, or B,H«, 
apparently exists as a distinct entity and that the symmetry of the C (B) atom 
18 at least C,, the axis of the C—G dumb-bell lying along the principal axis of the 
cell They give the distance between the C centres as 1 65 A and the distance 
between centres of nearest G atoms of neighbouring molecules as 3 6 A The 
exact positions of the H nuclei could not be fixed More recently, Mark and 
Noethlrngt have shown that the methane G atom m tetramethylmethane hes 
« ‘ Z f Kiyat .* Tol 62, p 103 (1026) 
t * Z f KrystvoL 66, p 486 (1927) 



Simple Derivatives of Ethane. 


481 


on a trigonal axu, the probable 83 nnmetr 7 of the molecule being Td, and C„ 
that of the substitated CH, 

It IS also true that any other orientation of a psoudo-trigonal molecule in 
the umt cell of CjClj, etc, would give results inconsistent with experimental 
observation. Now in these ciystala the molecule, which apparently might have 
had a trigonal axis m addition to other symmetry, actually possesses only one 
plane The C atoms be in this plane and so do two of the Cl (or other halogen) 
atoms Therefore two of the valency directions of each C be m the plane, the 
other four being disposed m pairs about it In other words, of the four valencies 
belonging to each G atom, two he in the plane and two outside it Thus each 
G atom may be regarded as having two “ A ” and two “ B ” valencies The 
diSerenoe between the 0 atoms which leads to the absence of any other real 
symmetry most be that m the one case the A valencips be m the plane and the 
B outside it, whereas for the other carbon atom m the molecule the B valencies 
lie m the plane and the A outside it (fig 13) 


(io<» 

(1001 I A \ 



Fio 13 


This IS the simplest arrangement of two similar four-valency atoms which 
combine to possess a plane but no other real element of symmetry Com- 
bmed with six bke atoms the whole system could obviously, however, very 
dosely simulate centeo-symmetry (fig 14) It seems reasonable to trace a close 



Fio. 14 
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connection between these two pain of A and B valencies for the carbon atom 
and the nature of the four so-called “ valency ” electrons According to Bohr’s 
original scheme free C has four (2,1) electrons whose orbits are tetrahedrally 
arranged Later Fowler* showed that the doublet spectrum of ionised C (CII) 
IS immediately explamed if C'*' has two (2,1) and one (2, 2) electrons, but is 
not consistent with the idea of four (2, 1) electrons m neutral carbon The 
work of Mam Smithf and of Stonernow generally accepted, mdicates that the 
four outer electrons are arranged, two m (2, 1) orbits and two m (2, 2) orbits 
The tetrahedral symmetry so generally attributed to the carbon atom is not, 
therefore, a necessary property of the outer electrons, and m the case of C,C1« 
it IS shown to be non-ezistent The most reasonable explanation of the exist¬ 
ence of A and B valencies is to suppose that m the case of the A valency it is a 
(2,1) electron that is shaced with, or transferred to, another atom, and that the 
B valency similarly corresponds to a (2,2) electron In that case, the evidence 
shows that the jimction between the two carbons m CyClg is effected by the 
mutual shanng of a (2,1) and a (2,2) electron. If this is always the case, then 
it IS not difEcult to see why the C atom in diamond, for example, appears to 
possess complete T,{ (hexakistotrahedral) symmetry Fig 15 shows that each 
C atom, originally possessing two A and two B valencies (or electrons) m the 
crystal shares four pairs of (AB) electrons with its four neighbours The atoms, 
therefore, attam a much higher degree of symmetry in the crystal by means of 
electron-shanng, if it is understood that the shanng is completely mutual, 
that IS, that an (AB) electron-pair is equivalent to a (BA) electron-pair This 
involves either the shanng of a single now oi^bit by the two electrons or the 
mutual influencing of each orbit by the other so that they become equivalent, 
or, finally, the absolutely equal shanng of the two distinct orbits by the two C 
residues As it stands, fig 14 possesses at most tetrahedral symmetry, but 
by replacing both (AB) and (BA) by “ F ” junctions, the symmetry becomes 
cubic (hexakisoctahedral) It is nevertheless true that though the internal 
arrangement is stnctly cubic, the external surface might, if the orbits can be 
regarded as capable of location in space, have a predominance of (2,1) electrons 
on one side and of (2, 2) on the other The question is, could this difference be 
detected by any physical or chemical means ? It is difficult to see how such a 
difference is to be avoided by any arrangement of the Mam Smith-Btoner type 


* ‘ Roy Soc Proo A, vol 166, p 299 (1924). 
t Loe eti 

t ‘ PWl Mag,’ vol 48, p 719 (1924) 
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of C atoms, unless the true cell of diamond is considerably larger than has 
hitherto been determmed 

The problem suggests itself as to whether there is any chemical diference 



between an A and a B valency, whether, for example, an atom attached by 
means of an A valency might be more easily replaced than one attached by n B 
valency, or vice versa If so, this might possibly account for the two forms of 
C|Cl 4 Br„ both of which appear to have the formula CCI 3 CClBr,, and which 
resemble each other so closely m other ways In the one case the Br atoms 
might be attached by means of A valencies, and in the other case by B valencies 
It would similarly be possible to have two forms of CCljBr CClBr, There 
are senous difficulties m the way of this idea, but since the two ends of the 
molecule are defimtely unlike, the possibility of isomers is worth consideration 

Summary of Part I 

The following substances have been examined m detail and are found to 
belong to an isomorphous senes C,C1«, 0,Br,, CgCliBr, (two forms), C,BrKV, 
C,Cl,Br„ C,Br 4 (CH,)s (two forms, one obtamed at temperature below 0 ® C) 
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They orystaUise m the spaoe-gronp Q]t* and the maxunum and minunnm valuee 
of the axial lengths are 

o = 11 61,-12 07, A. 

6 = 10 145—10 90o A 
c = 6 394 — 8 67, A 

There are four molecules m the umt cell, each possessing a plane of symmetry 
parallel m the crystal to the (010) plane This plane passes through the two 
carbon atoms and two of the halogen atoms (or through the two methyl groups 
m the case of C,Br 4 (Cn,),) The throe molecules CjCJl,, CjBr, and C,Br 4 (CH,), 
also possess a pseudo-centre of symmetry which produces additional halvings 
not expected from space-group considerations The formula of both forms of 
0 , 0 l 4 Br, appears to be CCl, COBr, From the molecular symmetry the 
symmetry of the catboi> valencies is deduced, and it is shown that the carbon 
atom must possess two A and two B valencies It is suggested that these are 
closely aUied to the two ( 2 , 1 ) and two ( 2 , 2 ) electrons m the outer group of 
neutral carbon Composite F curves are obtained for C,C1, and C,Br„ which 
are compared with Hortree’s curves for ionised C31" and ‘ 
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An X-ray Study of some Simple Derivatives of Ethane —Part 11 
By Kathleen Yabdlet (Mrs Lonsdale), Amy Lady Tate Scholar 
(Commumcatod by Sir William Bragg, F R 8 —Received December 16, 1927 ) 

Tbteabbomdimethylbthane CH 3 CBr, CBr, CIIj M == 373 76 
Two orthorhombic forms of this substance have been described m Part I 
of this paper There is also, however, a stable tetragonal modification Grown 
from ether or bgrom at ordinary temperatures, this modification shows only 
two forms, which Federow* calls {ill} and {110} The latter are small and often 
absent At the first attempt a number of large (about 3x3x4 mm) 
bipyramids of this type were obtained overmght Measurements on the Bragg 
spectrometer gave — 

(111) (110) = 28“ 65' (Federow, 28“ 60') 

(111) (111) = 76“ 29' 

leading to the axial ratio 

‘ a c = I 1 280 

The density found by the flotation method was 2 818 gr /e c Unfortunatelv 
the absorption of such large crystals for Rh rays was too high for measurements 
to be made with any accuracy except for plan^ occurring as faces on the crystal 
Moreover, the crystab were too soft to permit of any grinding of other planes 
Only a very few measurements could be made, therefore, and these were insuffi¬ 
cient for a reliable determination of the umt cell All attempts to obtam Laue 
photographs of these large crystals were unsuccessful and when subsequent 
attempts were made to grow fresh smaller crystals, only the orthorhombic ( 6 ) 
modification could be obtamed In f^t, no subsequent recrystallisations gave 
the tetragonal form 

On the ionisation spectrometer reflections were measured from the following 
planes — 


Plane 

Intensity 


Plane 

Intensity 

220 

12 


Ill 

14 

002 

T very broad 


222 

2 

004 

8 


333 

18 

202 

7 


444 


381 

2 


6«i 

0 0 


• Loc at 
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The lengths of the axes are 

a = 8 80, A c = 1127A, 

and this possible unit cell contains four molecules, which may he m the " face- 
centred ” positions Doubling of the spacmgs of any of the above planes 
was carefully looked for but not found Smce, however, it is almost incon¬ 
ceivable that the molecule should itself possess four-fold symmetry, the four 
molecules in the above cell cannot be exactly ahke, and some axial planes 
must be present in odd orders, though these may be very weak The molecule 
might simulate four-fold symmetry quite easily if the four Br atoms (which are 
the principal diffracting centres) happened to he in one plane and at the comers 
of a square 

DlBROMTBTRAMBTHriiKTHANB C,(CH3)4Br, M — 24d 97 
Preporatum and Crystal Data -The symmetrical compound (ClI,), CBr 
CBr (CHj), was prepared by Couterier’s method,* and recrystalhsation from 
alcohol gave crystals in the form of long tetragonal needles, which were very 
volatile These were bounded by pnsm faces (lOO) and terminated by pyramid 
faces {ill} They were flexible, being easily bent about the [100] directions 
and there was a good cleavage parallel to {100} No orthorhombic modification 
could be found An attempt was also made to obtam the asymmetrical com¬ 
pound (0H,)sC CBr,(CH,) using the methods desenbed by Couteriert and 
Delacre X This compound, however, proved to be absolutely identical with that 
first prepared The X-rays results were the same, the meltmg-pomts (under 
pressure) were the same, 182° C, and a nuzed melting-pomt showed no depres¬ 
sion The crystals looked the same and behaved m the same way, and m 
fact it would appear that both methods of synthesis merely give the symmetnoal 
compound 

No previous crystallographic measurements were available The following 
angles were measured on the spectrometer — 

(201) (20i) = 114° 30' 

(101) (10l)= 76° 61' 

(111) (lll)= 96° 32' 

a c = 1 0 7798 


Hence 


* ‘ Ann Chun Phys vol 26, p 433 (1892) 
t £oe cw 

X ‘ Chem ZentnJblvol 2, p 497 (1906) 
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BesuUs of Observation —The density was iound by the dotation method to 
be 1 811 gr /c c at 2r C The spectrometi'r results are as follows — 


Table I 


Piano 

Spacing 

Inlonaitios obsenod 

l'*le 

Oba 

1 

2 

3 4 3 6 7 


100 

10 44, 

5 22 


100 

— 17 - 6 

001 

S 13, 

4 00 


21 

lo — - - 

no 

7 38, 

3 68, 


61 

10 — 

120 

4 «7, 

2 33 


26 

— 0 5 

130 

3 30, 

1 64, 


6 5 


101 

6 42, 

3 21, 


36 

— 1 3 — 0 3 

201 

4 39, 

2 10, 


JO 

— 

102 

1 70, 

1 07,r 


0 5» 


301 

1 20, 

1 50 


6 5 


111 

5 47, 

5 46 


16 

0 — 1 0 . 

112 

3 56, 

1 70 

[ 

J 


221 

3 30, 

1 67 


1 5 


in 

2 54, 

2 63 

1 n 

- 


llA 

1 59, 

1 58, 

1 ^ 



211 

4 05, 

2 01 


15 -> 


311 

J 06, 

_ 

3 06 

16 6 

4 5 



The iieedle-like shape of the crystals made it possible for them to be enclosed 
m a hne glass capillary which could be sealed at both ends So enclosed, they 
did not volatilise and small crystals could be cxammed fairly easily by photo¬ 
graphic methods Rotation and a complete senes of oscillation photographs 
were taken with the pnncipal arts vertical and a few oscillations were obtained 
with the [100] and [110] directions vertical These confirmed the spectro¬ 
meter results, the following reflections being recorded — 


200 

220 

400 

420 

440 

111 

311 

331 



002 

202 

222 

402 

422 

113 

313 

333 



004 

204 

224 



116 






No doublings of any of the spacmgs could be observed by either method 
There are four molecules m this umt ceU 
Laue photographs were taken perpendicular to (001), (110) and (100), with the 
object of oonfirming the sire of the umt cell and also of determuung the crystal 
class These photographs, and the mtensity measurements on the ionisation 
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spectrometor, showed the existence of apparent planes of symmetry parallel 
to {110} and {100}, thus indicating that the class is Dg,,, Dg or Dgn The 
crystal habit shows no polarity, but smce only two forms were observed, the 
evidence either way is not conclusive 


Table II 


Plane 

Intensity 

Spacing 


l^nc 

Intensity 

1 Spacing 

nX. 

X raye j.* (100) 

X rays nearly x' (100) Kxtra planes 

120 

W 

4 67, 

4 20 

100 

VS 

10 44, 

1 73 

160 

M 

2 04, 

0 84 

320 

M 

2 89, 

3 70 

211 

VS 

4 05, 

3 12 

310 

W 

3 30, 

2 65-1 55 

311 

M 

3 06, 

1 79 

111 

M 

6 47, 

4 03 

321 

W 

2 73, 

2 82 

531 

VW 

1 75, 

1 20 

315 

W 

1 40, 

1 22 

421 

MW 

2 24, 

3 11-1 39 

335 

w 

1 35, 

1 05 

101 

VS 

0 42, 

4 82-2 74 

102 

s 

3 70, 

2 76 

314 

w 

1 73, 

U 89-0 49 

113 

8 

2 54, 

1 22 





115 


1 59, 

0 4t^ 





112 

M 

3 56, 

2 42 


X rays 001 


Additional planes found with X ran 

221 

MS 

3 36, 

3 78 


nearly J.r (110) 


211 

M 

4 00, 

4 00 





322 

MW 

2 73 

0 90, 





311 

M 

3 06, 

2 25 

513 

yvf 

1 03, 

1 53-1 39 

511 

MW 

1 98, 

0 94, 

313 

vw 

2 09, 

1 16-1 14 

301 

MW 

3 20, 

2 46 


As far as the spectrometer and oscillation photographic result^ were con¬ 
cerned, DO odd order reflections were found except for planes with “ all odd ” 
mdices This pomts to a face-centred arrangement of the molecules, each of 
which must possess neatly, if not quite, all of the symmetry of the class to which 
the crystals belong If, however, the molecule (CH,),CBr CBrfCH,), does 
possess a tetrad axis, either of pure or of alternating symmetry, the 
JBr—C—C—Br atoms would have to be colhnear, lying along the prmcipal 
axis, an arrangement which is at least unlikely Any evidence that would 
reveal difierenoes between the four molecules m the cell was therefore looked 
for most carefully From the table of Laue results it will be seen that on a 
photograph taken with the X-ray beam not qmte perpendicular to the (100) 
plane four distmot spots appeared, due to reflections from (314) planes The 
values of nX oorrespondmg to these spots were 0*89, 0*836, 0*556 and 0 49 A. 
Now the miniTniiTn wave-length of X-rays issuing from the Shearer tube (Ou 
antioathode) used m the mvestigation was not less than 0*34-0*86 A, and 
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therefore nX for the aecond order of (314) should be at least 0 68 A Since 
the Talnee 0 665 and 0 49 were found, these reflections must have been of the 
first order No other first order reflections from planes with " mixed indices ” 
were found, showing that the four molecules, though not qmte alike, must be 
very neariy so. 

Spact-group and Molecular Symmetry —^The unit coll contaimng the four 
moleoules has, therefore, dimensions 10 45 X 10 45 X 8 11 A’, and the 
molecule must have at least two-fold itymmetry By analogy with the sub¬ 
stances examined in Part I of this paper, one would expect a plane of symmetry 
m the molecule The intense reflections from ( 200 ) and ( 220 ), as well as the 
more or less normal falling off of the intensities of the higher orders of these 
pianos, mdicate that the Br atoms he m pairs along the directions 

[001]„o [OOllo, lOOlli,. [0011 1 

The methyl grotijia belonging to any one molecule can be so arranged as to 
give the molecule an apparent tetragonal axis The deviation from tetragonal 
symmetry would then be due only to the deviation of the lino joining the 
centres of the two carbon atoms from the tetrail axis (fig 1 ) 



Such a molecule could have — 

(1) A plane of symmetry perpendicular to the (001) plane 

(2) A centre of symmetry 

(3) An axis of symmetry perpendicular to the [ 001 ] durcction. 

(4) A combination of all these elements, giving four-fold symmetry 

VOL OXVIII—A 2 K 
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An ezammatioQ of the theory* shows that there are a large number of 
spaoa^ups to which this substance might belong. Those m the classes given 
above which agree with the results found are — 

(a) D|d Dgj 

(b) Ci. Q. CJ. a C2. Q, 

(0) D1 d; ds dj 

(d) Di, DJ* DJ* Dj* DU DJJ DJJ DJJ 

In the majonty of these, most of the halvings found would have to bo 
regarded as accidental (as, m fact, many probably are) A number of these 
can be eliminated because the sjrmmetry required by each of four umts in the 
cell IS highly improbable m the case of this molecule (e ^, a plane parallel (001) 
and BO on) Others could not lead to an oven approximately face-centred 
arrangement of molecules, and we are finally left with — 

(а) Dm Du Molecular symmetry plane ||'{110} 

(б) GJ* Molecular symmetry plane ||'{110} 

(o) DJ DJ Molecular symmetry dyad axis ±'{110} 

(d) DJ* DJ* Molecular symmetry dyad axis A' plane ||' {110} 

[Supposing that the planes of symmetry shown m the Laue photographs do 
not really exist, the space-group CJ*, m which the molecule would have centro- 
symmetry, would also bo a possibihty 1 

It is not possible to decide between these eight space-groups at present, but 
if the molecule illustrated above (fig 1), with its pseudo-tetragonal symmetry, 
be adopted, the structure must be one of two, and only two, types, whatever 
the actual space-group may bo These types are illustrated m fig 2 Type (a) 
corresponds to the space-groups DJ^ CJ, DJ and DJ*, and type (6) to the 
space-groups Du CJ, DJ and DJ* 

As actually drawn, the molecule has a dyad axis perpendicular to a plane 
which IS parallel to {110}, and the class would then be D**, but if, as is more 
Ukely, the molecule has a real plane and a pseudo-centre (by analogy with 
C|C1*, etc) then the class would be D** or C*, 

Attempts to place the atoms more accurately by means of intensity con¬ 
siderations have not been successful up to the present, but m every possible 
arrangement the diameter of the methyl group, considered as a whole, is at least 
2 6-3 0 A and possibly more , the distance between adjacent C and Br centres 
* Niggli, foe oU., Aslbury and Yardloy, foe 
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18 at least 4 07/2, and, therefore, if the diameter of the C atom is taken as 1 04 
and Br atoms of neighbouring molecules are assumed to be in contact along the 



0 Jir atom 
O CH t group in (001) 
Q CH, group m (002) 


# C atom above level of CHj groups 


O 0 atom below Itvcl of CH| groups 


pnncipal axis, the diameter of the Br atom must be at least 2 63 A The 
cleavage parallel to the {100} planes must take place at methyl-bromme contacts 
It 18 very mteresting to notice that for 
C,(CH,) 4 Br, a c = l 0 7798 


while for the tetragonal modification of 

C,Br 4 (CH,), a c = l 1280 

The cell in each case contains four molecules approximately m the face* 
centred positions. 

It seems likely that, whereas m the case of C,(CU,) 4 Br, the Br atoms he 
along the [001] directions and the CH, groups along the [100] directions, for 
G,Br 4 (CH,), the reverse may possibly be the case, but scarcity of data for the 
latter substance makes any such speculation rather dangerous. 

Hbxambthylbtiunb C,(CH,)4 

The preparation of this compound is desonbed by Henn * The evaporation 
of an ethereal solution m an almost closed flask gave small flaky crystals, 
obviously not smgle, but these volatihsed so quickly that nothing could be 

• ‘ BuU Aoad R Belgvol 8, p 382 (1906), also ‘ C R voL 142, p 1078 (1906) 

2 K 2 
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done with them In any solvent other than ether the volatilisation of the 
substance was quicker than that of the solvent 

The same applied to the compound 

Pentamkthylbromethanf (S (CHj )5 Br 

Pentamethylethanol ( 0113)30 0(CH3)j,OH M = 116 1 

This was an intcrmc'diate product in the preparation of 03 ( 0113)3 and though 
extremely volatile, it could be exposed to the air for a few seconds without 
completely disappearing. 

It formed needlc-like crystals remarkably like those of 03 (tTr 3 ) 4 Brj, showing 
what appeared to be the same forms and capable of being bent in the same 
directions Crystals were grown from ether 111 a corAed flask (the slight leakage 
round the cork eiiabUd evaporation to taki place very slowly) Those were 
then quickly removed and platedmfine glass cainllaries which were immediately 
sealed The whole operation had to be performed iti a few seconds m order to 
avoid volatilisation The scaled-up crystals remained apparently unchanged 
for a few days But gradually they disappeared and it wa.s found that this 
was due to slight tcmpcratiure variations along the length (generally about 1 cm ) 
of the tube, the substance having sublimed to form smaller crystals m the 
cooler parts of the tube 

Results ofObsermtioH —A few spectrometer observations were made, especially 
for the puriwse of determining the system and class, and the axial lengths and 
angles Also a complete senes of 10” oscillation photographs were made about 
the axis of the needle as axis of rotation The crystals were so fine and, by the 
tune they had been transferred to the capillary tubes, their faces were so mdis- 
tmet that it was most difficult to obtain good photographs with other mam 
directions vertical The results are therefore incomplete, but even at their 
present prehmmary stage they arc most interesting Lane photographs 
were attempted, but these were not very successful, since it was extremely 
difficult to get a good setting of the crystal in the limited tune available before 
sublimation had spoilt the specimen The angle (100) (010) was fairly easily 
measureable on the spectrometer and proved to be 90° i 6 ' The remamuig 
axial angles could not bo measured accurately but were also nearly, if not 
exactly, right angles The cell is therefore probably orthorhombic (or pseudo- 
orthorhombic) The angle (210) (2l0) was found to be 90° 29', giving an 
axial ratio 

a 6 » 1-9830 1 
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The mean of a largo number of observatioiw of the spacings of (400) and 
(020) gave 

o = 21 36 A 
6 = 10 77 A 

and a less accurate measurement of the spacing of (002), whose area was 
eTtrcmely small, gave 

r = 7 84 A 

Thes( load to the axial ratios 

a b c^ \ 9824 1 0 728 

The axial lengths may be compared with those of C,(Cn 3 )iBra For the 
latter substance the strongest reflections observed were due to planes of 
spacing — 

daoo — <^020 = 5 ^ 

d»ao = 3 bO, 

The strongest reflections for (/^(CHa), OH were due to - 
^400 -■= 6 338 A 
do2o = 6 38, 
dtvi 3 79, 

The followmg reflections were found on the Bragg spectrometer — 

Table III 

Plant {Sparing InttnaUira observed Remarks 

Cnlr Ube 12 14 

100 — 10 67, — 1 - 31 Siwoinga of axial planes ere 

010 — 5 38j - JO — ' twioo ttie mcnaurm values 

001 — 3 02 — 7 — 1 Area 8 mall therefore maocuratc 

210 7 58, 3 79i — 18 - — Very carefully mi asiired 

410 4 78, 2 37, — 1 Not so carefully imiuiured 

211 5 45, 6 48 26 — 

Table IV gives the planes observed on 10*' oscillation photographs taken with 
the [001] duedaon vertical 
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Table IV 



The strongest roflectaons m the above tables are (400) (020) (420) (211) (213), 
the hist four of which were also observed on the ionisation spectrometer If 
the a axis were halved, so as to divide the cell mto two pseudo-tetragonal parts, 
each containmg four molecules, these planes would become 

(200) (020) (220) (111) (113) 

That these reflections are particularly strong shows that the molecules m 
each of the two halves are nearly in tibe face-centred positions, and are similar 
m scattering power This is verified by most of the “ moderately strong ” 
reflections, such as 

(840) (422) (802) (042), 

and by the fact that the rotation photographs of this substance and of 
C|(CH,) 4 Br, show strong resemblances 

That the molecules do differ m orientation is shown, however, by the com¬ 
paratively strong reflections from (200) (110) and by a number of weaker 
reflections No reflections were obs^cd from " all odd ’* planes, so that the 
Bravais lattice is the cell being centred (fig 3) 
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A glance at the tables shows that — 

(1) All planes (AH) are halved if A + A -f I is odd. 

(2) (hot) pianos are only observed if A and I are both even—(200) (400) 
(600) (800) (002) (004) (202) (602) (802). 

(3) (OH) planes ate only observed if k and { are both even—(020) (040) 
(002) (004) (042) [Data insnfSoient ] 

The following space-groups ore possible — 

CU—dyad ana of cell parallel to [100] [010] or [001] 

C^—dyad axis of cell parallel to [001] 

C^—dyad axis of cell parallel to [100] [010] or [001] 

Q^Q'’ 

QS*—molecular symmetry a plane or centre 
—^molecular symmetry an axis, plane or centre 

Of—molecular symmetry an axis or plane 

Only two of these space-groups, C^J and Qf®, permit any approximation to 
a double face-centred cell of the type illustrated m fig 3 In the case of 
the molecule would have to possess a plane of symmetry parallel to (001) Now 
if, as seems almost certam, the molecules of this substance are arranged very 
much like those of C 2 (CHs) 4 Br„ which it resembles so closely, then a plane 
parallel to (001) would be out of the question, sm-o a hydroxyl group must 
lie on one side and a methyl group on the other side of that plane 

This leaves the space-group C|J, the [001] direction bemg umque There are 
g^de-planes parallel to (100) and (010) which mterseot in a screw dyad axis 
The projections of the molecules on the three axial planes are shown m 
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Pjg 6 shows tho probable arrangement of the molecule which may, however, 
be tilted to some extent, though not much, because a/2 and h are so very nearly 



Fio. 6 

equal The fact that the scattenng power of tho methyl group is not much 
different from that of tho hydroxyl groupmakes it difficult to distinguish between 
a molecule and its reflection in the (001) plane 
The density calculated from the X-ray data, assuming 8 molecules in the unit 
cell, 18 0 85 grs /c.c It was found that the crystals floated m water, so that 
this assumption as to the number per cell is almost certainly conect It was 
also noticed that when placed m the water the crystals danced about on the 
surface in a way entirely similar to the behaviour of camphor in similar circum¬ 
stances 

Summary of Pari II 

The tetragonal form of CgBrilCH,), has an axial ration c=* I 1 280, and 
density 2 818 grs /o o There are probably four molecules m approximately 
face-centred poeitions m a cell of size 8 81* x 11 27 A* The data obtained 
are inadequate for a determination of the space-group CglCHglgBr, forms 
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needle-hke tetragonal crystals of axial ratio a c = 1 0 7798 and densit\ 

1 811 There are four molecules m a umt cell of dimensions 10 46* X 8 14 A'^ 
These molecules arc in approximately lace-centred positions and possess either 
a plane or dyad axis of symmetry or both They also simulate tetragonal 
symmetry, showing that the lino joimng the Br atoms must be nearly perpen¬ 
dicular to the plane containing the four Cllg groups There are only tvio 
possible types of structure, which are illustrated Attempts to obtain X-ra} 
data for Ca(CHa)* and Cj(CH 3 ). Br failed becaase of the extreme speed 
with which these substances volatihsed tXCHjlj C'(rn8)aOH is closely 
allied to C(CIl 3 )aBr C(Clf 3 ),Br, the orthorhombic cell has dimensions 
21 36 X 10 77 X 7 84 A* and the density 18 <1 The umt cell may be divided 
into two pseudo-tetragonal parts, each containing four molecules m approxi¬ 
mately face-centred positions , the space-group is Cl* 

In conclusion, I wish to express my deep appreciation of the constant mterest 
that Sir William Bragg, FEB, has shown m the progress of the work The 
investigation was earned out at the Davy Faraday Laboratory of the Eoyal 
Institution, to the Managers of which I am indebted for all the usual facilities 
My thanks are also due to Sir William Pope, F E S , for specimens of CjCl, and 
G|Cl 4 Br| (symm) and to Prof Swarts for a fine sample of CgBr F The remain¬ 
ing substances were all prepared at the Davy Faraday Laboratory by Mr 
W B SanlleandDr Helen Gilchnst, and I am deeply grateful to these fellow- 
workers for the tune and trouble so generously expended 
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The Behaviour of a Single Orystal of a-Iron subjected to 
Altemioting Torsional Stresses 
Bj H. Qouan, M B £, D So, Ph D 

(Communicated by Su: Thomaa Stanton, F B S —Received December 22,1927 ) 
[Platbs 8-13 ] 

The object of the mveetigation deacnbed in the present paper was to obtain 
some infonnataon relating to the mechanism of deformaiaon and failure of a 
sin^ crystal of a-iron sabjeoted to alternating torsional stresses With 
this particular type of apj^ed straming action it has been shown previously 
that complete fracture of a metalho specimen may be produced while the total 
distortion of the specimen as a whole is extremely small and, m some cases, 
inappreciable This has been shown to apply to duotilo metals m the form of 
a finely divided ag^gate* and also to the case of large single crystals of 
aluminium f Fracture of this kmd is of considerable scientific interest, its 
practical interest is due to the fact that a very large proportion of the failures 
of components of modem machines and prime movers are of precisely this 
tjrpe The absence of change of shape of the specimen under these conditions 
of test does not permit of the employment of the method of dibtortion measure¬ 
ments devised by Taylor and £lam,| but exponencel has shown that careful 
observation of the characteristics of the slip bands formed aSords a valuable 
and umque method of relating the mechanism of deformation with the crystal 
stmoture and the apphed stressing system, and this method has been employed 
m the present experiment 

Apparatus Employed 

1 AUematmg Torsion Machine —The maobine used for the apphcation of 
cycles of reversed torsional straining was ongmally designed by Mr C £ 
Stromeyer It has been fully desenbed elsewhere, both m its original form 
and in the somewhat unproved form|| m which it is now employed 

2 Measuring and Photographio Apparatus —It was necessary to devise some 

* Qoogh and Hanson, * Boy Soo PtooA, voL 104, p 088 (1923). 

fOon^ Hanson and Wright, * PhiL TransA, vol 220, p. 1 (1026), Qoogh, WnghI 
and Hanson,' J Inst Metals,' voi 30, p. 173 (1820) 

:t'B«y.8oo.Ptoo.'A,ToL102,p 043(1923). 

TBqy Soo.Pmo,'ToL90.p.411(1914) 

n ‘ lUigae at Metals,’ H. Gou^ Soott, Oieeawood A Son, London, 1924 
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Singh Cryntal qf a-Iron. 

•oonnAe form of apparattu wherelgr measmements could be made of the slope 
and position of slip band martangg with reference to some datum Imo on the 
speoimon. The apparatus shown m fig 1 has been fitted up for this purpose 
It consists of a dividing head (fitted with the usual mdez) and a loose tail-stock 
(with screw adjustment) all mounted on an accurately machined bed plate 
The specimen is earned on the centres of the head and tail stocks, and is clamped 
to the former, while being free to rotate on the latter A metallurgical nuoro- 
scope, appropnately mounted, can be moved—m a machmed slot m the base¬ 
plate—m a direction parallel to the axis of the specimen The microscope can 
also be traversed m a honnmtal direction perpendicular to the axis of the 
specunen. Attached to the eye-piece of tike microscope and free to rotate with 
the eye-piece, is a circular disc accurately divided mto degrees (permitting 
estamations of angles to one-tenth of a degree of arc) For photographic purposes 
the same apparatus is used merely replacing the eye piece of the microscope with 
a Leits micro-camora attachment (Plate 8 shows this attachment m position) 
A thread is stretched directly under the plate holder of the camera, and means 
have been devised whereby this thread oomades with the image of the datum 
line with reference to which the slopes of the slip bands are measured. The 
shadow of this thread is photographed and reproduces accurately, on the plate, 
the position of the datum line The apparatus thus enables the following 
operations to be performed with great accuracy, (a) the mounting of the speci¬ 
men so that the position of the plane of reference is vertical, {b) the determina¬ 
tion of the exact angle through which the specimen has been rotated m order to 
ezamme any required pomt on the surface, (o) the measurement of the slope of 
any surface mark with reference to the mterseotion on the surface of a plane 
perpendicular to the axis of the specimen and passing through the pomt under 
examination, and, finally (d) photographic reemrd of the microstructnre at any 
required pomt, the trace of the above reference plane being dearly indicated 
Itmay be added that the above order of accuracy was found to be essential m 
the present experiment and that the apparatus proved very successful m 
operation. 

Form of Speamen —^The specimen is visible in fig 2 It is cyhndncal m 
shape The central portion is 0 35 inch m diameter and 0 6 inch m lengtL 
The enlarged ends are 0 45 mch m diameter and 0 75 inch long Transition 
curves of large radius jom the several portions The specimen was machined 
from a crystal 0 46 mch m diameter and 9 2 mch long, kmdly supplied by 
Prol Edwards and Mr. Ffeil. On one enlarged end of the specimen eight hues 
are marked, each line beingpaiaUd to the axis of the specimen and spaced at 
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equal mterrals apart These lines ate marked 0,1, 2 7, and that numbered 

0 will be referred to os “ the zero reference mark of the specimen.” 

Conventions Employed -The specimen axis is the axis of reference The 
n ference plane is a plane passing through the axis of reference and containing 
the zero reference mark The position of the normal of any plane is then denoted 
by 0 and <{;, where 0 is the angle between the normal of the plane and the axis 
of reftrence, while <ji is the angle between the projection of the normal on a 
plane perpendicular to the axis and a radial line (lying in this plane) drawn 
from the centre of the specimen and passing through the zero reference mark or 
the mark produced The position of any point on the surfare of the specimen 
IS <lcnoted by the symbol X which represents the angle between two planes both 
containing the axis of reference, but while one piano contains the zero reference 
mark, the other contains the pomt under consideration (X and t|; thus mvolve 
similar measurements, but it is convement to restrict the use of those terms to 
points uu the surface, and to the normals of planes respectively) The mclina- 
tion of any mark (slip band, etc) on the surface of the specimen is measured 
with respect to the trace of the surface at the pomt of a plane which is per¬ 
pendicular to the axis of reference, this inclination is denoted by the symbol 
0, prefixed by a ± sign according to the usual convention 
Dtscnption of Expenmental Work —After careful machimng to the required 
form, the central portion of the specimen was deeply etched to remove the effect 
of the machming on the crystallme structure 
An X ray analysis was then made and the results obtained are as stated m 
Table I 


Table I —Spherical Co-ordinates (uncorrected) of Dodecahedral Planes as 
determined by X-ray Analyses 


Stage of expenment 

Plane 

no 

IlO 

Oil 

Oil 

101 

loi 

Before test 

9 

87 8 

74 5 

32 8 

67 3 

53 0 

37 5 


* 

318 7 

BO 2 

a.’is 7 

192 2 

263 2 

110 2 

After teat 

e 

87 H 

74 3 

33 7 

07 8 

65 7 

37 4 


* 

318 8 

SO 6 

349 2 

192 0 

264 7 

no 7 


The surface of the parallel portion was then carefully polished Usmg a 
gauge projection apparatus the envelope of the cross-section of the speoimen 
was determmed, the cross-section was found to be truly cucular and conoentno, 
the actual diameter being 0 33d8 inch 
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The specimen wiis then placed m the alternating torsion inochiuo and aub- 
jectedtoJ.llO.OOOreversalsofarangeoftorqueof ± 17 3inch-lbs (/, = i; 1 0 
tons/inch*), at a frequency of 1000 cyr les per minute It was the n n moved and 
examined m a metallurgical microscojie, using a 4 mm Apochromut objective 
(Zeiss) A searching examination of the complete circumference in the middle 
of the parallel portion of the specimen failed to reveal any slip band markings 
The specimen nas replaced m the alternating torsion machine and the range 
of torque adjusted to ± 34 5 inch-lbs (/, — -h 2 0 toiia/mch®) After a 
further 1,720,000 reversals (frequency 1000 cycles jier minute) the sjH*cimen nas 
removed and carefully examined Again no slip bands could be detected A 
large amount of time was spent m this examination, m which both direct and 
oblique illumination were employed as it is contrary to previous evjierH nc e to 
expend: that a “ single crystal ” would exhibit such perfect elasticity under tlie 
range of shear stress (± I tons per inch*) omployinl ^Vhen it w as certain that 
there was no apparent change in the surface of the specimen, the crcstal was 
replaced m the testing machine and a range of torque of dd 0 inch-lbs 
(/, = ± 4 tons/inch*) applied at a frecjuency of 1020 cycle s per minute Afti r 
4,280,000 reversals the specimen was again removed and examined before, 
a most careful examination failed to disclose any surface markings apart from 
mechanical scratihes The specimen was then subjected to 1,410,000 rc\trs.ils 
at a range of torque = J: 104 inch-lbs (/, — i 6 tons/inch*) On examina¬ 
tion, certain portions of the surface showed distinct slip-band markings, the 
majority of the surface, however, being entirely free from all signs of slip The 
slip-bands were widely spaced and comparatively few m numlier In appear¬ 
ance they variid from a very close approximation to straightness to a wavy 
appearance which could, m some cases, be resolved into a combination of 
shorter straightcr bands of two different slopes A careful survey \ias made of 
the entire circumference of the specimen and the inclinations of the slip-bands 
recorded The general appearance of the microstructure was not such as to 
suggest that the limiting range of stress had yet been applied to the specimen 
The specimen was, therefore, replaced m the testing mochmc and the range of 
applied torque adjusted to i 140 inch-lbs {f, — ±8 I toiis/inch*) at a fre¬ 
quency of 900 cycles per mmute The automatic cut-out of the machine was 
finely adjusted, so that if the specimen failed, the test would be stopped before 
the fatigue cracks had time to develop to a great extent The machme was 
found stopped after 118,000 reversals The specimen was removed from the 
machme and cleaned and a survey was made of the microstructuro The general 
appearance of the specimen can be desonbed bnefly as follows — 
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Cracks —The speounen had cracked m 14 difierent places, the general 
direction of these cracks being longitudinal (parallel to the axis of the specimen) 
although two of the cracks developed along two distinct branches All of these 
cracks were confined to the left-hand half of the specimon, the central and nght- 
hand portions being free from cracks (An exact survey of these cracks on the 
developed surface of the specimen was made and is reproduced in fig 2 ) 


pcrclopcd Circuinlcrcrc* of Specimen l/pluci ol from Rcfrrrnc* Plan* 



Fio 2 —Developed Sorfaoe of a Speoimea showing Positions and Shapes of Craoks 


Gaps in Sltp Bands —Four well-defined zones existed in the central and nght- 
haud portions of the specimen m which no slip bands could be detected The 
centres of those gaps occurred at, approximately, 

X ^ 6°, 96", 186" and 276", 

the width of each gap subtending an angle of, approximately, 10°, at the centre 
of the specimen 

Sltp Bands —With the exception of the gaps noted above, the remainder of 
the surface exhibited clearly defaned shp bands These shp bands difiered 
entirely in appearance at different portions of the specimen hut may be desenbed 
as belonging at any pomt to one of three main types -- 
(i) One set of straight parallel slip bands 

(u) Two sets of slip bands of differing slopes, those of each set appearing 
to be straight (or nearly so) In some oases, portions of one set joined 
portions of the second set, giving at a first glance a “ wavy ” appearance 
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(in) Distinctly “ wavy ” slip bands, having a well-defined average slope, 
and limits of slope, but impossible to resolve into combinations of 
straight slip bands 

Different Appeara)ice of Structure at Centre and in the Neighbourhood of the 
CiacTa — In the left-hand half of the surfaco of the specimen, the loccd defonna- 
tiou—as ]udgo<l by the microstructure—^had been more severe (m the cracking 
stage) than in the centre or m the nght-hand third Thus at various positions 
along the same generator of the surface, it was possible to see the same slip bands 
in various conditions of development For example, at values of X = 5°, 96°, 
185° and 276° no shp bands (or very faint traces only) were visible at the centre 
(see, for example, Plate 10, fig 21), but at the centre of the left-hand third of the 
specimen, at these same points, junctions of two entirely difierent sets of well- 
developed slip bands were observed (see Plate 9, fig 11) Again, at the pomts 
X — 138° and 318°, very straight slip bands were visible (see Plato 11, fig 24), 
but very careful mampulation of the lighting system was necessary to reveal 
these clearly at the centre, at the left-hand side, however, the same slope of 
shp bands was observed, but the bands themselves were of much closer pitch 
and easily visible over a wide range of hghting angles (see Plate 11, figs 23,26) 
Again, in many places at the centre where the structure showed clearly two sets 
of straight bands of different slopes (see Plate 10, hg 19), the correspondmg 
position towards the left revealed a closely-pitched system of wavy bands 
possessing the same limits of slope as at the centre but not resolvable mto com¬ 
binations of straight bands (see Plate 10, fig 20) 

Some emphasis has been laid on the differing appearance of the structure 
at these positions as it will be seen later that valuable information regarding 
the probable cause of the “ waviness ” of slip bands in non has been obtamed 
by a careful comparison of such differences 
Survey of Shp Bands —A complete survey was made of the slopes and appear¬ 
ances of the sbp bands (X = 0° to 360°) both at the centre of the specimen 
and also at a position towards the left-hand end of the parallel portion The 
following were recorded — 

(i) general average slope of bands and their characteristics (whether 
straight or “ wavy ”), 

(u) limits of slopes of “ wavy ” bands, 

(lu) individual slopes where two sets of bands were observed, 
together with general notes on appearance, change-over points, etc Onsidera- 
tions of space forbid the presentation of these data m a complete form It will 
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be Hufficient to record the mean slope, also the limits of slope, of the sbp bands 
at a number of points spaced round one-half of the circumference of the specimen 
(at pomts 180° apart, the slopes were of the same value but of opposite sign) 
These readmgs are as stated m Table II A senes of representative photo¬ 
micrographs aexjompany the pajier and illustrate vanous typical features 
exhibited by the micro-structure In order to ditermme to what degree of 
a« curacy the readmgs of the mchnations of the slip bands could bo n peated, 
three eomjileto series of measurements were made at different times The* results 
were found to be in very goal agreement 


Table II - -Some Data relating to Observed Slip Bands 


Foutiun 

1 Slope of sLp bunds I 

Poaition 

Slopu of ulip bandu 

of aurfao« 



of Durfoco 





LimilR of Hlopc j 

ixanunod 



(lAl uf A) 

1 Mian Bla|)c | 


(vol of A) 

Aloan Blnpo 

f inutB of xlopo 

(I* 

! ^ 

<1 and - OJ 1 

00* 

- 8J 

801 '““1 -‘“1 

r,* / 

(«) 7 

(fl) 8 inid —8 1 


(«) -w'l 

801 and -78 

1 

(5) 77 

(6) 71 ami 80 i 


[b) 0 

0 


10* 

UO 

74 and 87 

100* 


15 

H.1 

74J and 87 

76 and 87 1 

105 

.2* 


JO 

S4 

111) 

IJ 

Jo 

S4 

70 and 87 

115 

14 

171 aud 11 

to 

85 

75 and 80 

120 

101 

18 and 11 

15 

87 

75J and 88 

125 

IK 

10 and 17 

40 


77 and -8l 

130 

181 

10 and 17 

45 

50 

80 

HUJ 

80 and -81 

87 and -82 

135 

140 

10 r 

Straight purullrl 
Blip luudB -diAi 
cull to fOlUH Ok 

55 

80| 

88 and -81 

145 

10 1 




mioroBcopi 

00 

-80 

87 niid - 80| 

100 

181 

101 

05 

-88 

871 

87 and —81 

155 

101 

JO and 10 

70 

-81 

100 

10 

101 and 141 

75 

-80 

871 and -80 

105 

IJl 

144 and 5 

HO 

-85 

871 "•»! 00 

170 

0 

IJl and 11 

81 

-8JJ 

87 and -80j 

175 


11 and —2 


* (k ntral iwrtiou of ipccimcn free from Bbp baiidA ut theuc pointH 


The specimen was again submitted to X-ray analysis, the results of which 
are as stated in Table I Using a projection apparatus (magnification 50 1) 
It found that no change in the form of dimensions of the cross-section of 
the specimen had occurred dunng the test No permanent relative twist of 
the ends of the specimen could be detected Thus the distortion of the speci¬ 
men, as a wlwle, was mappteciable 

Inf^rpretation of Shp Band Phenomena —It is now necessary to deduce a 
mechanism of slip, with relation to the crystalline structure of the material. 
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which 18 consistent with the changes in micro-structure resulting from the 
applied steaming action The complete surface of the specimen was, as men¬ 
tioned previously, divided into four zones, namely, 6®/96°, 96“/186®, 186°/275*’, 
276°/6°, the junctions of these zones being marked by an absence of slip bands 
m the central portion of the specimen. 

Previous experience with other single metallic crystals has shown that such 
gaps can be due to one of two changes, either (a) the apphed stress system is 
insufiEcient to produce plastic steam, or (b) the direction of slip is tangential 
to the surface of the specimen at the point An examination of the surface at 
corresponding pomts (X = 6°, 96°, 185° and 276°) m the neighbourhood of the 
cracks, showed, however, that an abrupt change occurred m the general direction 
of the slip bands at these pomts Hence, the possibility (6) can be ignored and 
it IS apparent that the stress governing the distortion reaches minimum values 
at these four positions In previous work dealing with alummium single crystals 
subjected to torsional straining, similar abrupt changes m the slope of slip 
band markings have been observed, and have proved to be associated with those 
positions on the surface where the direction of slip is replaced by another shp 
direction of the same crystallographic type It appeared to be very probable 
that a similar mechanism of distortion had occurred m the present case, slip 
in the zone represented by X — 6° to X 96° bemg confined to one shp direction 
which was replaced by a second slip direction (crystallographically similar) 
m the second zone represented by X » 96° to X == 186°. Sbp band measure¬ 
ments showed that the remaining two zones were merely a repetition of the 
first two zones 

Regarding the identification of the direction of shp the appearance of the 
micro-structure at X = 139° was very su^estive At this position and at the 
position diametrically opposite (X = 319°) the slip bands observed were 
straight, and entirely free from any suggestion of “ wavmess ” or of duplex 
structure, which characterised the slip bands observed at all other parts of the 
surface Further, it was extremely difficult to focus accurately these shp bands 
under direct lUummation. By changing the lighting system m a number of 
ways it became apparent that a fairly close-spaced system of slip bands was 
present, but the differences of surface level due to these bands were very small 
Now this appearance is typical of a position where the direction of shp is tan¬ 
gential to the surface of the specimen If 64 , denote the sphencal co-ordinates 
of the direction of shp, then whatever the type qf ahp may be, whether on a single 
plane or on duplex planes, or even of an irregular nature not confined to planes, 
straight shp bands will be formed at a value of X equal to (({'^ ± 90°), and the 

Tot. oxvra.—A. 2 L 
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•Iop« of these slip baitds will be given by 6 , =3 (90° — 64 ) In the present 

ezpemnent the slopes of the straight sbp bands at the points X =« 1S9° and 
X 319° were ± 19|° Now all previous ezpeninents on single crystals have 
shown that the slip direction corresponds to a line of high atomic densiiy (s.p., 
110 for alumimum,* 111 for iron,t 111 for tungsten,J llSk) for ano|) The 
principal lines of atoms m the body-centred structure of non correspond with 
the diagonals of the elementary cube Calculation showed that the cube 
diagonals, of the present specimen, were situated as follows — 


Table III —Spherical Co-ordinates of Cube Diagonals (Normals to Octahedral 
Planes) 


Nomal 

B 

* 

111 

S4 10 

306 0 

Ill 

36 0 

61 44 

111 

70 26 

228 21 

111 

£S 18 

14ft 42 


It 18 apparent that slip m the ill direction would be tangential to the surface 
of the specimen at the value of X = 228° 21' ± 90°,» e , 138° 21' or 318° 21' 
and that the slope of the slip bands at these points would be represented by 
± 19° 34', »«, ± (90° — 84 ), and this is identical with the nature of the shp 
bands observed at these pomts Hence, strong evidence had been obtamed 
that one of the slip directions concerned was a principal hne of atoms of the 
lattice (These principal bnes, corresponding to the diagonals of the elementary 
cube and to the normals to the octahedral planes, will be referred to as the 
octahedral directions) 

Previous work on the deformation of single crystals of a-iron has been earned 
out by Pfeil,{| also Taylor and Elam |1 From his experiments Pfeil concluded 
that “ slip m an iron crystal does not occur on cubic or dodecahedral planes, 
but on loositetrahedral planes Movement on an icositetrahedral plane takes 
place in the direction of the trigonal axis to that plane ” The observed deforma- 
tions were not considered with regard to stress considerations In the foQowing 

• Sss notes. *, 1.1 P 

tFCea,*J Iran ft Steel liisi.'voLU (1926), Taytot and Elam, * Boy Bee. Brae..’A, 
raLlU.p.SI7(lM8) 

tCkraohar.‘Pliil Mac..’ toL 0, p. 48 (1M4). 

f Haik. FeUnyi and Sohmid. 

II £ 00 . 0 *. 
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year, Taylor and Blam published the results of distortion measurements on 
single crystals of iron subjected to static tensile and compressive straining 
The strain analysis indicated that distortion proceeded by a uniform shear, the 
direction of slip coinciding with that of the most highly stressed octahedral 
direction The slip plane, as determined by distortion measurements, 
did not, however, coincide—in the general case -with a trystallographio plane 
of low indices, but was apparently determmed purely from shear stress con¬ 
siderations Distortion measurements were not sufficient to determine whether 
the resulting distortion was produced by duplex slip on two planes Information 
on this point was sought by a study of the sbp band markings appeanng on the 
polished surface of the specimens Arising from this study, Taylor and Elam 
suggested a “ rod ” theory of deformation according to which “ the particles 
of the metal stick together along a certain crystallographic direction, and the 
resulting distortion may be likened to that of a large number of rods which shde 
on one another The rods stick together in groups or smaller bundles of irregular 
cross-section, and the shp lines which appear on a polished surface are the 
traces of these bundles on that surface When the distortion of the crystal m 
bulk IS a uniform shear these bundles stick together to form pistes of irregular 
thickness, but lymg in general with their planes parallel to the plane of slip 
determmed by external measurements of the surface The plane of these plates 
is deteenuned by the direction of the principal stress It has no direct relation¬ 
ship with the crystal axes The slip Imes appear to have no direct 

relation with any of the pnncipal crystal planes ” 

Thus, the expenmeuts of Ffeil and of Taylor and Elam indicated a common 
direction of slip The suggested mechanisms of distortion, however, were 
fundamentally different, for whereas Pfeil considers that shp is confined to 
planes of one definite type (112) Taylor and Elam suggest that planes of low 
crystallographic mdices do not necessanly enter into the distortion, the outbnes 
of the “ bundles of rods ” concerned being irregular and not being controlled 
by stress considerations at all At the same time, their observations do not 
ezolnde altogether the possibihty that the outlines of the “ rods ” may coincide 
with portions of orystalk^raphio planes, although a perusal of their work leads 
to an impresnou that Taylor and Elam do not favour this as a probabihty 
Tungsten crystallises m the same type of lattice—body-centred cubic—as that 
of a-non, and Qouoher* has studied the d^nnation of single crystals of tungsten 
He oondiided that deformation may be accounted for m all cases by slip on 
loontettahedral (112) planea and m the octahedral direction, with the single 
*Loo.cit. 
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exception of a crystal subjected to special constraints which shpped on cube 
faces (100) and m the 100 direction With regard to the present ezperunent, 
some evidence has been obtamed that the 111 direction is a shp direction, thus 
agreeing with all the previous investigators The general appearance of the 
micro-structuro did not appear to be consistent with the hypothesis that dis¬ 
tortion occurs by shp on planes of one type (Ffeil and Qoucher), and while being 
generally similar to the structures recorded by Taylor and Elam, there were 
definite mdications that the bmits of slope of the slip bands followed some regular 
law and were not entirely irregular as the rod theory would indicate 
It was decided, as a first step, to examine the micro-structure of the specimen 
with regard to the general hypothesis that slip occurs on a plane (not necessarily 
of low indices, crj^llographically) containing an octahedral direction and on 
vhich the resolved shear stress is a maximum When torsional straining is 
applied the general case of four octahedral directions (as possible directions 
of slip) has to be considered For the sake of simplicity, it is convenient to 
consider, mathematically, each octahedral direction individually, after which 
the sigmfMtU direction at any pomt of the specimen can be exhibited graphically 
Considering any given octahedral direction (denoted by 64 , t(» 4 ) a single mfimty 
of planes contains this direction (appbed to the stereographio projection, the 
normals of all such planes he on the great circle corresponding to the mter- 
section of the octahedral plane, 84 , with the sphere) We require to find 
which of these planes gives the maximum value of resolved shear stress (m tiie 
ootrahedral direction), at any given pomt (denoted by X) on the surface of the 
specimen The sphencal co-ordinates of this planC, also the slope of the hraoe 
of the plane on the surface of the specimen at the given pomt, are also required 
These expressions have been deduced m the following manner — 

The Shear Stress Analysis of a Stt^le CrysUA of Iron subjected to a Pure Couple 
At any pomt on the surface of a cyhndncal torsion specimen, it is required to 
find - 

1 The maximum value of the shear stress on all planes containing the normal 

to an octahedral plane and resolved m the direction of tius normal 

2 The sphencal co-ordmates of the plane subjected to this maximum resolved 

diear stress, 

3 The slope of the trace of this plane on the surface of the specimen at the 

pomt under consideration. 

Notation —Let the pole of the sphencal co-ordinates used be the axis of the 
specimen, and let the reference plane be a plane contamiog the pole and passing 
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tiirotigh the reference mark O specunon. Any point on the circum¬ 
ference of the specimen is then denoted by the angle X, when X is the dihedral 
angle between the reference plane and a second plane which tontains the pole 
of the specimen and the pomt m question Also let X be considered of positive 
sign when it is measured m a counter-clockwise direction from the reference 
plane 

A plane u denoted by the sphencal co-ordinates 0, of its normal, where 0 
IS the angle the normal makes with the axis of the specimen, while is the angle 
made with the reference plane of the projection of the normal on to a plane 
perpendicular to the axis The same convention of signs is employed for tj; 
as for X 

Jiet dj, refer to the normal to an octahedral plane, and Og, 4*0 ^ normal 

to any other plane contaming this normal Let S, denote the value of the 
shear stress on plane, 6g , <po> resolved m the direction 6g, Let S maxi¬ 
mum shear stress at the surface of the specimen Then 
S = 2T/jo* 

where T apphed couple and r = radius of specimen 
Then it has been shown previously* that 

S, = S [sm 00 cos 64 sm ( 4»0 — X) -1- cos Bg sm O 4 sm (ij/a — X)] (1) 

The condition that the plane Og, il'o’ Bball contain the direction, 64, 4's> 
given by 

tan 00 = - cot @4 sec ( 4/4 — ij/g) ( 2 ) 

Substitutmg for sm Bg and cos 0g in (1) we obtam, after simplification 
= S [sm* O 4 sm (^/s — X) cos ( 1 J /4 — 'I'o) — ooe* O 4 sm (ij/g — X)] 

/cos GgVtan* 04 cos* ((j/4 — 4o) + ^ 

It 18 now required to find the maximum value for S, Differentiating with 
respect to (I'o* and equating to zero, we obtam 

^ x= 0 = S [{— sm* O4 sm (ij/# — X) sm (^/q — tj's) 

— cos* 84 cos (ij/g — X)} {sm* 04 COB* (ij/g — ij's) + 

-h {sm* O4 sm ((J/4 — X) cos ( 4 io — 4 / 4 ) — cos* O4 sm (4/0 - X)| 
X Bin* 04 cos (4/0 — 4 / 4 ) sm (4/o — 4/4)], 
which reduces to 

sm* 04 cos (24»4 — 4'o ~ ^) + ®s cos ( 4/0 — X) = 0 
• Gon^, Wright and Hanson, ‘ J Inst. Metals,’ vol 36, p 173 (1926) 
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- X) = K 4 - P and («}»<- X) = K 

we obtain 

sm* e< cos (K — p) + coa* 6^ cos (K + p) = 0 , 

whence 

tttu p = tot K/oos 20 * ( 4 ) 

and subetituting in ( 3 ) we obtain 

8^ ^^^ =s S [sin* 64 sm K cos p — coa* O4 am (K + P)]/Vsui* 6< cos* p + cos* 6* 
which reduces finally to 

®*'iiuuc “ S Vcos* K cos* O4 -j- sm* K cos* 20 ^ 

== 8 Vcos* — X) 008* Oi 4 - sm* (— X) cos* 26 * [ 6 ) 

giving the value of the maximum resolved shear stresa at any pomt on the 
cironmference of the circle, denoted by X, m terms of 8, 0 a and (I'd. which was 
required (The sign must bo otherwise determined) 

Ihlermxnatton of Vo-ordxntUea of Plane of Mammum Resolved Shear Stresa 
The co-ordinates, Oq, <]/„, are determined from the relations 

tan (<j/Q — ij/a) = oot (ij/a — X) seo 26 ^ ( 4 ) 

and 

tan 00 --cot Od set (ij*d — 'l<o) (‘-i) 


To determine Slope of Trace of Plane of Maximum Resolved Shear Stress on 
Surface of Speamen 

The tangent plane at the pomt consider^ (ij; = X) is expressed by 
*008 X 4 -y 8 in X = 0 (directiononly considered) 

The equation to the plane of maximum resolved shear stress ( 0 o, i}»o) is 

» sm Oo 008 (Jio 4- y sm ©0 Bin 'J'o + * 0 

The general plane through the intersection of these planes is 
X (sm 60 ooB 1)10 4- K COB X) + y (nn 0^ sm iji, 4- K sin X) 4* z cos fig = 0, (6) 
and IB perpendicular to the tangent plane if 

sm Og cos ijig 008 X 4- Bin 8g sm i{«p sm X 4- K — 0, 

ts, if 

K = —sin 09OO8 (i|;o— X) 

Substituting, we obtam 

— * sm 6g sm (i{(g — X) sm X 4* y Bm 0g sm (i)«g — X) cos X -{- s ooB Oq » 0 
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Tlie “ 6 ” co-ordinate of this plane (perpendicular to the tangent plane and 
containing the intersection of the plane of mamniuin resolved shear stress with 
the tangent plane) is equal to the slope of the trace of the plane of maxininTn 
resolved shear stress measured with relation to the perpendicular to the axis of 
the specimen Denoting this slope by 6„ it can he shown that 

tan 0, = ± tan Go sm ((Jiq — X) (7) 

Using the relations (2) and (4), by smtable expansion and substitulaon, the 
following expression is finally obtamed 


tan0 — 2 X)Bm* 9^ 

* sm (({>4 — X) tan 6^ cos 26^ 


( 8 ) 


Thus giving the slope of the trace m terms of 6^, i];^ and X only, as was requured 


Correction of X-Bay Crystal Analysts and Deduced Sphertcal Co-ordinates of the 
Octahedral and other CrystaUagraphtc Planes 
The spherical co-ordinates of the dodecahedral planes of the specimen (before 
and after teat) given m Table 1 require correction In previous work on 
alnmmium crystals it was found that sufficiently accurate and consistent cor¬ 
rections could bo obtained usmg the stereographic net This is much more 
difficult m the case of the iron crystal where readings of reflections from six 
dodecahedral planes were usually obtamed from the X-ray analysis In 
addition to giving due consideration to each of the six readings, the limits of 
accuracy placed on the expenmontal readings for each plane are d: 1° for 6 
readings and ± 2° for the readings As will be seen, it became necessary, 
at a later stage, to obtam, accurately, the sphencal co-ordinates of a much larger 
number of crystallographio planes At first, these were all deduced using the 
net, but undesirable errors crept in Accordingly the correction of the X-ray 
readings and the position of the required planes have been calculated throughout 
The X-ray readings were first corrected by the method of least squares,* and 
0 and readings being weighted according to the asenbed accuracy of deter¬ 
mination The cube faces wore then found by bisectmg the angles between 
appropriate dodecahedral faces The sphencal co-ordinates of any required 
crystallographic plane were then calculated, usmg these co-ordinates and the 
MiDenan indices of the required plane 
Thus dll, nil, (®i> 'l'i)> ”s (®i> ”s (®s. W ”f” 

cube axes of the crystal (as found after correcting the X-ray analysis) while 
6 and refer to any crystallographic plane whose MiUenan mdioes are denoted 
* See " nie OomUnstion of ObeerveMous,” Bmnt, *Cembridge Unlv. Freee' (IMS) 
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hy a, b and e Then, using Ihe usual method of transfonnation of axes it 
can be shown that 


cos 6 = (o cos 6i + 6 cos 9, + c cos 0,) (a* + ft* + 

_ g em 0, am 4/) + fe sm 6, sm 4>t + o am 6n sin 'pg 
^ a sin 0^ cos tjjx + b Bin 0, cos + c sm 03 cos ij ^3 


( 9 ) 

( 10 ) 


The calculated co-ordinates for various planes are given m Table IV 
At present we are concerned only with the co-ordinates of the octahedral 
directions, % e, 


0„i = 64“ 10'r = 39“ 6' r0,i, = 70“ 26'rO-m = 68“ 18' 
= 308“ O'lfiu = 61“ 44'L.ti,i = 228“ 21''liliiu = 149® 42' 


CtirtM of Maximum RMolved Shear Stress and their Stgnifioance when studied in 
SelaltoH to the general fealures of the Cracks and Shp Bands present on the 
Specimen 

Using equation (6) and inserting the values of the co-ordinates of the four 
octahedral directions, the maximum resolved shear stress curves were plotted 
(see’fig 3) (Note that for complete reversal of stress, the stress curves should 
be reflected about the zero stress line) The curves show that if the maximum 



Fio. S^Dlagrun showing, at eaoh point of the developed oboomfeienoe o( the qwotmen, 
the valnee ol the maxima of the shear stresses on aU planee resolved la the direotlon 
of the normals to the ootabedral {daaee. 
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lesolved shear stress hypothesis (octahedral direction) is correct, only the 111 
and the ill directions are of importance with the present specimen The 
following features of the curves are important — 


UireotioD 

1 “ Peak " poution of ourve 

*' ESeotiTe ” portion! of onrvof. 

111 

A =. 188“ 4 Mid 818“ 4 

A-08“ to 187“ alio A» 878“to A - 7“ 

Ill 

A = 81“ 7 and 231“ 7 

A-7“toOS“»bo A» 187°to A - 273“ 


The “ change-over ” points being at X = 7°, 93“, 187“ and 273® 

The poBitiona of the cracks found on the specimen (see fig 2) were situated 
at the following approximate positions — 

Group! X = 36® (-1-7®, ^ 11®). 63® (± 1®), 67® (-f 23®, - 10°) 

Group 2 X = 130® (± 1®), 140® (± 6®) 

Group 3 Xr=213®, 219®, 228®, 239®, 262® 

Group 4 X = 296“ (± 6®), 310® (db 3®), 320®, 328® (i 3®) 

Thus the cracks are situated about four general positions which coincide, 
approximately, with the crests of the stress curves of fig S The “ significant ” 
shp direction in fig 3 changes at values of X equal to 7®, 93°, 187® and 273®, 
and the effective resolved shear stress is a minimum at these pomts Reference 
to Table II will show that, at these positions on the specimen, no shp bands were 
visible m the central portion of the specimen, while sudden changes m the 
direction of the shp bands were observed at corresponding positions m the left- 
hand third of the specunen Thus the positions of the cracks, zones free from 
slip bands, change-over pomts of the direction of slip and the special nature of 
the shp bands at the positions X = 139® and 319®, are m such exact agreement 
with the stress distribution illustrated m fig 3 as to leave no room for doubt 
that the general hypothesis on which the curves are calculated—mazhnum 
resolved shear stress in an octahedral direction—is the most important factor 
governing the process of distortion of the specimen. The shp band marlongs 
at any pomt on the specimen will now be considered m relation to the trace of 
the plane subjected to this maximum resolved shear stress at the pomt m 
question. It has been shown that the slope of the trace of this plane is given 
(see equation (8)) by the expressum 

tan 6. = (1 — 2 sm* (i]/a — X) am* 6«)/sm (i);< — X) tan 6« ooe 26i. 

Inserting the values of the sphencal co-ordinates, 6^ tps, for one of the given 
octahedral directions, the expression can be evaluated for all values of X (0® to 
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360°) Thu has been done for all the font octahedral duecbons and the results 
represented graphically Figs 6 and 7* refer to the significant directions Ill 
and ill Each diagram represents a development of the complete oiroum- 
ferenoe of the circle, values of X arc shown horizontally while positive and 
negative slopes are shown vertically above, and below, respectively, thu datum 
line Each curve refers entirely to one only of the octahedral directions The 
values of 6, (calculated using equation (8)) give the dotted curves, the full 
curves will be considered later If the data given m Table II in the column 
headed “ Mean Slope ” are plotted on figs 6 and 7, the points agree extremely 
well with the dotted curves of those figures m the following areas 

Fig 6 (Ill direction) agrees at 

Fig 7 (ill direction) agrees at 

and, as fig 3 shows, these are the particular octahedral directions which arc 
significant according to the deduced stress analysis The accompanying senes 
of photo-micrographs illustrate the correspondence exuting between the 
average slope of the shp bands at vanous points and the slo^ie of the trace of the 
plane of maximum resolved shear stress on the surface of the specunen In 
general, the photographs were taken at the centre of the specimen except in 
some oases where it u desired to bring out special features not easily seen at 
the centre Such special positions are mdicatcd by notes JL, JL, etc, meaning 
that the spot u to the left of the centre and ^ or | way from the centre towards 
the end of the parallel portion of the specimen The vertical black line u the 
datum line, of zero slope, photographed m the manner previously desenbed. 
Passing through the centre of each photographic negative, a Ime has been ruled 
at an angle corresponding to the calculated slope of the trace of the plane of 
maximum resolved stress as given by equation (8) and shown by the dotted 
curves in figs 6 and/or 7 This line appears as a full white line m the pnnt. 
In fig 11 two white lines are seen (ill and Ill) At this point (X = 190° or 10°) 
the change over m direction of the slip bands has just been completed, and 
several widely-spaced bands of the ill senes come to an end m the upper pmrtion 
of the field Figs 14, 23 and 26 (Plates 9-11) show the appearance of typical 
fltaelfi Fig. 21 shows some of the shp bands in an early stage of development 
as seen occasionally m those areas otherwise free from all slip band markings 
A careful ftTamiTiatiftTi of the phot(^;raphs will show that the white line is m 
good general agreement with the average slope of the shp band m a rking s 
« Elee pp. 623,524. 


r X = 7° to 93°, 

1 X= 187° to 271° 
r X 93° to 187°, 
I X 273° to 7°, 
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Previous reference has been made to the nature of the sbp bands mthe region 
X = 139° and X = 319° Plate 11, fig 24, shows the struotuio at X => 139°, the 
lighting had to be very carefully adjusted to obtam this photograph Fig 23 
taken slighUy to the left of this spot, shows that a very closely spaced system of 
sbp bands le present As mentioned above, the nature and slope (19 6°) of 
the sbp bands at the point X = 139° are sufficient to identify the normal to the 
ill direction (6 = 70° 26', ^ = 228° 21') as the sbp direction 

The evidence so far obtained is considered to have demonstrated m a satis¬ 
factory manner, the following details concerning the mechanism of distortion — 

1 The direction of sbp comcides with that of the most highly-stressed 

pnncipal Ime of atoms 

2 The average slope of the sbp bands, at any pomt is a very close approxi¬ 

mation to the slope of the trace of the plane of maximum resolved shear 
stress 

In these important respects, therefore, an iron crystal subjected to reversed 
torsional stresses deforms m a similar manner to that previously shown by 
Taylor and Elam to govern distortion under static tensile and compressive 
stresses 

More DeUuled Gonstderatvm of the Appearance of the 8l%p Band Marhnge and 
Us Bearing on the Mechanism of Dtformatton 

The remaining step is to deduce the exact type of distortion that, governed 
by the chief condition of resolved shear stress (octahedral direction), would pro¬ 
duce the observed forms of sbp band markings Several possible types of dis¬ 
tortion will be discussed 

1 Oeneral Case —^The most general case assumes that sbp will take place, at 
any pomt m the specimen, on that plane subjected to the shear stress denoted 
by the maximum ordinates of the stress curves of fig 3 at the particular value 
of X concerned (This plane will not, of course, m general, be a orystallographio 
plane of low mdices, see fig 4(b)) Should this type of sbp occur, then the 
slope of the sbp bands should, at any pomt on the surface of the specunen, agree 
with that denoted by the dotted hues at the significant portions of figs 6 and 
7 Also these sbp bands should have one defimte slope at this pomt These 
features are not, however, exhibited by the mioro-struoture and the above 
hypothesis of deformation can be defimtely rejected (as it was previously re¬ 
jected by Taylor and Elam m connection with their static tests) 

2 The “ Rod ” Theory of Ta/jfior and Elam —It follows from this theory that 
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lihe form of the ebp bands will, at any pomt on the surface of the speounen, 
oorrespond to the trace of the “ rods ” or “ bundles of rods ’* on the tangent 
plane to the surface at this pomt Now, if the O^, refer to the direction of 
shp, parallel straight slip bonds should be found at values of X equal to ± 7c/2 
Wo have seen that the appearance of the structure at the point X = 139® and 
X = 319° agrees with this supposition But the “ bundles of rods ” are assumed 
to be of irregular cross section bearing no relation to the crystal structure 
Hence as X mcreascs from a value of <]/4±7c/2 towards i];^ (or 4* n) the character 
of the shp bands should change from a system of parallel straight lines to a 
wavy irregular shape, attaining maximum “ wavmess ” at the latter pomts 
These general characteristics are not consistent with the appearance of the 
micro-structure m the present case At any point, the limits of slope of the shp 
band markings possessed very definite limits Now in the region X = 7® 
(187°) to X = 93® (273°) where the Ill duection is significant from stress con¬ 
siderations, calculation showed that the limits of slope of the slip bands were 
consistent with the traces of one defimte pair of planes m the zone from X — 7® 
to X = 40®, also that these planes agreed with the crystallographic planes 321 
and 110 But in the area X = 40® to X — 93®, although the observed limits 
of slope were again consistent with the traces of two planes on the surface, these 
planes proved to coincide with the 110 and 23l planes The spherical co¬ 
ordinates for the plane of actual nummum shear stress were calculated, from 
equations (2) and (4), and the positions of these planes have been plotted, for 
various values of X (mtervals of 10°) on the stereographic projection shown m 
fig 4 (6) The positions of these planes m the portion of the specimen repre¬ 
sented by X = 7° to 93® are very significant when considered m relation to the 
crystal planes 321,110 and ^1, and the limits of slope of the shp bands m the 
same area (as explamed above) They suggest that the mechanism of deforma¬ 
tion IS probably associated with slip on oertam crystal planes—these planes 
being determmed from shear stress considerations—rather than that of an 
irregular substructure of the material bearing no apparent relation to the 
crystal structure 

8 Bxamtnatwn of the M%ero-Hructure wUh RelatKn to the Assumfium that 
Dtformatxon proceeds by Shp on a Crystal Plane (or patrs of Planes) of Low 
Indtoes —It becomes necessary to obtam data regarding the stress-distnbution 
on oertam types of planes likely to be mvolved and also, the slopes of the traces 
of these piantw on the surface of the specimen. The direction of shp being 
idtwitififtfl as the ootahedral direction, the locus of the normals to all possible 
shp planes are represented—on the stereographic projection—^by the great 
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oiiole lepreaentug the mterfleotion of the plane (whose normal u the dneofaum 
of shp) on the surface of the sphere (see fig 4 (a) ) All such planes are repre* 
sented by the 110,112,123,134, , etc, senes of MiUenan mdices (t«, one of 

the indices represents the sum of the other two), and it is necessary to limit 
in some way the number of types of planes to be examined Now, as previously 
mentioned, evidenoa had been obtained that 110 and 123 planes were con¬ 
cerned. Experience of the mechanism of stram m other types of crystal 
structure (face-centred cubic and close-packed hexagonal) indicates that 
planes of slip arc determined—to some extent yet unknown—by the atomic 
density of these planes (as well as by the condition that the direction of slip m 
the slip plane shall be a line of great Imear atomic density) Now the planes 
containing the octahedral direction arranged m order of atomic density, are as 
follows — 

Plane (General Type) Atomic Density (X «*) • 

110 0 708 (maximum for 

112 0 408 lattice) 

123 0 267 

134 0 1% 

etc 

Thus, if 110 and 123 planes are possible slip planes, 112 planes would also 
be expected to warrant consideration Planes such as 236, 146, and higher 
indices would not be expected to enter into the distortion as if shp could occur 
on these planes then, owing to their great number, the limits of slope of the 
resulting slip bands would wdbeas unddy divergent as found m the present case 
Hence it was decided to consider 110,112 and 123 planes only S7g 4 (a) is a 
stereographic projection of the cubic lattice showing these planes (the pole of 
the diagram being a normal to a cube face, 001) Fig 4 (b) shows the same 
system, the pole now corresponding to the axis of the present specimen The 
relative onentation of the crystal and specimen axes is as determined from the 
(corrected) X-ray analysis made after test 
Resolved shear stress equations for each of the 12 planes oontammg each 
octahedral direction were calculated as follows — 

Let 

dp, 4 * 9 * refer to the plane 

9* 4** to the contained octahedral direction 


WlMte • is tiw Uttioe puaowter 
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Then if 

S, = value of the shear stress on the plane resolved in the given direction 
at any point on the surface of the specimen (denoted by X) 

S = 2T/7n^ where T is the applied torque and r is the radius of croea- 
section of the specimen 

wo have 

S,/S = A cos (X - a) (11) 

where 

A = V— i (cos 26, + cos 20rf 4- 2 cos Op cos 20<) 
and 

K = tan“* [(tan* 6, — 1) cot (^g — ij;,)] + »{/, 

The sign of A is determined from the alternative form of equation (11), 
previously given as equation (1) 

The values of A and a for each of the 42 planes (110,112 and 123 types, each 
dodecahedral plane being common to two octahedral directions) were calcu¬ 
lated, giving 49 equations, and the constants are as stated m column III of 
Table IV The stress curves calculated from some of these equations are 
plotted m figs 6 and 8, relating to i^e Ill and ill, directions, respectively * 
These curves give the stress intensity for a uni-dnectional torque, for reversed 
stresses they should be reflected about the zero stress Ime Note that the 
envelope to each family of curves is given by equation (5) and has been previously 
plotted m fig 3 

The slope of the traces of each of these planes on the surface of the specimen 
was also calculated m the usual manner 

0, = tan“* (tan 0, sm (X — ij;,)} 

These slopes are represented graphically in figs 5 and 7* Note that all these 
planes have a common slope at the points X = ± 90°, where refers to the 

direction of shp, and at these pomts straight parallel slip bands should be 
observed if the direction of shp contains the plane of maximum resolved shear 
stress at the pomt 

Fig 3 shows that the significant portions of these curves are as follows ~ 


* Wmllf onrves have been {dotted relating to the 111 and fll dlieotioni. Iheee lUp 
inotioas, however, wen foond to have no inflnen oe on the dietortkm. 
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Table V 


Fignie No | 

Ihrvution of slip 

lUKiiiriiHiit iioi1iun« of iui\cs 

6 } 

... { 

A — 7 to '(3 , hUo 

A - 187''to 273“ 


111 / 

A - to 187', also 

« / 

\ 

A 271’to 7 


Consider one of the shear stress curves, for example, fig b At any value of 
X, the maxunum value of the resolved shear stress is represented by the ordinate 
of the envelope of the stress curve The diagram shows also the two planes 
(of 110, 112 and 125 type) which most nearly approach this value Thus, at 
X = 30, the planes of nearest approach are the 110 and 321 planes {situated 
on opposite sides of the plane of actual maximum stress) Bat fig 5 also gives 
this general information, for we see that the dotted Ime representing the trace 
of the plane of maximum streas, at this pomt, is situated between the i urves 
representing the slopes of the traces of the 110 and 321 planes Hence, onlv 
the slope diagram, figs 6 and 7, need be considered if the actual value of the 
resolved stress on the planes is not required, and this may be found a con- 
vement method of studying the problem 

With this data available, several possible types of distortion were studied 
with relation to the observed sbp bands 

(а) Slip confined to one type of plane (110,112 or 123) —This is the mechanism 
of distortion previously encountered with alumimum crystals It should result 
m definite senes of parallel straight slip bands with clearly marked “ change¬ 
over ” pomts * This mechanism is mconsistent with the observed niitro- 
atruoture and needs no further consideration 

(б) Duplex slip on two planes of similar crystallographic type —Distortion might 
occur by sbp on the most highly stressed pair of 110, 112 or 121 planes This 
possibibty was exammed at length but was rejected as it faded entirely to pro¬ 
duce those limits of slope exhibited by the micro-structure 

(o) Duplex slip on two planes, not of the same crystallographic type, bang 
Situated on opposite sides of the plane of adual mranmurn resolved shear stress, 
each plane being either a 110, 112 or 123 plane and subjected to greater resolved 
shear stress than any other plane of these three types situated on the same side of the 
fdane of actual maximum resolved shear stress 

* Sea notes *, ft P 

VOL. OZYUI —A 2 M 
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Consider fig 4 (b) The position of the piano of actual maximum resolved 
shear stress, for various values of X, have been calculated (using equations (2) 
and (4)), and their positions are denoted by these vilucs of X The possibihly 
now under ixiusideration is dupU x slip on one plane on each side of the plane of 
maximum resolved shear stress, each slip plane to bo that one of the three 
general types 110, 112 or 123 subjetted to greater resolved shear stress than 
any other plane of these tjpes situated on that side For example, the plane 
of maximum resolved shear streas, at the point X — i0°, is situated between the 
planes 321 and 110 On the left of this plane we have in order the planes 321, 
211, 312, etc , on the right, we find 110, 23l, 12l, c tc From fig fa, the lalues 
of the resolved shear stresses at this jiomt (X = 30") are as follows 


Table VI 



Then the possibihty under examination is that slip may occur on both the 
321 and 110 planes, the relative amounts on each being adjusted so as to produce 
an approximate distortion eqmvalent to slip on the plane of maximum resolved 
shear stress If slip of this type occurs then we see from hg 5, that the bnuts 
of slope of the slip bands observed at the jioint (X — 30°) should make angles 
of + 7fa° (321) and -f- 88° (110) with the datum line, while the mean slope should 
be + 86°, corresponding with the trace of the plane of actual maximum resolved 
shear stress 

Analysing the complete surface of the specimen in this manner, the relations 
between the hmits of slojie of the slip markings and the slip bands become aa 
given in Table VII 
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Table VII 


Value of A (oIho A + w) 


7” to 41) 


4») 

40 to nj 


Miji direition 
(wi tip 4) 


III 


Plaiu-M with tthotw titkt-i) the Iimite of 
slnpi of till Hlip banilH nhould be in 


-121 .mil lit) 

no ilm iKiNMihlv 731 or23l 
I lO .imi 23l 


2lliii<il lol 

217 alw. iKiasibly lOl ..rll2 
2l7 ami 112 
Ml jiliuii s 

(Moin - ')0 - 9,., _ 11) 11 ) 
112 ami 127 

l2l aIho poHMihly 112 or Oil 
l27nnil Oil 


(It 18 of interest to note, that with the tyjie of ihstortioti now iiiider discuhsutn 
tho geometry of the body i cntrcd lattict* restricts the* piiirs of ^wssilile slip pianos 
into two general types only, t e, 110/121 and 112/liI The form 112/110 cannot 
occur Reference to fig 4 (ft) will make this apparent) 

A very careful comparison was then made of the mic.ro structure of the 
speeimen and the limits of slope deduced from ligs 5 and 0, also 7 and 8 
according to the hypothesis stated above _The agreement found was rt'mark- 
ably close Fig 9 illustrates this agreement The diagram represents a 
development of one-half of the circumference of the sjietimen The slopes of 



■Dv_ » Tx- j. it. 1 t r Rhombic Dodocahodral (110) 

Fio 6-Diagram showing the slope of J ro™tetrahedral 1112) 


Iccsitetrabedral (112) 
Hexabs-Ootahedra (123) 


traces of the 

also ot the planea of Maximum Resolved Shear Stresa containing tho Ill direction. 


2 M 2 







'"’-“ri'Si?"""'*'”' Ih-, 

*™**“*“ t HisMW^Ootahedwl (128) J 

•lao of the Planea at Muamom Resolved Sheer Stress oontaimng the 1 ll dlreoUoa. 


maxironm resolved shear stress (for the Ill aad ill directions) are indicated 
by the dotted hoes The expenmental data relating to the observed shp 
bands—as given in Table II—are plotted on the same diagram, circles and dots 
denoting, reepectivdy, the mean slope and limits of slope, as recorded m Table 
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II It ifl eyident that tho mean slopes of the slip hands correspond vety closely 
with the traces of the planes of maximum resolved shear stress But of much 
greater significance is the agreement between the limits of slope of the slip 



Fio 8 —Diagram of Resolved 
Shear Stress on 


{ 


Rhombic Dodecahedral (110) 
Icositetrahedral (112) 
Hexakis Octahedral (123) 


} PIaDea oontauung tho 111 
direction 



bands and the traces of certam crystal planes Seven distinct changes of slope 
are seen to occur over the half-circumferencc of tho specimen, and these changes 
agree exactly with those given m Table VII and predicted by the suggested 
mechamsm of distortion now under discussion In fact the agreement u so 
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close, holding over a wide range of slopes including many abrupt changes of 
slope, as to afford the very strongest evidence that this special type of duplex 
shp on certain crystallographic planes is the actual mechanism of distortion in 
the present case 

On the photo-micrographs (Plates 9 to 11, hgs 11 to 26) certain white dotted 
Imes appear These lin«a correspond to the slopes of the traces of the slip 
planes, at the particular value of X concerned, according to the suggested duplex 
mechanism of distortion They should represent the limits of slope of the shp 
hand markings at the pomt, and the reader is thus enabled to form a personal 
opinion as to the degree of correspondence existing It should be remembered 
that the given slopes apply exactly only to the centre of the field, at some values 
of X these slopes are changing at a rapid rate 

Some of the micro-structures are of particular interest At the iioint X = 40° 
(fig 16) the plane of maximum resolved shear stress coincides with the 110 
plane, and provido<l perfect conditions of surface and crystalline structure 
obtamed, a single system of slip bands would be expected In the centre of the 
field, this condition is closely approached Yet the total hmits of slope over 
the whole field are the groati st encountered (about 25°) over the whole specimen 
This also would be expected, is from the stress considerations of the present 
theory, the pomt (? — 40°) marks a change-over pomt of the pairs of planes 
concerned A clearly marked change-over would not be expected as similar 
tests on aluminium showed that, at such change-over points, the slip bands 
due to the two slip planes mterpenetrato to some extent, producing a certain 
zone where traces of both planes are visible The structure at X = 75° (fig 
19) IS also extremely interesting Here the plane of maximum shear stress is 
eqmdistant from the 110 and 25l planes, which are equally stressed The most 
obvious feature is the system of long slip bands, apparently straight and agreeing 
with the trace of the plane of maximum shear stress Closer exammation, 
however, shows the “ rippled ” shape of these bands, and the slopes of the ripples 
agree with those of the 110 and 23l planes As the shear stress on both these 
planes is equal at this ixiint, and should produce approximately the same 
amount of slip on these planes, it is understandable that if the portions of the 
planes entering into the duplex slip are sufficiently small, stiaight slip bands 
would result Thus the theory is consistent with straight shp bands m an 
entirely unexpected position (Accordmg to the “ rod ” theory of Taylor and 
Elam straight shp bands (due to the 111 direction) should only occur at the 
pomt X = 141° 44' and should exhibit marked irregularity of outlme at the 
spot considered, X = 75°) Also clearly discernible is a number of short 
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duplex bauds, whose slopes ap-ee with those of the traces of these two planes 
Lastly there are many very short slip bands whose traces have one slope only 
some that of the 110, others that of the 23l planes These three slopes can be 
clearly seen if the photograph is held horizontally a little below the level of the 
eye Fig 20 shows the appearance of an equiv alcnt spot m the region of greater 
deformation (This has been purposely photographed without a datum line ) 
The appearance is given of a very “ ragged ” system of slip bands, beanng little 
or no apparent relation to the structure of hg 19 As a matter of fact, the 
limits of slope of the bands m the two photographs show marked agrotmtnt 
Similar pairs of spots were examined at many points on the surface of the 
specimen, and these suggested strongly that, in order to obtain a true picture 
of the mechanism of distortion by sbp band markings (that is to say, in order to 
produce a structure as shown in fig 19) exceedingly small Mai deformations are 
necessary For this purpose, alternating stresses are particularly suitable 
Turning to the structure in the vicimty of a point at which the direction of slip 
18 approximately tangential to the surface of the specimen, figs 22 to 20 will 
repay study At X — 120'’, for example, the structure suggests a mi\turo of 
two sets of straight bands of slightly diQcrmg sIojm' rather than that of one 
system of wavy bands The significance of the structure at X — 139° has been 
sufficiently discusse^l 

The theory of the mechanism of deformation of a-iron now presented for con¬ 
sideration may, therefore, be summarised as follows — 

1 The direction of slip is the octahedral direction 

2 At any point on the surface of the specimen, there w ill c <cist a plane on w hich 
the value of the shear stress resolved in the contained octahedral direct ion is a 
maximum for all similar resolved shear stresses 

3 Slip will not, in general, occur on this plane, unless the plane coincides 
exactly with a dodecahedral (110), icositotrahodrol (112) or hexakis octahedral 
(123) plane of the crystalline structure (and then only when conditions of per¬ 
fect symmetry obtam) In other cases, the distortion is produced by slippmg 
on two planes, each of which corresponds to one of the above crystal planes 
These shp planes are situated on opposite sides of the plane of maximum resolved 
shear stress, although not, in general, equidistant from that plane 

4 Each sbp plane is determined by the consideration that it is subjected to 
a greater value of resolved shear stress than anj other possible slip plane on the 
same side of the plane of maximum resolved shear stress 

6 The sbp bands will, in general, be of a duplex t\ pe, the average slope being 
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thnt of the trace of the plane of maximum shear stress on the surface of the 
specimen 

6. The limits of slope of the slip bands will agree with the traces of the planes 
of slip 

7 Under very small deformations, the slip bands appear either as short 
separate traces of the shp planes, or of a combination of those traces, and can bo 
identified as such Under great deformataons, however, the component slopes 
of the slip bands can be resolved only with great difficulty , sometimes they 
cannot be resolved at all In the latter case they present a very wavy, branched 
appearance bearing no ajiiiarent relation to the crjstallme structure 
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The significance of the above paragraphs numbered 2,3 and 4 can be exhibited 
graphically as in fig 10 This diagram represents a view of the body-centred 
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lattice of a-'irou situated such that the dip direction is normal to the plane of 
the diagram The traces of all the planes of the 110,112 and 12.1 types which con- 
tam the shp direction are mdicated Then, according to the conclusions derived 
from the present experiment, if MR represents the trace of the plane of maxi¬ 
mum resolved shear stress (in the slip direction) distortion will occur by slip 
on the crystal planes SS and S'S'. » e , on the nearest pianos of the given types 
situated immediately adjacent to the plane MR An important jxnnt at once 
anses Why, if slip occurs on two planes, does not the micro-structure reveal 
a system of two interlacing straight sets of slip bands < On this point, the 
present cxjieriment throms no light whatever It may be that owing to the 
presence of impurities, or to some other cause or causes, perfect lattice symmetry 
does not obtain, hence the Ime of atoms representing the rommon direction of 
slip (and the mtersection of the slip planes) will be irregular In such circum¬ 
stances, it can be imagined that distortion would owiir by movements of 
irregular obtuse angled wedges But this is pure supposition, unwise at this 
stage of experiment It does apjiear certain, however, that duplex slip of the 
type suggested (probably producing “ crystal break-up ”) must result in con¬ 
siderable lattice distortion, at a much earlier stage than m a crystal where slip 
is confined to one plane In fact if reference is mailo to the earlier work on single 
crystals of aluminium (see fig 7, ‘ Phil Trans Roy Soc ,’ Senes A, vol 226) an 
example will be found of the micro-structure of a specimen slipping on two 
planes, which very strongly resembles the wavy irregular typo of slip bands 
found in iron This photograph has been reproduced on Plate 11 as 
fig 27 It IS considered to be very suggestive in (onncction with the present 
work 


Shape of the Cracls caimnq lailvn 

The position and paths of the 14 cracks present on the speoimcn after teat 
are shown m fig 2 The posttxons of the cracks have already been accounted 
for from stress consideration It will be seen that the paths followed by the 
cracks bear no obvious relation to the traces of the planes of maximum resolved 
shear stress (c/ figs 2, 6 and 7) The cracks are mostly parallel to the axes 
of the specimen or develop into a fork in the manner characteristic of iron 
The predominating axial direction suggests that the effect of shppmg on 
two planes so breaks up the structure that the crack develops along planes of 
actual maximum, not maximum resolved, shear stress The bifurcation that 
occurs m some of the cracks probably develops at a later stage due to some 
local flaw in the material, and the effect of the presence of such a flaw in 
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producing a helicoidal nr double hclicoidal fracture has been previously 
demonstrated * 

It may lie of mtenst to recall some other o-rponments which seem to be 
conswti'nt with the harmful effects of duplex slipping on the crystal structure of 
the tyiK) now suggested In the pioneer work of Stanton and Baustowf on 
the resistance to impact of iron and steel, they ilrew particular attention to the 
changes m micro-structure of iron subjected to repeated shock They showed 
clearly that when a spec imen is fractured under a small number of heavy blows, 
Neumann lamelUs were jiroduced in great profusion On the other hand, 
when failure occurred under fatigue, cracks residted from the development of 
sbp lines, and the process was the same under impact os under gradually applied 
alternating stress Itecently Pfeilf m his work on single crystals of iron, showed 
that Neumann lamelloi are formed on icositetrahedral planes by shocks of all 
magmtudes He found, however, that a preliminary very small plastic deforma 
tion (0 28 per cent or more) was sudicient to prevent the subsequent produetion 
of Neumann lamellas by shocks Bosenhain and McMinn§ also found the same 
phenomena quite independently, in spcHiimens consisting of a crystalline 
aggregate These oxpenments indicate that the mechanism of distortion of 
a-iron under static or fatigue stresses is accompanied by severe lattice distortion, 
and are especially interesting m connection with some of the features of the 
present research 


Total Deformation of (he Tent Piece 

The total distortion of the test piwe, as a whole, is most convemcntlj studied 
with regard to the relative movement during test between the specimen and 
crystal axes The spherical co ordinates of the cube axes as calculated from the 
corrected X-ray analyses, are as follows 


* “ On the Conoontration of Ntresg in the Netghbouriiood of a amall Spherioal Flaw, and 
on the Propagation of Fatigue m ‘ Statioailj laotropio ’ Matenala,” Southwell and Qongh, 
‘ Phil Magvol 1 (January, 1920) 
t ‘ Proc Inat Mech Engra ’ (Xovembtr, 190R) 

} «/ 

i ‘ Soe ProoA, 108, p 231 (1025) 
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Table VIII —Spherical Co-ordioates of Cube Axes of Specimen as calculated 
from Corrected X-ray ReadinRs 
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The nature of the movement will, perhaps, be more apparent if expressed m 
terms of the movement of the specimen axis relative to the fixed crystal axes 
Referring to fig 4 (a), the normals to the 010, lOO and (K)l planes mav bo eon- 
sidorcd as x, y and z axes respectiveK, and the position of the spLCimcn axis 
before and after test can then be calculated relative to those axes The follow - 
ing results are obtained 

0 = 16" 19' Oi ^ 16" 61' 

= 36° 41' i|i, = 17° 9' 

where 0, iji and 0^, refer to the axis before and after test, respecti\ elj The 
dihedral angle represents the movement and its value is found to be 0° 39' onl) 
In view of this value, and of the possible errors in the X ray data from which 
it 18 deduced, it is obvious that the total distortion occurring during the test 
IB of an extremely small amount and is, m fact, ncgligilile 

Examination of the Cross Section of the Sfecimcn 
In view of expenence with smgle crystals of alumimum, it was considered 
that an examination of the polished and/or etched cross-section of the specimen 
might reveal mtercstmg features Prof Hanson very kindly rendered valuable 
assistance in this respect, and the polishing, etching and photography of the 
cross-section of the present specimen was earned out under his direction in 
the Metallurgical Department at Binmngham XJmversity 
The specimen was carefully cut across m a plane iierpendicular to the axes 
(the 0 of the plane thus havmg the approximate value of zero) Continuous 
polishmg failed to reveal any structure (due to differential hardening) as had 
previously been encountered lu aluminium crystals Rtchmg with a dilute 
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HNO 3 solution in alcohol revealed the presence oi a number (about 36) of very 
small crystals present (It is possible that the very high initial range of elas¬ 
ticity exhibited by this specimen may be due, to some extent, to the presence of 
these crystals) The structure was, otherwise, featureless The section was 
then deeply etched with a 5 per cent solution of HNOg in alcohol, and the 
appearance of the structure is exhibited m £g 28 In addition to the small 
crystals the structure exhibits four distinct zones Reference to the scale 
surrounding this photograph and to fig 3 shows that the limits of these rones 
correspond to the change-over points of stgntficant directions of slip This fact 
affords additional evidence that the direction of sbp is the octahedral direction 
While opposite zones are of approximately uniform shapes and equal depths, 
adjacent zones differ widely m these respects Now if the depth of the zone at 
any pomt was proportional to the value of the resolved shear stress at that 
point, we should expect to find maximum depths (see fig S) at points "K = 61®, 
138®, 231® and 318° This prediction is fulfilled But the shear stress values 
at these points are nearly equal, yet the ratio of the depths of adjacent zones is 
approximately 2 3 1 (as measured from the photograph) This result, 
showing that the depth is not proportional to the shear stress, is not really 
Burpnsing when we consider that the direction of slip differs m such adjacent 
zones The effect of the etchmg might, however, be expected to be related to 
the amount of distortion m a direction perpendicular to the plane of the section 
Tbs possibility was exanuned A polar diagram was constructed m wbch the 
ordinate at any pomt was equal to the maximum resolved shear stress value at 
the pomt (from fig 3) multiplied by the cosme of the 6 co-ordinate of the 
durection of slip at that pomt It was found that, constructing this diagram 
to a suitable scale, the shape of the diagram was m good agreement with the 
contours of the zones revealed by etching Thus, at any pomt on the surface, 
if the depth of etched zone measured radwtty/fow (he mrfoce be denoted by 
then, apparently 

* oc /» X cos 64 , 

whetre /»is the value of the maximum resolved shear stress at the pomt on the 
ttaface and 64 refos to the shp direction 
The specimen was carefully repolished and etched with 4 per cent, iron alum, 
the specimen being moved, during the process, as specified by Dr Griffiths 
uul Mr Lookspieser, the originators of the etdimg re-agent The appearance 
of the specimen is exbbted m Plate IS, fig 30 Agam, the zones are apparent. 
But whereas usrag the HNO, etching re-agent, tiie portions witbn the zones 
presented no distinctive features, the wbte dots m fig SO are all of the same 
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TOgulai type Plate 13, fig 31, shows this structure at a much higher magnifica¬ 
tion The white dots are now seen to be regular etching pits, whose trace on 
the surface is, roughly, a parallelogram The orientation of these pits through¬ 
out the surface does not differ appreciably neither do the parallelograms Hiflfor 
appreciably in sue Although a few isolated pits are visible in the area situated 
between the zones and the centre of the specimen, there is a \ery marked drop 
m the density of population of these pits once the zone is ])a8sed This is seen 
in a most strikmg manner when the microscope is traversed along a diameter 
of the specimen It was found that the shape of these pits agrees extra¬ 
ordinarily well with the trace of a cube on the surface of the section, assuming 
that the faces of the cube are the cube faces of the crystal For, from Table 
Vm we see that the spherical co-ordinates of the cube faces are as follows — 

0001 = 16“ 61', ijioio 3“ 21' <l>roo - 96“ 27', 

and the trace of a umt cube on the surface will be a parallelogram of the follow¬ 
ing dimensions and shape (relative to the trace of the reference plane > = 0, 
on the surface) — 

Trace of lOO inclination 6“ 27' "I included angle 

Trace of 010 inclination -- 86° 39'J = 92° 6' 

Length of lOO trace _ j 
Length of 010 trace 

The mcbnation of the sides of the etching pits agree very well with the deduced 
values, but the actual dimensions of the sides arc too irregular to compare with 
the required ratio, although the order of the results is the same Further, the 
shadow effects of the pits agree with the calculated “ tip ” of the 001 axes 

Further examination of fig 31 shows the existence of a sub-structure con- 
aisting of triangular markings and a senes of lines, approximately parallel It 
IS hoped to make a detailed study of this Bub-structiuc m the near future 
Plate 12, fig 29, showsthe appearance of an etched cross-section m the neighbour¬ 
hood of some of the cracks 

It may perhaps be pomted out m view of the apparent r^ulanty of shape of 
the cubic etch pits that the plane of the surhice exammed makes an angle of 
nearly 16° with the nearest cube face Obviously, extreme care must be used 
in determining crystal onentation by such means as observations of the shape 
of etch pits, needle impcession, etc , such methods appear to mvolve the 
adoption of large errors and cannot be substituted for X-ray methods if accurate 
results are required. 
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l^onw Physiml Properties of Gos-freed Sulphur 
By C CoLERTDOt Fabk, D Sc , and T) B Macleod, D Sc 
(ConimuniDitid h\ (' Chiee, FRS—Retentd Tnnuary 11, ) 

In a paper by the authors* on the vwxisity of liquid sulphur, it was shown how 
difficult it 18 to prepare a sample of sulphur whose viscosity is mdependent of 
previous heat treatment This uncertamty extends to all the physical pro¬ 
perties of sulphiur and is noted in papers by Kcllasf and by Smith and his co- 
workers J Smith regards liquid sulphur as consisting of two modifications Sa 
and S^, the proportion of 8^, to Sa increasing as the temperature is raised, with a 
marked mcrease m the neighbourhood of 160° C The presence, however, of 
such products as SO,, traces of H^SO,, and 11,8 exerts a considerable retarding 
influence on the attainment of inner equibbrium between these two vaneties, 
thus clausing a great variation in the physical properties at any given 
temperature 

Between the temperatures 1W)° C and 180° C the viscosity increases several 
thousand times With sulphur purified m the ordmary way, by simple distilla¬ 
tions or precipitations, remarkable variations m the viscosity are possible over 
this range of temperature This property, therefore, provides an exceptionally 
sensitive test of the dependence of the sulphur on previous treatent, and a sample, 
whose viscosity was defimte and constant at any temperature, would almost 
certainly be definite m its other physical properties 
* ‘ Roy Soo ProcA, vol 97, p. 80 (lOSO) 
t ‘ J Chsm. Soo vol 113, p 003 (1018) 

X Smith and Holmea, < Z Phys Chom vol 42, p 460 (1003), and voL 64, p 257 (1006), 
Carson, ‘ J Amer Chem Soc ,’ vol 29, p 409 (1007), Smith and Carson, ‘ Z Phys Chem 
vol 77, p 661 (1011) 
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At the time of the authors’ earlier work on this subject (loc cU ) means were 
not available for obtaining the highest vacua, and the sulphur suffered from 
contamination with mercury vapour On the installation of an efficient liquid 
air plant in the laboratory it vas decukd to prepare a sample of sulphur as 
free as possible from all impurities, in a sealed vessel which could itself be used 
as a viscometer 

Method of Preparation of the Sulphur —Samples of piinhed suljihur Mere pre - 
pared, finally from sulphur (rystalbsed from CSj and from commenial flowers 
of sulphur Crystallised suljihur imported as “ piue ’ showed on being distilled 
a considerable residue of carbonaceous matter, as, also, do any of the com¬ 
mercial samples 

The process of jiuntication adopted consisted of two jiarts ( 1 ) a scries of 
five (hstillations under COj and ( 2 ) a senes of three distillations under a vacuum 
the whole so arranged that no exposure to air was made during the process 
The distillation apparatus is shown diagrammatically m fig 1 A scries of 



flasks and receiving bulbs, thoroughly cleansed with boiling nitric acid and 
chromic acid, and washed with distilled water, were sealeil together as follows 
A and B were distilling flasks of 300 c c capacity , the bulbs C were of 200 c c 
capacity, and and D* were 100 c c pipettes The bulbs E, which constituted 
the viscometer, were 25 c c pipettes sealed, usually, close togo^iier, but under 
some circumstances—for determinmg the visiosity at temjieratures under 160" 
C —with a piece of fine bore tube between them about i5 cm long and 1 mm 
in bore F was a spare pijietto to condense the vapour escaping from E G con- 
tamed activated coconut charcoal The U tube I, immersed in hqmd air, pre¬ 
vented the diffusion of mercury vapour from the pump The whole of the 
durinlling apparatus was glass sealed and free from glass tajM and rubber 
junctions 

By a suitable arrangement a current of purified and ilried COj could be passed 
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through the distillation apparatus either in the direction from A to J or from J 
to A 

CrystaUised sulphur, or ordinary distilled sulphur, was introduced into the 
flask A, which was then sealed off at the top, and only remained open to such 
currents of CO, as were desired through the side tube The charcoal in G was 
first thoroughly heatod and evacuated several times to remove moisture, etc , 
and then distillation commenced under a stream of dried CO, During the first 
part of each distillation, the current of CO, was passed from J to A It was then 
reversed and the nuddle portion of the sulphur earned forward This was 
repeated, distilling from bulb to bulb until a suitable quantity hod been dis¬ 
tilled mto Dj The end iiortion of the apparatus was then sealed off at a point 
between D^ and the last bulb C and also at J This cut off the CO, supply 
The charcoal in G was then heated strongly in an electric oven and the U-tube 
I was immersed in hquid air, and the whole remainmg portion from D was 
evacuated by means of an eflicient Gaedc pump Meanwhile the sulphur in 
D was remelted to remove as much dissolved gas as possible When a good 
vacuum had been secured a seal was made at H, leaving only the bulbs D and 
£ and the hot charcoal bulb G 

After cooling, the charcoal bulb was immersed m liqmd air, and remamed 
so durmg the rest of the process The viscometer bulbs E were then heated 
strongl) m order to drive off gases condensed on or occluded m its glass, and 
the sulphur was distilled mto it from D It was found possible, by allowing 
the sulphur to condense and block the tube leading from D to E, to raise the 
tubes D to a temperature above 300® C, thus tending the more effectually to 
remove dissolved gases, and this blocking was ^owed to take place several 
times during the distillation from D into £ When a suitable quantity of 
sulphur had been collected m £ the bulbs D were drawn off The same process 
of raising the temperature to about 350® C by blocking and then blowing 
off mto F was adopted several times m the case of the bulb £ Fmally the 
hquid au-cooled charcoal tube and F were separated from the viscometer E 
by sealing between E and F, the final seal being made whilst hot sulphur 
vajKmr was streaming through 

As a matter of fact, the viscometer itself proved a very satisfactory index of 
the quality of the vacuum, and of the effectiveness or otherwise of the attempts 
to drive off the final traces of gas Where the heating had been insujQ&oient, 
further heating would eliminate another slight trace of gas from the body of 
the sulphur, which would mterfere with the even flow of the hqmd through the 
constnction sufficiently to be noticeable towards the end of the flow Such 
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tabes became useless, and only those, mwbich the vacuum was, and remained, 
very efficient, could be used for very prolonged observation, and were the only 
ones considered 

Testing the Yiscosity The viscometer, which consisted of two 25 o c pipettes 
(fig 2 (a)) contamed about 12 c c of sulphur It was mounted on a frame 
which could bo rotated, the time taken for the sulphur to run 
from one end to the other being a measure of the viscosity of 
that tube An iron vessel, with mica windows, well lagged 
and filled with paraffin was used as a bath It was electncally 
heated and governed by an air thermostat, and with 
thorough mechamcal stirring the temperature in it could be 
kept onnstant to a tenth of a degree for a considerable time 
Measurements of the time of flow were always made within 
the range of temperature from 163“ C to 169“ C , that bemg 
the mterval over which sulphur shows the most remarkable 
variations of viscosity The test experiments consisted of 
measuring the viscosity under the following different conditions 
of heat treatment—(a) that of a tube of freshly prepared 
sulphur, (6) that of the same tube after it had been kept for several 
days—on one occasion it was five months—at a temperature somewhere between 
130“ C and 160“ C m an electric oven, (c) the same tube heated to 330“ C 
for 16 minutes iii an electric oven and transferred rapidly to the paraffin bath 
(in this case the temperature never fell below that of the bath), (d) heated to 
330“ C for 15 mmutes and cooled rapidly to 140“ C and then transferred to 
the bath, (e) heated to 330“ C and allowed to cool very slowly, remammg in 
and cooling with the oven until nearly the proper temperature for testing was 
reached, when it was rapidly transferred to the bath A plotted example - 
one only of a number of similar experiments—of a senes of readings with a 
satisfactory tube is shown m fig 3 The testing-bath having been adjusted 
to some temperature between the above-mentioned testing limits, 163“ C 
and 169“ C, the sulphur was removed from the heat-treatment oven into the 
bath and kept constantly moving for about 16 mmutes so that it might acquire 
the temperature of the testing-bath It is essential to take readings as promptly 
as possible, as with sulphur as usually purified there is a slow creep of viscosity 
values 

An inspection of fig 3 shows that whatever the previous heat-treatment has 
been all the values of the viscosity, with the exception of one observation made 
at a bath temperature of 166“ C , lie upon the same curve An error of obsetva- 
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tion of cither seven or eight seconds in the time of flow, or of two-tenths of a 
degree m the temperature of the sulphur, would put this result upon the same 



curve Whilst the former error is unlikely, the latter is very probable as it was 
the first observation made with the sulphur after removal from the heat treat¬ 
ment oven, and although precautions were taken the sulphur may not have 
acquired the testing-bath temperature to that degree of accuracy Another 
observation after the same heat treatment at a slightly higher testmg-bath 
temperature does he practically upon the curve 
In very striking contrast with these single valued results are those on p 85, 
fig 2, curves I and IV, of the authors’ previous paper, which show that sulphur 
purified as is usually done and subjected to similar treatment gives values 
ranging m the proportion of one to eight when measured at the same fixed tem¬ 
peratures It was found that a number of tubes prepared with considerable 
oare, failed to give consistent values These, on examination, were found to 
contam traces of residual gas, given off from the sulphur, probably, m the sub¬ 
sequent heat treatment This indicates the importance of a small amount of 
gaseous unpunty and the difficulty of removing it 
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The authors thus consider it established that provided sulphur is prepared 
with sufficient care, and protected from exposure to air, it gives reproducible 
values of the viscosity 

MeUtng-Povnt —It is interestmg to note that from sulphur purified m this 
way, the less common crystalline form known as “ Mother of Pearl ” sulphur 
separates out with great ease, and exhibits a considerable degree of stabihty 
For a description of the usual method of preparation of Mother of Pearl sulphur, 
or S[Q, see paper by Smith and Carson (loc at) With sulphur purified as 
above it was found unnecessary to mduoe the formation of Sm cr 3 rstals by 
scratching or by other artificial means The liqmd sulphur was allowed to 
cool slowly to below 103° C when ciystals of Sm would separate themselves 
Further it was noticed that m tubes less satisfactorily prepared the Sni crystals 
settled out with greater difficulty and uncertamty In order to study the 
melting pomt of Sxa a tube as shown in fig 2 (6) was made An inner tube A 
into which a thermometer could be placed, dipping m mercury, i^as fused into 
an outer bulb B which contained the sulphur The bulb B was filled in a 
manner similar to the vi8comet<>r, the sulphur being sealed off under a 
vacuum 

The natural freezing pomt of Sm was determined as follows After initial 
cooling of the tube of sulphur in air until crystals began to appear, the tube 
was quickly restored to the bath, and provided the bath did not remain below 
103° G or above 106° C for long, the crystals could bo kept in contact with 
the liquid indeiimtely The temperature of the liquid sulphur was raised above 
the approximate melting-point, but not sufficiently to remelt all the crystals 
present It was then placed in the paraffin bath, whose temperature was below 
the approximate meltmg-pomt The sulphur tube was vigorously shaken until 
a crop of crystals appeared and the temperature remamed constant The 
process was repeated, each time the paraffin bath being raised to a temperature 
a little nearer to the meltmg-pomt of sulphur In this way, with the tempera¬ 
ture of the paraffin bath at 103 2° C the inner thermometer gave readings from 
103 8° C to 103 9° C as the temperature of the liquid sulphur durmg crystal¬ 
lisation The thermometers were standardised against two sets of thermo¬ 
meters having NPL certificates Smith and Carson (loc at) by a different 
method and using sulphur treated with ammonia obtamed a value of 103 4° C 
as the natural freezmg piont of Sm 

The ideal meltmg-pomt of Sxn, that is the meltmg-pomt m contact with 
pure Sa, cannot be determmed with the same degree of accuracy It was found 
possible with some of the tubes to crystallise the whole of the sulphur to Sm 
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and then remelt it, but more often the change to Si or Sn would suddenly set 
m The heat generated by this change, causing osipansion, would frequently 
break the tube The laboriousnesa of the work was greatly increased by 
tubes, prepared with much care, breaking after the sulphur had crystallised or 
on roraelting For this reason it was found desirable to prevent the sulphur 
crystallising as a whole, except in certain critical experiments The ideal melt¬ 
ing-point should be the temperature at which the sulphur just begins to melt 
after being totally crystallised Observation showwl this temperature to be m 
the near neighbourhood of 107° C, which is practically the same value as given 
by Smith and Carson lOG 8° 

When the sulphur did not separate out as Sm it invariably crystalhsed as 
monocluuo, as indicated by a melting pomt between 119° C and 120° C By 
partly romeltmg, crystals of monocbnic sulphur were secured m contact with 
the bqtud The natural freezing point of monoclimc sulphur was then deter- 
mmed m a manner similar to that adopted for Sm The mean of a numW of 
readings gave 114 6° C as its natural freezing point (comiiare Smith and 
Carson, 114 6° C) 

With sulphur purified in the above way, the authors were unsuccessful, after 
repeated and careful efforts, in them attempts to obtam melting-pomts corre¬ 
sponding to the presence of rhombic sulphur When the sulphur had crystal¬ 
lised as Sm, recrystaUisation set in after a few hours, and the final product 
invariably melted in the region of 119-120° C Tubes set aside for months 
remelted at the same temperature, which would indicate either that the tendency 
to form the stable rhombic sulphur had been retarded, or that re-heating rapidly 
restored the monoclimc variety after the transition temperature had been passed 
It 18 hoped to throw more light on this aspei t of the question by sn X-ray study 
of the solid sulphur 

Superoocitng —By slowly lowering the temperature of the bath, the sulphur 
could be kept bqmd down to a temperature of 80° C, representing over 30° 
of supercoolmg It actually remamed hqmd at 105° for several weeks without 
crystalliBing It became of mterest to obtam relative values of the viscosity 
over this range of temperature A viscometer was prepared and filled on the 
same pnnoiple as the others, but the pipettes were separate by a length of semi- 
oapillary tubmg, the sulphur, of course, being much more limpid below 160° C 
With this, comparative values of the viscosity were obtained from 81° C to 
159° C It was not found possible to cabbrate the tube so as to give the viscosity 
in C G S units, and so the table only gives the tune of flow corresponding to 
vanous temperatures The minimum value was m the neighbourhood of 
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155® C At 80® C the sulphur is nearly four times as viscous as it is at 156® (.' 
These results are shown graphically m fig 4 
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CvtuXustom 

(1) Purified sulphur, freed from gaseous impurities, acts as a simple sub¬ 
stance, whose viscosity is definite at any given temperature, and indciicndent 
of the previous heat treatment 

(2) From sulphur punfied and prepared so as to be gas free, crystals of mother 
of pearl sulphur separate readily 

(3) Efforts to obtain rhombic sulphur, from sulphur similarly prepared, were 
unsuccessful 

(4) No sulphur, from which dissolved gases have not been very carefully 
removed, can be considered pure 
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The Solution of the Wave £(ptatton/or the Scattering of Particles 
hy a Coulombtan Centre of Force 
By N P Mott, B A, St John’s College, Cambndge 
(Communicated by R H Powlcr, F R S —Received February 2, 1928 ) 

The problem of the scattering of a stream of charged particles by a Coulombian 
centre of force has been treated by Wontzel* and by Oppenhcuner,t who use 
Born's method of successive approximations They have shown that, if 
ZZ'c*/At> 18 small, the quantum theory gives the well-known Rutherford formula 
Furthermore, if ZZ'e*//i« is large, we know that the quantum theory result must 
tend towards the classical, and it seemed probable that the two thcones would 
agree for intermediate values of this constant Tn this paper we shall show 
that this 18 actually the case 

We shall first consider the more general problem of scattermg by a field V (r) 
The wave equation is 

= 0 ( 1 ) 

Wo want to find a solution of (1) which, when r is large, represents a plane wave 
e""/* together with a wave traveUing outward /(w) Then )/ (to) |* dto 

will bo the probability that the particle will be scattered m the sohd angle dm 

We can solve (1) by separating the vanables If li, (r) is the characteristic 
solution of 



then the most general solution of (1) that has axial symmetry is 

S A„P, (cos 0) L„ (r) (3) 

We have to choose our A„ so that (3) shall be the required solution 
The following not very rigorous investigation suggests what these coefficients 
should bo The umt of length has been chosen so that pjh = 1 
Suppose that, for large r 

L, (f) ~ sin (r + 

where if>H depends on n only 

♦ ‘ Z f Physik,’ vd 40, p 600 (1927) 
t * Z f Physik,’ vd 43, p 413 (1027) 
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Now, a plane wave can be represented by the senes 

= (27r/f)‘ £ (n f J) i*P, (cos 0) J„ ^ (r), 

nmO 

and hence we have to choose our coefficients A, in such a way that, when r is 
large, 

J P, (cos 0) [A,L, (r) - (2n/f)‘ i" (n +.i) J» n (r)] (4) 

represents an outgoing wave only 

Suppose we replace both (r) and J„ | j (r) by the hrst terms of their respec¬ 
tive asymptotic expansions—this, of course, we are by no means entitled to do 
The term within the square bracket in (4) becomes 

i [{A,6*^ + (n -t- i) (- 1)-} e*' - {A.e-*** f (n + i) e-‘0] 

We are thus led to consider the possibility that we should set 

A,= -(a4-i)e‘^ 

so that the solution that wc require is 

£(♦» + !)<•♦ P,(co8 0)I^(r) (5) 


The outgoing wave would bo 

£ (« + J) P, (COB 0 ) + (- ID, ( 6 ) 

B=0 

but the senes does not converge It can be summed os the linut of a power 
senes on its radius of convergence, and this does m fact give the nght answer, 
in the case which we are about to investigate 
We shall now consider more ngorously the asymptotic behaviour of the 
function (6) for the case of the mverse square law, when V -= ZZ'6*/r Z' may 
be either positive or negative, so that the results wbch wc shall obtam aie 
apphcable both to a and to ^ particles 
We know both the solution of the equation (2) and the asymptotic expansion 
of that solution * Using these results, the function (5) is easily seen to be 


£ (n + i)P„(co8 0)- 




where 


p = ZZ'e»/Av, 


and the closed path of mtegration C encircles the pomts ± 1 an anticlockwise 


direction 


Cf SohrOdinger, ‘ Ann d. Physik,’ vol 79, p 366 (1926) 
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The sum (7) converges absolutely, but since the terms do not begm to 
Jmumsh until n is of the order of r, we cannot mvestigate the behaviour of (7) 
when r is large by using an asymptotic expansion for the integral 
We note that if p = 0, and if wo replace C by a smgle bno joining the points 
•— 1, + 1, then the mtegral becomes a multiple of the Bessel function of order 
n + and the function (7) reduces to 
In what follows we shall use the following symbols 

F (x) -= i (1 - x^)/(x» - 2x cos 0 + 1)*/® (8) 

= £ (n + i) X" P„ (cos 0) |x|<l 

and 

(X) =J^(n + i) P. (cos fl) x-/r (n + 1 + tp) (9) 


It 18 not difficult to prove that, if the real part of x is positive, 

(x) = -?- ( (ax)-*' e** F (a) da 

2JC ]y 

where the path of integration y starts from — «o encircles the points a = 0, 
a - e***, and returns to — « (See fig 1) 
If the real part of x is negative we must 
r< fleet the whole figure m the imaginary 



Wo shall require the asymptotic behaviour 
of <^ 1 , (x) when | x | is large and arg x hes 
between 0 and n Most of the mtegral 
then comes from the neighbourhood of 
a = e'**, and we find that 

^.(xj-x-'^fc ‘r^Mx) (10) 
where (x) is the value of (x) when p — 0, namely,* 

(*) = ^ J, (X sm 0)} 

Assuming still that | x | is large and that arg x Lies m the same quadrant as before, 
we see that 

<^o(x)~Sexp(x«*‘*) (11) 

where S is a function containing no exponential term 


Watson, ‘ Bessel Functions,’ p 149 
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The function (7) that want is clearly 

( 12 ) 

We take the path o as shown in fig 2, a curve on the positive side of the real 
axis, with loops round the points i i 1 We will suppose that the integra¬ 
tion starts at the point P 



Fio 2 


We want to be able to use our approximation (7) for (f>^ at all points of c, 
excepting the neighbourhoods of ± 1 We can do this so long as arg J (1 — <*) 
lies between 0 and n , that is, so long as 

!R*co8 2al<l (13) 


Wo evaluate the mtegral by the method of steepest descents The exponential 
part of the integrand m (12) is 

exp [u {< I |e-« (1 - <^)}J, (14) 

wbch gives us a saddle point at t ~ e**, and with this value of t, (14) becomes 
giroo«* as it should We can choose, further, a steepest descents path through 
this saddle pomt, without violating the condition (13) Let us do this , then 
smee all the mtegral (12) comes from the neighbourhood of the saddle pomt, 
we can set t = m gfi the nou-oxponential part of the integrand (12) then 
becomes 

(g-2wp _ 1 ) (2tr sm* P)-*" 4 (|tr ~<^) e '*'dt 

The mtegral is equal to as we have pointed out, we have finally for (12), 
wntmg X for r cos 0, 

— 2te"‘’'’sm 7»p exp (ix — rp log r — j:) (15) 

still neglecting the contributions made by the neighbourhoods of the poles 
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Tlie function (15) does not represent a plane wave It« wave fronts are the 
surfaces 

X — log (f — *) = const (16) 

mtr 

(Hero we are using the ordinary amt of length again ) It is nevertheless the 
wave that we should expect to represent the incident stream of particles, as a 
moment’s appeal to the Correspondence Principle will show 
Tjet us consider the problem in terms of the classical dynamics A stream 
of particles starts with velocity v parallel to the axis of x The trajectones 
of the particles form in space a family of hyperbolte A family of surfaces is 
orthogonal to these hyperbolffi, and the wave fronts of the wave which repre¬ 
sents the oncoming particles should be just these surfaces Now, although om 
asymptote of each of the hyperbole is parallel to the axis of x, yet, as we go a 
long way from the nucleus, the orthogonal surfaces do not become plane, 
the form to which they tend is, as a matter of fact, just (16) The wave is, as 
it were, distorted, even at infinity, by the nucleus which it is going to encounter 
We have now to sec what is contributed to the mtcgral ( 12 ) by the neighbour¬ 
hoods of the poles < = i 1 In the neighbourhood of / ^ — 1, put / 4-1 =«/»#■, 
the integral becomes 

\ (2ir)-‘^-‘ j (1 - zM) z^o (1 - 2/2»r)-V<fc, 

and smee r '> 1 , and we are only interested in the region where | *] sl r, we 
may replace this integral by 

i (a*f)-‘'’-'e-*’'| ,f>, (z) zV dz (17) 

The path of integration a comes from — oo, encircles the pomt z = 0 m an 
anticlockwise direction, and goes back agam to — oo 
From the other pole we get a contnbution 

i (2r)'o-»e''£^, (- z) z'Viz (18) 

We have to evaluate the mtegraU in (17) and (18) We shall find that the 
integral m (17) vanishes, so that we are left with an outgoing wave only 
Let us consider the function 

/(X)=-j ^,(zX)zV(fa 


(19) 
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The integral (19) exists for all values of X lying in some neighbourhood of 
X = 1, and ^(X) is a continuous function m this neighbourhood, so that 
]im^(X)=/(l) 

Furthermore, if 

|X|<l- 8 , 

we have 

/ (X) = - 2i sm tp i (» + 1) (- X)" P„ (cos 6 ) 

M 0 

It follows that, for the integral in (17), we have 

f ^,(s) 2 Vds = lini/(X) 

J<r \->-l 

— 0 , as wc require 

We are therefore left with the outgoing wave (18) only 
For the integral in (18) we obtain in the same way 

t 2 -V dz = 2t sm tp hm 2 (n + J) ^ X" P„ (cos 0) (20) 

J» \->lH-0 1 (»+l + *P) 

It IS interesting to see that ( 20 ) is of the form (b) 

The limit (20) can bo evaluated as follows — 

We have* 

r ( -tp + « f l)/r (4- »P + n 1 - 1) = A £ 4 -'^+" (I - 

where A = e’l’/iV (2tp) sm inp sm 27»? and P, the path of mtegration, starts 
from a pomt on the real axis, encircles the pomts 0 , 1 according to the 
scheme (1+, 0+, 1—, 0—), and finally returns to the starting point Hence 
we find that,-)- if | X | < 1, 

i, <”+*> ni+lTipl ^ 1/ - '>*'■' *■ 

where the path of mtegration does not encircle the poles of F (<X) 

Thus, cos 0 not bemg equal to unity, we have 

=-Af F(t)« ‘^(l-<)-''“^<ft (21) 

Jp 

• Cf Whittiier and Wataon, “ Modem AnalyBia," 3rd Jbd , p 257 
t qr equation (8) 
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To evaluate this mtegral, it le couvement to aesumo for the momeat that p is 
an imaginary number between 0 and — t, so that we can replace (21) by 

The result that we shall obtain will clearly be vahd for p real 
We evaluate the defimto integral by the following set of substitutions — 



We obtam finally for (21) 

8m2mp r(2»p)r(tp)r(i- 


We are now m a position to wnte down the asymptotic form of (7) Rcfemng 
back to (16), (18) and (21) we see that it is 


— 2» e' a sin 7rtp e”"''’ 

+__ gy,- 

^ sin 27 ttp r (2»p) r (»p) r (i - ip) ^ ^ 

Let us divide through by the factor — 2» e* ** sin inp , we obtam 

gi*-<plog(r *) ^ R ,.-1 gir+iplog(r-*) + <« ^2£ 

where 

R = 2 ^^ cosec* using ordinary umts of length, 


lr(2*p)r(ip)r(j-tpi 


The function (22), then, is the function that we want It represents an incident 
wave of imit amphtude, together with an outgomg wave, and it is the asymptotic 
form of a certain solution of the wave equation (1) The probabihty that a 
particle will be scattered m the sohd angle du is R^f co, and this gives the Ruther¬ 
ford scattering formula exactly for all velocities of the incident particles 


In conclusion, the author wishes to express his thanks to Mr R H Fowler, 
F R S , and to Dr F A M Dirac, for much mvaluable help and encouragement 



Veloc%ties of a Particles 


549 


Summary 

The scattenng of particles by a Coulombian centre of force is investigated 
A solution of the wave equation is obtained, which splits up into an incident 
wave, representing the oncoming electrons, and a scattered wave It is found 
that the quantum theory result agrees exactly with that of the classical theory 
The analysis is apphcable both to a and to p particles 


A Redetemination of the VehcUies of a Particles from Radium C 
Thorium G and C' 

By G H Bwogs, B Sc , Ph D , Lecturer m Physics in the University 
of Sydney 

(Commimicatcd by Sir Ernest Uuthcrford, P R 8—nod February 2, 1928) 

$ 1 The first accurate determmations of the velocity with which an a particle 
IS expelled from a radio-active substance and of the value of E/M, the ratio 
of the charge to the mass, were made by Rutherford and Robinson by measuring 
the deflections m magnetic and electnc fields An a particle moving with 
velocity V perpendicular to the direction of a magnetic field H desenbes a 
curcle of radius p where 

Hp = MV/E 

Hutherford and Robinson* found for a particles expelled from radium C Hp 
3 983 X 10® E M U and V -■= 1 922 x 10* cm per second The mean value 
of E/M for a particles from radium emanation, radium A and radium C was 
4820 EMU, which agreed to within the hmits of expenmental error with the 
value 4826 deduced from electrochemical data taking the atomic weight of 
hehum as 3 998 and the value of the fsraday as 9647 This value of the 
velocity of a particles from radium C has served as a standard from which the 
velocities of« particles from other radio-active substances have be<*n calculated 
from the Geiger relation V® = ^R 

The present paper gives an account of a redetermmation of the quantity 
Hp for a particles from radium C by a method which is essentially similar to 
those used m previous determmations of this kmd From the value of Hp 
• ‘ Fhil Mag TOI 28. p 662 (1914) 
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the velocity has been calculated using the theoretical value of E/M which can 
be found to a high degree of accuracy from more recent dotemunationfl of the 
atomic weight of helium and the value of the faraday, taking into account the 
relativity correction for the mcrease in mass of the a particle For the atomic 
weight of helium we may take 4 000, the value deduced by Van Laar* from a 
consideration of the density determinationst of Watson, House, TayltJr, and m 
particular of Ouye’s discussion of Taylor’s results Taking the value of the 
faraday given by recent determinations 9649 4 E M U the value of E/M for 
a slow moving a particle is 4824 7 and on applying the correction for the 
relativity change of mass this becomes 4814 8 for the a particle from radium C, 
neglecting the mass of the lost electrons J It may lie noted that Rutherford 
and Robinson’s experimental result, 4820 agrees as well with this latter value 
as with the value 4826 which they calculated 
§ 2 Apparatus and Experiments with a Partuies from Badium C —The same 
apparatus was used for ptoduemg the magnetic deflection, as has already been 
desenbedS m accounts of experiments on the straggbng and the decrease of 
velocity of a particles from radium C, so that only a bnef description of it as 
modified for the present purpose will bo given here 
The poles of the electromagnet were 24 by 8 b cm and 2 7 cm apart The 
source was a platinum wire 0 126 mm diameter and effective length 8 mm, 
activated with radium B and C by exposure to radium emanation The source, 
slit and photographic plate wore carried on three rigid supports permanently 
screwed to a brass base which could bo sbd into a brass box fixed between the 
poles of the electromagnet In addition to the usual smgle sht there was a 
second slit 2 2 mm below the first servmg merely to give additional data 
These slits were 0 061 mm and U 080 mm wide, and a shutter worked by a 
windlass was arranged over them to prevent a rays reaching the plate before 
the pressure had been sufficiently reduced 
The umformity of the magnetic field was investigated by exploration with a 
small search coil having a large number of turns and the vanations were found 

♦ ‘ J Chun Phys,’ vol 17, p m (19l») 

t Watson, ‘ J Chlm Soo ,’ vol 97, p 810 (1910), Heuso, ‘ Bor Deutsch Phys Gos ,’ 
vol 16,p 518(1913), Taylor,‘Phys Rev,’vol 10,p 063(1917), Quyo,‘J Chim Phys,’ 
Tol 16, p 46 (1918) 

} P W Aston (* Boy Soo Proc ,’ A, vol 116, p 487,1927) using the mass spectrograph 
finds the mass of helium 4 00210 1 understand this agrees with the corrected density 

determmations made by Baxter and Starkweather (* Proo Nat Aoad 8ei,’ vol 12, p 20, 
1926) This make E/M for helium 4812 [E R ] 

{ Briggs, ‘ Roy Soc Proo,’ A, vol 114, pp 313, 341 (1927) 



Vdoc%t%es of a. Particles 


551 


to be very small With a field of 8800 gauss the field at the source was 2 2 
gauss less than that at the shts, and for positions on the plate corresponding 
to the upper and lower deflected hnes the differences were 4 4 and 0 6 gauss 
respectively The total correction which has to be apphed to the value of H 
at the shts to give the effective field when di'termined by the method given 
by Rutherford and Robinson amounts to only 0 6 gauss This is the mean 
correction for the two deflections 

The magnetic fields were measured by a null method which was in pnnciple 
similar to that described by Ellis and Skinner * A circuit is arranged consisting 
of a search coil, the secondary of a mutual inductance and a fluxincter or galvano¬ 
meter connected in senes The search coil is reversed or pulled out of the field 
and simultaneously the current m the primary of the mutual mductance is 
broken This current is adjusted until under suitable timing conditions there 
18 no deflection of the detectmg instrument In the present experiments the 
search coil consisted of 16 turns of No 37 bare copper wure wound on a pohshed 
cylinder of clear fused quartz whose maximum and mimmum diameters deter¬ 
mined at the National Physical Laboratory were 3 30925 and 3 30905 cm 
This coil Tsas held m an ebomte holder which ran in grooves on a slide, one end 
of which could be inserted mto the box between the poles By means of a cord 
and falling weight the coil could be pulled out rapidly from a defimto position 
between the poles In its motion it tripped a small key which reversed the 
current in the primary of the mutual inductance It was found that a high 
sensitivity low resistance galvanometer highly damped was somewhat more 
smtable than a reflecting fliuunoter as detector The sensitivity of the arrange¬ 
ment was such that the current for balance could be adjusted to 1 in 5009, 
though under the best conditions of timing there was always a rapid motion of 
the spot about 1 cm from and back to zero The current was measureil by 
means of a potentiometer usmg a cadmium cell and standard resistance, both 
of which as well as the mutual inductance, had recently been tested at the 
National Physical Laboratory During the course of the work the cell was 
compared with two other recently standardised cells When pulled from 
between the poles the coil came to rest about 80 cm from the electromagnet 
The strength of the field at the resting pomt wafi determined to within 0 2 
gauss as a function of the current through the electromagnet Pot the currents 
employed it was about 17 gauss The possibihty of the ebonite holder which 
earned the coil disturbing the magnetic field was tested experimentally and 
any such effect was found to be less than I in 10,000 

• ' Roy 8oo Proc ,’ A, vol 106, p (10 (1924) 
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A difficulty aioae mth tbs metliod of measurmg the field, for it was found 
that the current for balance had to be altered by about 1 in 2500 if the con¬ 
nections to the galvanometer were mterchanged This difierence was foimd 
with several galvanometers and also with a fluzraeter,and it was not clear whether 
it indicated a possible source of error wbch would not bo ebmmated by taking 
the mean of the two currents for balance It was, however, found possible to 
reproduoethisefiectunder conditions in wbch the total quantity of electricity 
discharged though the galvanometer is necessarily rero The effect showed 
itself as a slight lack of balance, but the direction of the final deflection of the 
galvanometer was unaltered on mterchanging the galvanometer connections 
Tbs IS the necessary condition that m the field measurements the effect should 
bo eliminated by tabng the moan of the two currents 
Dunng an experiment the current in the electromagnet was kept constant 
to witbn 1 in 10,000 The magnotio field for the first half of the exposure was 
measured before placing the holder carrying the source, slit and plate m the 
box, and the field for the second half of the exposure, i e , with the field reversed, 
was measured at the end of tbs exposure after the holder had been removed 
The tune of exposure in each half was about 15 mmutes The field in the 
second half was generally less than m the first by about 1 m 250-—a hysteresis 
effect since the current was allowed to fall considerably during the imtial 
warming up of the cods of the electromagnet before beginning an experiment 
The two magnetic fields were measured m each experiment They ranged 
from 820() to 8900 gauss and produced a double deflection of about 32 mm 
The widths of the pairs of lines for the two slits were 0 24 and 0 30 mm 
The scporations were measured from the density curves found with a micro- 
photometer, and could be deduced either from the midpomt of the bases of the 
density curves found by producing the straight portions of the sides of the 
curves to cut the base line, or by measunng the distance between the peaks of 
the density curves The two methods gave results agreeing to witbn 0 006 mm 
The strew of the microphotometcr was cahbrated by photometenng a glass 
scale divided into tenths of a miUimetre made by the Cambridge Instrument 
Company and tested at the National Physical Laboratory Tbs tested glass 
scale was also used m the measurements of the distances from the source to 
the shts and sbts to the plate It may be noted that the increase m the deflection 
due to the fimte length of the course is quite n^ligible—about 1 m 10* 

For the narrower slit, which was on the normal from the source to the plate, 
the semi-deflection d is given by 
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p being the radius of curvature and Zj and the distances from source to sht 
and dit to plate respectively In the calculation of Hp, H may be taken as the 
mean of the two fields in an experiment and d as half the double deflection 
The error introduced by doing this was shown by actual calculation to be qmte 
neghgiblc For the wider slit the above formula is not sufficiently accurate 
The exact formula for this case has been given iii a previous paper* and shows 
that under the conditions of the experiment the iloiible deflection for this slit 
should be greater than that for the other by 1 m 940 , the difference founil in the 
experiments was of this order The double deflti tion for the wider slit was 
therefore decreased bv this amount and the \ aluo of p deduced from the equation 
given above 

§ 3 BesuUs - The values of H p for four t xperiments are given m the followmg 
table In the fourth experiment the source conbistcd of thorium B and C as 
well as radium B and C and only one slit was used The results obtamed for 
the a particles from thorium C and C' will be disciissi d later In thi other 
experiments the result for the slit in the normal position is give n first 

Table I 

Exponmrnt 1 2 J 4 Mian 

Tj f3 9963 3 9911 3 9928 3 9931 \« (u»i ifjj l m tt nmfji 

9942 3 9919 3 9932 - f ^ 

From the value for E/M, 4814 8. thi velocity is found to be 1 923 in'* cm 
pr second The probable i rror of the results for Tip and V is estimate d to be 
less than 1 in 1000 

The value Hp — 3 993 ^ 10’ is slightly higher than tiiat found by Ruther¬ 
ford and Robinson, 3 983 X lO"* , the diffm n<4 bi mg of the same order as thu 
accuracy, 1 in 400, aimed at in their work Hp was also measured by Marsilcn 
and Taylorf during their experiments on the ilecrease of velocity of a p irticles 
from radium C and found to be 4 00 X 10^ with a probable error of I in 200i 
a value in good agreement with the present detorinmatioii The value found 
for the velocity m the present work is almost identical with Rutherford and 
Robinson’s determination V = 1 922 x 10® cm per second which was deduced 
from then result for Hp and the value of E/M found exficrimentally from the 
magnetic and electric deflections 

§4 ExpertmeiUa mth Thonutn C and C —Om photograph was obtamed 
using as a source a wire activated with the active deposits of both radium and 
thonum This was prepared by depositing thonum B and C elcctrolytically 
* Lor ett 

t ‘ Roy boo Proc A, vol 88, p 443 (1913) 
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on the platinum wire and then exposing the wire for about 15 minutes to radium 
emanation A complete experiment involving double deflections and measure¬ 
ment of the magnetic fields uas earned out as before The three pairs of lines 
for the particles from radium 0, thorium C and C' were not as well defined as 
those obtained previously for radium C alone and at the end of the expenment 
the source was found to lie somewhat tarnished When photometered it was 
evident that some of the particles had had their velocities reduced in var 3 nng 
amounts in escaping from the source, but the least deflceteil edges of the lines 
were found to ho quite sharp The deflections have therefore been taken as 
the separation of the inner edges found from the photometer curves plus the 
mean width of the lines found in exjieriments with radium C alone This 
procedure seems to be justified since the value of Hp found m this way for the 
radium C hue, which showed just as much broadening and asymmetry as those 
for thorium C and C', is in excellent agreement with the results found when 
using radium C alone 

In Table II are the results obtamed for the velocities by comparing the values 
of p and taking V — 1 921 x 10* for radium C and including the correction 
for the relativity change of mass with velocity This correction reduces the 
ratio thonum C' to thorium 0 by less than 1 in 1000 The table also shows 
the velocity ratios and the values deduced from the relation V® = IR using 
Henderson’s* results () 953,4 778 and 8 610 cm for the ranges of the a particles 
from radium C, thorium C and thonum C' The greatest dificrenee Ix'taeen 
observed and calculated values is 0 0 ptr cent 


Table II 

yt/orily 

Caloulated truni the 

Observed rektion V* tR 

Thonum C I 705 % 10» cm per second 1 067 x 10* cm per second 

mioriurn C' 2 06J 2 005 


Thonum C'/Thonuni C 
Thorinm C'/Bedmm C 
Thorium C/Kadium C 


VeiocUy flatxM 

Observed CalouLited 

1 204 A 10* cm |ier second I 217 x 10* cm |)er second 
1 008 I 074 

0 880 0 882 


The value 0 886 found for the ratio of the velocities of the particles from 
thonum C and radium C may be compared with that deduced from the velocity 
curve for a particles from radium C previously found by the writer f From this 
curve the velocity, m terms of that of radium C, conesponding to an a particle 
* ‘ Phil Magvol 42, p 549 (1921) 
f Loe at 
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of range 4 778 cm is 0 885 ± 0 001 A Wood* found by a method essentially 
similar to that described here velocities of 2 OCO X 10® und 1 714 X 10* cm 
per second for thonum C' and thorium C The latter value is certainly too high 
since, as was shown by Wood, by applying Geiger’s relation it indicates a range 
of 4 95 cm , whereas Henderson and Geiger have since found values less than 
4 8 cm , such a difference cannot be accountwl for by departures from the 
Geiger relation For the ratio of the velocities of particles from thorium C 
and C', Roscnblum has recently found 1 209 f 

§ 5 The VelocUtes of a Partidea from other Ratto-active Subetances —Except 
in the few casi's where direct measurements have been made the velocities of 
a particles from the various radio-active substances have been deduced from the 
Geiger relation The writer has recently investigated the relation betiieen 
velocity and distance traversed for a particles from radium C In addition to 
the marked deviation from the Geiger relation at low velocities, which has been 
noted by other observers, there were departures from the law at higher velocities 
which, for example, amounted to 1 m 160 for on a particle of range 3 cm 
The problem of deduiing the velocity of an a particle of knoau range from this 
experimental curve is complicated by the phenomenon of straggling since the 
velocity and the distance traversed defining any iKunt on this curve ore mean 
values whereas the ranges as usually measured are somenhat greater than the 
mean range because of straggling It is therefore necessary to estimate this 
difference 

In the writer’s experiments with radium (‘ the difference was found to be 
0 0 mm Theory and exiioriment indicate that this difference expressed as a 
fraction of the range will be approximately constant for a particles of all ranges 
Taking Geiger’sj; determination of the ranges, the mean ranges have thus been 
deduced and the velocities of the various a particles have been found from the 
velocity curve for radium C These velocities are given m Table 111 together 
with the corresponding energies expressed m electron volts These values for 
the energies have been calculated from the relativity formula taking as before 
9649 4 E M U for the value of the farada> For comparison with the velocities 
deduced from the velocity curve the values found by the Geiger relation 
V“ = ifcR, R being the measured range, are included in table For uramum 
land II the recent measurements by Laurence§ using the Wilson cloud method 

• ‘ Phil Mag ,’ vol 30 p 702 (1915) 
t Roeenblum. ‘ C R ,’ vol 180, p 1333 (1025) 
t ‘Z f Physik,’ vol 8, p 46 (1921) 

I‘Trans Nova Sootia Ins Solvol 17, pt I p 103(1927) 

2 o 2 
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have been included The value given for thonum C' is that found in the 
present expenments 

For a-rays from polonium I Curie* found by the magnetic deflection method 
a velocity of 1 593 x 10“ cm per second, neglecting the relativity correction 
for the increase of mass of the a particle If tlus correction is applied this 
result becomes 1 591 x 10“ cm per second nhich is identical with the value 
found by the method de<« ribed here 

Table 111 


Subetaiine 

Utuige 111 
ctntimclreii 
at 15“ C 

\ ( hioity in ce 

l*\tR j 

iitimitreii per 
lids 

hroui leloutu 
curce for 
radium C 

1 387 X 10* 

1 392 

1 410 

1 492 

1 480 

1 512 

1 610 

1 696 

1 923 
) 591 

Energy m 

eloctron volt* 

3 994 X 10» 

4 023 

4 420 

4 629 

4 648 

4 747 

6 446 

5 976 

7 688 

6 268 

rranium 1 

Vraniura 11 

Ionium 

Radium 

Radium I m 

Radium A 

Radium C 

Radium t 

2 07* 

2 70t 

3 07* 
i 28t 

3 104 
i 389 

4 122 

4 722 
(1 971 

3 925 

1 307 X ]0» 

1 402 

1 m \ 

1 4<M1 j 

1 48.3 1 

I 612 

1 014 

1 680 

1 923 

1 588 

Protactinium 

1 m 

1 153 

1 V4 

5 016 

Radiuaetinium 

4 (»7t. 1 

1 684 

1 680 

6 927 

Actinium \ 

4 3«9 1 

1 646 

1 tell 

5 663 

Actinium Kni 

"i 78il 

1 808 

1 812 

6 824 

Artimum A 

« 584 

1 887 

1 888 

7 410 

AiUmum (’ 

1511 

I 778 

1 784 

6 014 

Thorium 

2 90 

1 436 

1 438 

4 234 

Radio thonum 

4 019 

1 601 

1 (103 

6 361 

Thonum X 

4 354 

1 644 ' 

1 649 

6 040 

Thonum Em 

6 OAJ 

1 729 

1 734 

6 248 

Thonum 

5 08.3 

1 797 

1 801 

0 741 

Thonum C 

4 787 

1 697 

1 702 

6 019 

Thonum C' 

8 «17 

2 064 

2 013t 

8 767t 


* Geiger t Gbeerved J Laurence 


§<) Summary 

The value of Hp = MV/E for nn a particle from radium C has been redeter¬ 
mined and found to be 3 991 a 10“ E M U From the value of E/M for an 
a partide deduced from electro-chemical data and the above result the imtial 
velocity of« particles from radium C is found to be 1 923 x 10“ cm per second 


‘ Ann Ph 3 siqup,’ vol 3, p 200 (1026) 
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The probable error is estimated to be less than 1 m 1000 The \ allies found 
by Rutherford and Robinson viere Up — S 981 x 10* and V ^ 1 922 X 10“ 
The imtial velocities of a ])irtiele8 from thorium 0 ind C' Inve been found to 
be 1 705 X 10“ and 2 051 X 10“ cm per seiond These results have been 
compared with those deduced from the relation V“ =- IR 
A table is also included giving the velocities for all the known substances 
emitting a particles The se results have been deduced from the writer s v elocity 

curve for a particles from radium C and Geiger’s me isiireinents of the ranges 
The above experiments were earned out at tin Cavendish Laboritory, 
Cambndge, and I should like to thank Prof Sir Rrnest Riithirford for his 
continued interest in the work I wish also to thank Mr H J .1 Braddnk, 
B A , for his help, particularly m the exploration of the magnetic field , m\ 
wife for assistance during the course of the expenmenfs and Mr G R Crowe 
for the preparation of the radio acti\e sources 


ComnvUotive Ordinary Differential Opeiatots 
ByJ L Burcunall and T W Chaundy 

(Communicated l)v A L l>i\on, F R S—Rccci\ed Deeembi i 22 l‘)26 —UcMsed 
Fchniarv 1, 1928) 

The paper is convenientlv divided into two sections The first contains the 
general argument and the mam propositions unencumbered bj proof in the 
first paragraph of this section is collected material already jiublished, the 
succeeding paragraphs of the section are devoted to new results The second 
section of the pajicr includes proofs of these results together with certain 
oorollanes not essential to the mam argument 

Part 1 
I —Pieamblc 

We make certain notational conventions There is a single mdejiendent 
vanable x, the arbitrary dependent variable of a differential equation or 
operation is wmtten y With these exceptions Greek letters denote functions 
of X and English “ lower-case ” letters denote constants 

The distinctions extend to symlmls of functional form, which will represent 
polynomials, unless the contrary is stated Thus 
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in which the coefficients a, arc all constants, but 

m which any coefficient a, may involve x 
Differentiations in x and in any other argument will lie distinguished respec¬ 
tively by a prime and a suffiv Thus 

(t) = a^'t* + -f + or,', 

but 

(0 = WKyi"'' (m — 1) + + ««-l 

English capitals will denote differential operators, and, m particular, D is the 
fundamental differential operator djdx The adjoint of an operator R is denoted 
by R' We consider only direct, finite operators, t c, operators expressible 
as <j> (D), where the conventions regarding functional symbols are still to apply 
when their arguments are differential operators 
Now a pair of operators ^(D), i{i(D) is not in general commutative, but a 
pair f (D), g (D), with constant coefficients, is commutative and more generally 
a pair /(R), g (R), where R is itself any operator (f> (D) But the class of com¬ 
mutative pairs, 18 not restricted to the class of pairs / (R), q (R) This is show n 
by such an example as 

R = J-" 8 (8 - «) (8 - 2«) (8 - mn + n) 

Q = x-" 8 (8 - m) (8 — 2m) (8 - mn + m) 

where 8 = «D The pan: is commutative but not reducible to the form 

/ (R), g (R), if ♦», n are mterpnme 

We here consider the problem of detemumng the general pair of operators 
P, Q such that 

PQ = QP 

We made an earlier attempt at this problem in a paper* presented to the London 
Mathematical Society in 1922 Our methods were then inadequate to resolve 
the general problem, but we were able to estabhsh certain fundamental 
properties of commutative operators These we reproduce in outlme, as 
foUowB — 

Two commutative differential operators P, Q of respective orders m, n satisfy 
an algebraic identity, with constant coefficients, 

/(P.Q)=« 

of partial orders », m in P, Q respectively 

• ‘ Proc London Math Socvol 21, p 420 (1923) 



(3) 
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Wo consider only the ciiso in which m, n are interpnme Our theory is not 
yet complete for the case m which m, n have a common factor, if one of m, n 
IS a factor of the other, the commutative pair is “ reducible,” t e, expressible 
in terms of a commutative pair of diminished onlcr 

By change of independent variable x and, if ni'cess.iry, division by a con¬ 
stant, the operators can be redue^d to the forms 

P = J)-' b -b (XjD-s b b 11. 

Q — R" b VjD" * -b VjD* ■ -b "b '*» 

The terms of highest order in/ (P, Q) are now ?“ — Q"‘ (3) 

The identity/ (P, Q) = U is a suflic icnt condition for the eximmntative identity 
PQ _ QP = 0 (4) 

If p, q are constants such that / (p, q) -- 0, the equations (V —p)y = 0, 
(Q — j) y — 0 have a common solution tj^ f^{p, q, x), in general 
transcendental in its arguments (5) 

It 18 convenient to speak of q (p, q, x) as the “ common root ” of the operators 
P - p, Q - ^ 

If in/ (p, jf) — 0 we hx p, we obtain w torresponding values g, (r = 1, 2 in) 
of g If Tj, IS the common root of P — p, Q — g„ we call the set T),(f = 1,2, in) 
a “ normal ” set of roots of P — p W< similarly define a normal set of roots 
of Q-g 

A normal set of roots is a linearly independent set (fi) 

Since Y) 18 a common root of P — p, Q — g, we can write 
P-p = S B, Q-gET B, 
where B is the operator D — q'/l The identities 

P,-pEBS, Q,-g = RT 

define a new pair P„ Q,, which are said to be obtained from P, Q by “ trans¬ 
ference ” 

The operators Pj Qj obtained by transference are commutative and satisfy 
the same identity as P, Q (7) 

Repeated transference applied to a commutative pair thus generates a 
(contmuous) group of commutative pairs all satisfying the same identity 

Finally we proved that if P, Q are commutative, then their adjoints P', Q' 
are likewise commutative and satisfy the same identity as P, Q (8) 
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8o much of the theory we were able to establish in the first three sections of 
our earlier paper {loc at) We now take up the discussion from that pomt 


II —Integral Clines 

In virtue of (2), (3) we evidentl} render our problem more precise m seeking, 
not the general commutatne pair but the general pair satisfying a prestnlied 
identity 

/(P Q) EP'-Q” 1 -0 (9) 

The problem has evident analogies with that of uniformising the curve 
f {p, g) = 0 m the plane of oo-ordinates {p, q) and wc ate not surprised to find 
that, m general, Abelian transcendents are involved in the solution 
Wo arc, m fact, uniformising by a somewhat unusual parameter D which is 
such that, even when the curve is not unicurHal, the forms p, q are pol 3 Tiomial 
m D, although transcendental m the coeffii icnts Tliere thus persists for the 
general curve a certain mimicry of the formulie for a purely rational curve 
We have imposed a restriction on the form of/(P, Q) and we must impose a 
similar restriction on the form of/(p, q) For this purpose it is convement to 
give a special meaning to “ weight,” by defining p, g as of weights m, n and so 
p“ g* as of weight am + hn The terms of greatest weight in a polynomial we 
call the “ leading terms ” and their coefficients thi “ leading coefficients ” 
We define the weight of a polynomial ^ (p, g) as the weight of its leading term 
The class of curve8/{p, g) =s 0 which we shall consider will be those m which 
the leading terms m/(p, g) are required to lie exactl) p" — g"‘ of weight mn 
The unicursal curves of the class are the rational, integral curves 

p=g{f) q=^h{t), 

where g{),h{) art polynomial forms, the corresponding operators b( ing, of 
i ourse, the reducible pair g (D) h (D) In the general case with the same para¬ 
metric equations, the functions g(), h{) though no longer rational, arc still 
integral We therefore call such curves “ integral ” curves 
An integral curve of intcrprime orders m, n 

0 =?"-?■" + 

lias, for sufficiently large values of tn, n, a complex singular point at infini ty 
on one or other axis of co-ordinates (according as m S n) Taking thm mngnlnr 
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point aa of the essence of the definition, we define the 7 -uiiraber* of the curve as 
the mazimiun number of other double points A\e find that 
The jr-number of an mtegial curve of interjmnu oidi i> m, v, is 

g = l{m-l){n~l) (10) 

Smee the weight of a term p'g* is am | bn, we arc fid to consider the elemen¬ 
tary theory of “ lattice-numbers ” am -| bn, wh< re a b are {lositive integers or 
zero We prove that 

Every number m the rlosed intenal {(i» — l)(i/ — 1) mn — 1} c in lie 
expressed as a lattice number in one and onl) one w}i\ just half th< 
numbers m the dosed interval { 1 , (m — 1 ) {it — 1 )} are lattice nnml)er<( 
The number 2g — 1 (= mn — m — w) is non-lattue , the number 2q - 2 
(= mn — »i — n — 1) 18 lattie^e (11) 

The genumber ^ (m — 1 ) (« — 1 ) thus r* appears as the number of noti-1 ittice 
numbers to bases (m, n) 

We next consider the intersections of a curve <^(/;, q) 0 of weight v with 
the fundamental curve f(p,q)~0 and we show that 
A curve ^(p, q) =0 of weight w tuts the fundamental curve m i\aetl\ ir 
fimte points, provided that <f> {p, q) has only one leading ti rm t ( 1 ‘-) 
It IS understood, of course, that, m accordance with the conveution vlrcadv 
made, the coefficients of ^ may involve the parameter jr, but not the pirameti'rs 
P.? 

If the fundamental curve is unicursal, weight represents degree in thi uni- 
cursal parameter and the truth of ( 12 ) is obvious 
By combmmg the results of ( 11 ) and (12) we see that 
If 2g ^ w < mn, then 0 {p, g) = 0 of weight w cuts the fundami ntnl cium 
in just to fimte points (Id) 

If 2gf ^ w < mn reference to (U) shows that there are (w H 1 — y) numbers 
m the dosed interval ( 0 , w) which aro lattice and umquel} so f'inte the w eight 

* If there are no other double points, the g number and the gciiua of the cur\i are the 
same But in the presence of finite double points, the g number romiins, while the cenus 
18 diminished It therefore seems desirable to retain distinct titli-s for them two ehaiai ter 
istio numbers 

•f That this condition is necessary is seen by coiiaideniig an example 
9) = i'(P^ ?) + X(P’ 9)> 

where x(P> ?) 1* d weight less than le The intersections of 0 = 0 with / — U are now the 
intersections of y — 0 with / — 0 which do not amount to ii Here 0(jj, g) has nt least 
two leading terms arising from the terms p" - q" in/(p, g) 
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of every term in ^ (p, 3 ) ih a lattice number, the possible number of terms therein 
IS w + 1 - g and thus 

If It) <^ «) < nni, a single curve of weight w can be drawn to pass through 
w — g arbitrary finite points of / (p, }) = 0 and it will cut the funda¬ 
mental curve again in g other finite points (14) 

After theac arithmetical prolegomena wc proceed to consider what con¬ 
ditions f he vanishing of the identity/(P, Q) — 0 imposes on P, Q, showing sub¬ 
sequently that the P Q so determined do actually satisfy the identity 

. TIf A'eo swwy Condttionii for a CommnitUtw Pair 

Suppose P, Q to be a pair of operators satisfying the identity / (P, Q) = 0 
and take an arbitrary point (p, q) on the curve f (p, q) = 0 
Then / (P, q)=f (P, q)—f (P, Q). and so is algebraically tbvisible by Q — g 
The quotient itself may be expanded m powers of D and divided by P — p 
Wc may expreas th« ro-sult of these operations analytically as 

/(P. g) = T (P - p) (Q - g) -h -1 + I- (Q - q) (15) 

Dealing similarly with the adjoint operators P', Q', which we have said 
satisfy the same identity, we have in conformity with (16) 

/(F. g) - U (F - p) (Q' - g) f- (^D"-’ -t- -f- -( ^„_,) (Q' - g) 

(16) 

Wc prove that 

II ■») (P> 3 ) If* 4hc common root of P — p, Q — g and ^ (p, g) the common root 
of P' — p, Q' — g, then ^ (p, g) = iji (p, g), if the arbitrary constant 
multipliers of 5, >3 be suitably chosen, (17) 

and that 

1 ); (p, g) = 0 cuts the fundamental curve m 2 g pomts of which, in general, 
one-half he on i{i] (p, g) = 0 and the other half on ^ (p, g) = 0 (18) 

We call the g points common to ip and i]/i 

(«.. W. (» = 1, 2 , , g), 

and the g points common to and 

(Y.. 8 .). (« = 1 , 2 . .g), 

and we define g functions of j; 

w(*„ W, (« = 1 , 2 , 


.9), 
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by the linear equations 

S to (a„ p,) = 0, if am -j- hn < 2</ - - 21 

S (0 (a„ (4.) = — 1, if am ] 6tt - Ig — 2 \ 

where a, b are positive integers or xcro 
The number of these equations is the number of lattice numbers m the closed 
interval (0, 2g — 2), which is also the number m the closed interval (1, 2t/), 
Himo 2g, 0 are lattice, while 2ji/ — 1 is non-latticc By (11) the equations are 
thus g in number and define the g functions to (a„ p.) precisely 
We then show that with to (a„ p.) so definetl. 

The common root tj (p, g) is given by the formula 

TJ (p_a.)(g_p.) ’ 

where p is independent of p, q but may involve z (20) 

From (20) we deduce precise exprcasions for w («,, [4,) in the form 

(0 (a,, %) = ^ (21) 

9(«,. W 

These expressions for (o(a„ p,) show that the equations (19) define «„ p, 
as Abelian functions associated with the fundamental eurve /{p, j) == 0 
Wo wnte equations (19) more concisely as 

S a“P‘w («, p) 0, - 1 (22) 

The charactenstu Abelian equations for the adjoint ojierators are 

Sy’S^coIy, 8)--0,+ 1 (23) 


■ -Y. - . 


Equations (23) are immediately deduciblofrom (19) for the fundamental 
Abelian Theorem applied to the 2g intersections of / = 0, i|; = 0 gives 
S *«p‘co (a, p) + 2 Y* (y. a) = 0 
The common root for the adjomt operator is given by the formula 


% ® .1 (j>-T.)(7-^.) ’ 

where a is independent of p, q but may involve a- 
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Equations (20), (26) define 5, /]. save for factors exp dxj, exp (H4 

as Abelian functions of the second kind associateil witli the fundamental curve 

flp,q) = o 

Equations (19), (20), (21) do no more than exhibit, somewliat indirectly, 
conditions which operators P, Q must obey, if they are to be connected by the 
identity/(P, Q) = 0 We have still to show that there are such operators, and, 
if there are such, how they arc to be determined from equations (19) (20) 
(21) 


IV —SuJfiutnctj of the Comhtions 

Suppose now that we are given an Integral curve f(p, q) - 0, and that on it 
we can find a variable set of </ points (a«, p,) whose co-ordinates depend on a 
parameter x and satisfy the <f Abelian equations, written w ith the notation of 
( 22 ) in the form 

la<’(l‘oi(a, (J) = 0,-1 (26) 

where 


<» («.. P.) = 


—g/ 
/,(*., W 


/p(«.. w 


(27) 


By (14), through the g arbitrary points («„ p,) on/ (p, y) = 0 we can draw a 
curve vp (p, g) = 0 of weight tg which will cut the fundamental curi e in g other 
points This defines the function i]; (p, q) save as to a possible factor mvolving 
X but not p, q We make <}; (p, q) precise by imposing a leading coefficient 1 

We then show that 

If 6 r (p, q) is a polynomial of wi ight 2^ -1- r and leading coefficient (—1)'’ and 
if the curve 0 , (p, q) — 0 passes tliiough the g iKiints (a„ p,), then 
the relation 

= vap.,) 

defines a polynomial 6 ,+i (p, q) of weight + r -f 1 and leading 
coefficient (— 1 )'^^ such that the curie 0 , 4.1 (p, g) = 0 passes through 
the g pomts (a,, p,) (28) 

We write % (p, g) = 1 }/ (p, g) and use the recurrence-formula to define the 
functions 


6i(p,3), e* (?,?), 


0« (p. q) 
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We then show that 

We can find m + h ftmctions of x only, i»z , [Xj, , 
such that 


and so 


then 

Hence 

and 


(29) 


+ \^n~f{p,q)==q^{p,q) 

Now define /] (p, q) by the relation 

_ S /(P’ P«) 

ri .-i(p-«,)(9-W 
The recurreni c-formula of (2R) becomes 

0,+x = (D-/}'//,) 0„ 

It follows at once from (29) that, if 

F = (-D)"'+^i,(-I))"-M 

Q' = (-D)"+v,(-D)-*+ +v. J 

(F-y),,-i^ = (Q'_y),j-i^ = 0 
(FQ' - Q'F)v}-»t> (pq - qp)T, = 0, 

/(F, Q')=/(i>, ?)il‘^4' = 0 

Since P', Q' are independent of p, q, variation of p, q gives arbitrarily man) 
roots both of the alternant 

FQ' - Q'F 

and of the operator 

f(P', Q') 


(30) 


(31) 


(32) 


Such roots being linearly distinct,* the alternant and the operator/(?', Q') 
both vanish identically The operators P', Q' are thus commutative and 
satisfy the presenbed identity The same is therefore true of their adjomts 

P,Q 

Evidently P, Q might have been constructed iad<*pendcntly on the basis of 

SY,*S/w(Y.,a,)-0, +1, 

the relations satisfied by the other intersections (y,, 8,) of iji {p, q) with the funda¬ 
mental curve 


*Cf lor ea.p 422 
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By either course wc have proved that 

The Abehan equations (26), (27) are suSicient for the dohaition of a pair of 
operators P, Q, commutative and satisfying the prescribed identity 
/(P,Q) = 0 (33) 


V —Degrees of Freedom tn Dctermtmtton P, Q 

There are two standard transformations of a linear diilercntial equation, 
namely, change of independent variable and multiplication of the dependent 
variable by a f unc tion of the independent variable The commutative property 
and the for/n of the identity survive the latter transformation, since, if P, Q 
are commutative, so are t“‘Pt, where t is any function of /, and they 

satisfy the samt identity The presence of the arbitrary factor exp ^ 
in the formula (20) for (p, q) is thus explained 
If a change of independent variable (x) be effectetl, the transformed 
operators are still commutative, but their leading coefficients ore no longer unity, 
being in fact 

{o(0}-*, {a(0}-". 

where 

o(o = {!:'{x))-* 

At the same time tlii' fundamental Abelian iquations become 

S </a /f (a, P) = 0, (a«i — < 2? — 2) 

X a'*p ‘(hifi (a, p) = — c(Q dC (am + 6n + 2^ = 2) 

If then thf leading coeftticnts are not prescribed, the commutative pair are 
sufficiently defined by the first g — 1 Abehan equations only The last Abehan 
equation merely defines the particular mdependent variable, transformation 
to which ensures a leading coefficient umty 
Thus in constructing operators P, Q to satisfy the identity / (P, Q) = 0 we 
liave two arbitrary functions of x at our disposal They add httle, however, to 
the interest of the problem and we can absorb them by prescribing that P, 
say, be brought to a standard form 

D"+p,D"-*+ +|i« 

with leading coefficient umty and second term missing 
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There still remam, however, g disposable constauts introduced by the inte¬ 
gration of the g bnear differential equations (26) * Thus 
The commutative pairs of jirescribcd form satisfying a prescribed identity 
/(P, Q) = 0 constitute a group [P, Q] involving g arbitrary constants 

(34) 

We anticipate the subject-matter of the next jiaragraph to say that trans¬ 
ference by factors with constant leading coeffii lents does not alter the prescribed 
form, nor, of course, the identity The group is therefore closed for such 
transference and we prove that 

Conversely all pairs of the group |P, Q1 may be obtained by transference 
from any one of them (35) 

If P 18 of the prescribed form, its adjoint P' is of the form 

( — D)“ 4- gg ( - D)’“-* 4* 4- {i,„, 

which 18 rcstorefl to the prescribed form b) changing the sign of x Thus the 
group LP', Q'] 18 obtamed from the group fP, Q] by change of sign of thi inde¬ 
pendent vanable We go fmrther and show that 

The constants of integration can be chosen to define a jiair P, Q transforming 
exactly into their adjoints by change of sign of x ('i6) 

VI — Transference 

We conclude with an account of the general theory of trunsferiiicc 
If (pi, qi) IS a point of the fundamental curve, then P — p„ Q — h i\ e ii 
common root /]!=■>] (pj, ?i) and so a common eud-faitor, 

Tj = D —• V/'ii 
We tan therefore write, as in (7), 

P-PiSRT,, Q-q,EST„ 

and obtam, by transference of T^, a new commutative pair l^, Qj defined by 
P,-p, = T,R, Q,-?i = T,S, 

and satisfying the prescribed identity We shall say that the transference has 
been effected “ with respect to the point (p^, q,) ” of the fundamental curve 
The equations of this transference can be wTittcn more concisi ly as 

TiP = P,T„ TiQ = Q (37) 

* The last equation of the net still contributes its own arbitrary constant, since the 
standard form prescribed above defines not the new ( but its denvativo ( 
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We effect a transference on Pj, themselves with respeet to a second pomt 
(pz, jj) of the fundamental curve by the equations 

T,Q, = Q„T, (38) 

Combining these with (37) we pass directly from P, Q to P,2, Q,j by the equa¬ 
tions 

T,T,P = P,,T,T,. T JiQ =. Q„T,T, (39) 

Proceeding in this wav we tan contemplate the posaibihty of a transference 
“ of order r” by aid of T, an operator of the rth order, in the equations* 

TP = P/r. TQ - Q,T (40) 

The properties of such a transference are given in the following theorems 
A transference of order r can be split up mto r successive linear transferences 
with regard to points (p,, y,), (pj, jj), , (p„ q,) of the fundami ntal 
curve (41) 

The resultant of siuiessive linear transferences with respect to pomts 
(Pi> ?i)> > (Pri ?r) <>f the fundamental (utvo is mdependent of the order 

m which the pomts are taken and may be obtained by a single transference 
of order i m which the transference-operator is just that operator of 
order r which annihilates 

'i (Pl. ?i). . (Pn (42) 

Transference with respt'ct to the complete set of intersections of the funda¬ 
mental curve with any curve h {p, g) = 0 restores the onginal operators 
and the transference operator is h (P, Q) (43) 

VII — Ttaniference and the Abdxan Theory 
The relation of transference to the Abelian theory is intimate The operators 
Pj, obtamed by transference with respect to the pomt (pj, belong to the 
group [P, Q], their q base-points satisfying the same Abchan equations as the 
base-pomts (a„ p,) of P, Q 

From the Abchan standpoint we view transference as a shift of base-points 
The maimer of this shift we prove to be as follows — 

If a transference be effected with respect to r pomts (p^, g^), , (p„ g,), 

the transformed base-pomts (y„, 8„) arc co-residual with (p^, gj), , 
(p„ g,) and the original base-pomts (y,, 8,) (44) 

* The leading ooefiloient of T should bo unil^ m order that P, may retain the prescribed 
form The more general case of any loading coefGoient merely involves the use of an 
additional transference of “ zero order ” 

P, = rPr *. Q, = tQt~‘ 
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Thus, viewed analytically, transference corresponds to addition of Abelian 
arguments Hence also, if transference be effected witb respect to a complete 
set of mtersectiong of the fundamental curve with some curve h (p, q) — 0, the 
transformed base-points are co-residual witb the original base-pomts, » e, are 
coincident with them and so the original operators are restored Thus the first 
part of (43) appears as a corollary of (44) 

If transference be effected with respect to a double pomt {p^, ot the funda¬ 
mental curve, this pomt, counting as two mtersections of the fundamental curve 
with any curve through the pomt, appears as one of the transformed base- 
pomts (ogn ^0,) At this pomt 

*0.' = 9 = pg,', /p («g., Po.) = 9 =/,Po.). 

and (d (oig,, pg.) 18 indeterminate Thus for operators obtained by transference 
with respect to a double pomt the Abelian theory no longer holds without modi¬ 
fications , other new features also appear We hope m a subsequent paper to 
discuss the special case m which the fundamental curve / (p, 9) = U defimngthe 
commutative operators has double pomts Withm the limits of the present 
paper we shall suppose that transference is always effected with respect to 
ordinary points of the curve 


Part 2 

Proofo of the TheoreiM »n Fart I, §$ Il-VIl 
We add proofs of the various theorems which we have assorted 
(10) The ^-number of an mtegral cune of intcrpriiue orders tn, n, is 
</ = *(»*-*!)(»-- 1) 

The (/-number is the number of double pomts ot the rational integral curve of 
orders m, n, 

p(t) = r + ar-^+ 

?(0 = <“ + 6 i «"''+- . + 

The parameters s, t of a double pomt are given by 
p(«)=ip(t), ?(«) = ?(<)• 

Removal of the irrelevant factor s — f gives the equations 

t-^ + (« + Oi) «"■*+••• + (•"■*+ +»-i)=9 

+ + +b. i)=9 
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The order m 8 of the (-ehnunant is its weight m the ooefl^oients, te, 
(m —1) (n — 1) Saoh doable point accounts for two values of t Hence 
the ^-number is 

g = \{m - 1) (n - 1) 

(11) Every number m the closed mterval {(m — 1) (n — 1), nm — 1} can 
be expressed as a lattice number m one and only one way, just half the 
numbers m the closed mterval {l, (m — 1) (a — 1)} are lattice numbers 
The number —1 (= mn —m —n) is non-lattioe, the number 

— 2(=mn — m — n — l)i8 lattice 

Let a, b denote positive integers and y any mtegers Then the equation 
tnx-{■ ny — tna — lib 

has the general solution 

X = a ± frf, y — — 6 T m<, 

where (is a positive mteger or eero The equation has therefore a solution m 
positive integers {x, y), if, and only if, the closed interval (a/n, 6/m) contains 
an integer or sero Tt is sufficient to suppose a < » Then ma — nba non- 
lattice if, and only if, 0 < 6 < m 

Every mteger is expressible in one of the forms ±ina izffb Hence the only 
non-lattme numbers ore \ma~vh\ where 0 <o <», 0 < 6 <m The 
number | ma - ri61 occurs agam as («(» — o) — n (m — 6) | There are thus 
just ^ (m — 1) (» — 1) non-lattioe numbers The greatest of them is 

lm(n — 1) — n|, te, mn — in — n — 2g — l They therefore all he m the 
closed mterval (1, (m — 1) (n — 1)} and exactly half fill it 
If j IS a non-lattice number ma — ti6, then mn — m—n—j is the lattice 
number m (n — 1 — o) -f n (6 — 1) Hence of every two numbers whose sum 
IS mn — m — one is lattice, the other non-lattice In parbenlar, sinoe 1 
18 non-latbce, the number 

mn — m — n — l=i2y — 2 

18 lattice 
The equation 

mx -f- ny = ma -j- n6 

has the general solution 

x=:o±»i<, y~bTna, 

and hence the umque solution (a, 6) m positive mtegers, if a < n, 6 < m. 
These two mequahties ore certainly secured by the mequahty ma -f- ftb < mn 

(12) A curve ^ (p, y) = 0 of weight w cuts the fundamental curve m exactly 
to fimte pomts, provided that ^ (p, q) has only one leadmg term 
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Thfli j^«lunioaat cif{p, (p, ;) » 0 u 

n ^(j)„g) 

where p^, > are the roota m p of p" — 3 * + =3 0 , and therefore 

n P, = (—)*"* j*“ + lower powers of q 
If p^ 9 * IS the single leading term of it contributes to the eliminant the term 
n p,“ 3 * =a ± gBin+h. powers of q 

= ± + lower powers 

The first term on the right is the leading term of the eliminant which is 
therefore of degree v>mq, and thus there are just to finite mtersections 

(17) If V) (p, 9 ) IS the common root of P — p, Q — g and ^ (p, q) the common 
root of P' — p, Q' — q, then 

^’n-<f>(p.q) = '^(p,q), 

if the arbitrary constant multipliers of v) be smtably chosen. 

It IB sufficient to prove that is the common root of P' — p, Q' — q, for 
we may then take $ = 

Now, if Y], Y),, , 1(]» be a normal set of roots of P — p, then Q — j annihilates 

7] but none of the others, but/(F, q) amuhOates them all Thus 

/(P.?)/(Q-?) 

annihilates aU but nj and 

(D-ri'M/(P,q)/(Q-q) 

annihilates all of the normal set, and so contains?— pas an end-factor. Hence 
from (16) 

(D-i37>j){4'D"-' + 'J'iI>""’+ = («) 

by consideration of dimensions Taking adjomts we have 

{(- D)-i ^ + (_ D)"-* (- D - /)7>J) = (P'-p) 

The operator on the left annihilates and so is a root of F — p. 

To prove it also a root of Q' — j we form m analogy with (16) the identify 
/(It Q) - V (P - p) (Q - ?) + (xD-‘+XiD-* + (P -p) 

intenhanguig the roles of F, Q By the foregoing argument y]~^ is a root of 
Q' — f Now 

/(P. Q) +/(P. 9) 0) +/(?» 9) -f{p. 9) -/(P. Q). 

2 r 2 
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aztd BO it containa (B — p) {Q — q) u ao. algebraic iactor Hence abo 
(+D-14- 4'iD-* + + ^-M-i) (P -1>) + (XD"-' +XxD-* 

+ +Xii-i)(Q~j) 

contains (F — ji) (Q — j) as a factor Tbe dimensions do not permit this and 
so the expression vanishes identically By comparmg the coefficients of 
D**+*-i yfQ gee that x — “ 'I' the theorem follows 


(18) 4' (Fi 9) = ^ fundamental curve m 2g points of which, m 

general, one-half he on (p, }) = 0 and the other half on ^ (p, 9) =: 0 
To determine the weight of (p, q) we suppose m (15) that weight in p, g^and 
order m D are additive Then the equation (16) is of greatest dimensions tnn, 
and therefore i{(, having a co-factor of dimensions m -f n — 1 is of weight 
(m — 1) (n — 1) = 2g and hence by (12) cuts the fundamental curve m 2g 
pomts 

With the usual notation for P we write (46) as 


By comparing coefficients of D""*, D""*" we have 

+ 4'i - WhH = 1*1+ I 

Similarly by considering the adjomt wo have 

= - |ii+ 


(46) 


By use of (17) we deduce from these equations 

+ (47) 

'Ki**'}' - - 'I'l' - (^9) 


The discussion presupposes that (p, g) is a pomt of the fundamental curve, 
otherwise y] (p, g) has no meaning Hence by (48) the mterseotions of i]i s 0 
with the fundamental curve he on = 0 or on ^ = 0 
By the symmetry existing between any adjomt pan it is dear that as many 
mterseotions will be on as on i]ii There is, however, the possibihty that a 
point (a, p) might he on both these curves By (47) such a pomt hes also on 
0 Unless, then, this occurs only for isolated values of the variable, we 
have/(ci, P) » 0 = (oc, ^) and so by difierentiation 

«7s(«.P) + P7.(«.P) = o 

f (oe, ^) -1- (a, ^) + P)» 0. 



OwimuiaiiwB Ordxrmry DtffererUtal Operators 573 


House, since also sp' (a, = 0, we must liave — 0 = t e, the is 
fixed or else the Jacobian of/, vanishes at every such (a, The case is thus 
dearly ezceptaonal, and, although we cannot yet discuss it completely to our 
satisfaction, we shall exclude it and so accept theorem (18) 


( 20 ) 


i = - 
1 


» /(p,8,)(.(«„8.) 

.-1 (p -«.)(?- P.) 


where p is independent of p, q but may involve x. 

From (16), (45) wo have 

(D-VM/iP. ?) = {(D - v/l) T-f ,J,} (P - p) (Q- q) 


(49) 


Choose (pg, qg) a new fixed pomt on the fundamental curve, giving the corre¬ 
sponding solution ijo = ^ (Po> 9o) Operating with (49) on tJq we get 

Now from (46), (47) 

h'/v ~ 


Hence ^'/ti is a polynomial m p, y which becomes — (a,, p.) for the sub¬ 

stitution p, y => «(, p. Now multiply (50) by (p, y) and make this substitution 
This 18 legitimate, since in (50) no differential operator acts on any function of 
p, y except the operator i[i (p, y) D which vanishes for the substitution. We 
therefore obtam 

“’I* 

If we cancel the non-vanishing factor (a,, p,), multiply by u («„ p,), drop 
the suffix 0 and sum for s, we have 

I (61) 

The nght-hand side can be expanded as the sum of terms of the form 
{f ^a>(«.. P.)«/P.*}d^tj 

By (19) every such term vanishes unless wio -f n6 S: 2y — 2 Now from (16) 
if wei^t m p, y and order m D are additive, then T (p, y, D) is of greatest 
dimensions »»» — m — n (=• 9y — 1) and so on the nght-hand side of (61) 
every term vanishes except D and the absolute term In the co-factor of D 
the only surviving term is that of grefitest weight S|y — 2 m Pi. 
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To obtain the temu of greatest dimensions m (15) nra repUoe /(P, q) by 
F" >- 9* and F, Q by D”, D* respeotavely Then the leading tenns of T (p, 9, D) 
form the quotient of D** — 5* by (D* — p) (D" — 9), t e, of 
D*—“• + jD‘—*" + + j*-! by D" -p. 

Since m, n are mterprune, no terms will cqncel m the long division and so the 
qootient is of idle form 

Zp*g*D' 

where every nnmenoal coefficient is uniiy 
Hence (61) reduces to the form 


{p-a,)(9-pi 

where p is some fnnotion of x only Thus (20) is established 
(SI) 

If in (20) wo multiply up by ^ (p, g) and take the limit p, g “►a„ we get 
on the left, as we have already seen, — {a„ p,) which, by (47), equals 

On the nght we get 

Since/(p, q), / (a„ ^,), («„ ^,) are all zero we may write the limit as 


The subject of the limiting process is now a polynomial m p, 9 and we pass at 
once to the hmit, 

/, («« P.). 

We thus have 

The other equations of (21) follow at once from 

«7s(«.P)+P7.(«.P) = o 
^»'(«.P)+«'4',(«,P)+P'^,(«,P) = o 
whwh we obtain by diSeraidaUng/(a, ^) »> 0, ij* (a, p) *> 0. 
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As a oorollazy to (20) we can prove that 

li* • '*1* “ *®* of normal roota of P — p, then 


n TT), — X n (p—«,) 

where t involves * but not p (62) 

In (20) wo iix p and sum for the m values of q given by the equation 


—0 Then, since 


V 1 _ /.(P.P.) 

« P.-? /(P. P.)’ 


Now 


A^PJ£L o ». KP . ) 

,c=i'tJ, ’ i-1 P —«, 


/,(p.p.)p.) 
p — «. 

IB a polynomial m p, x„ p, of greatest weight ^ — 1 Henoe m 


1 p«) - P»H p,) 

1 p — ’ 


no term involvmg p survives It is thus a function of x only So therefore is 


S 'JL 


2 

•-1 p —*. 


By (21) we can therefore write 

£ !t: = I' - i JiL., 

r^lTJr T ,=1 p — O, 

where x mvolves x only Our theorem follows by iut^;rstion with respect 
to X 

More generally it is possible to prove that 

If 7 ), IS the common root of P — Pr, Q — q, corresponding to [p„ g,), an 
intersection of a curve h (p, g) = 0 with the fundamental curve, then 

n7j, = xn^A(«.,p.) (63 

(28) If 0, (p, g) 18 a polynomial of weight 2g + r and leading coefficient (—I)' 
and if the curve 6r(p, g) = 0 passes through the g pomts (a„ ^,), then the 
relation 

defines a pofynomial 6 ^ 4 .i(p, g) of wei^^t 2 g + r +1 and leading coefficient 
(- 1 )'-^^ and the curve 0 r+i (p, j) = 0 paMes through the g points («* p,) 
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Since (a,, %) — 0 , we may wnte, as m tiie proof of (21), 


Thu IB a polynomial of aggregate weight 4(; -{- r — 1 in p, q, a,, (i. If we 
multiply by u (a„ ^.) and sum, then, m virtuo of equations (26), the terms of 
weight in a„ less than 2g — 2 disappear Thus only terms of weight iixp,q 
not exceeding 2(^ -f r + 1 survive Since the weight of 0/ (p, q) does not 
exceed 2 g j- r, it follows that 8 , 4.1 is of weight 2 g - 1 - r + 1 
If (—yp‘ q^ u the leading term m 6 , (p, q), the leading term m (54) is found 
in the expaiuion of 


Every numerical coefficient is (— 1)' and since 2^ + r -f-1 has a single lattice 
representation t'tn-fj'n, the term of weight 2 gf + r +1 occurs but once, 
appearing m the first or second group according as^ or < > 

This term appears in 6 ,, 1 (p, }) multiplied by S (*„ p,), where 

am -f in = 251 — 2 , and hence, in virtue of (26), the loading coefficient of 

er+i(p,«)«(-ir'‘ 

Lastly 

the linut being taken asp, q-* tx„ % But from (54) thulimit is 


and as m the proof of ( 21 ) 

Accordingly 0, n (p, g) == 0 passes through the g pomts («„ p,) 
(29) We can find m + n functions of x only pi, |i„ >(!«,>' 

such that 

(-)" e* (f. j) + S (-)*’" HrO»-r(l>, q) =» P^ (p, ql 


(-)* e. (P. q) + 2, (-)-^ V, 0,_, (p, q) = gi|» (p, ,) 
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It IB sufficient to prove the theorem for the functions y. only Now, since 
p<li (p, g) IS of weight 2ff + m and leading coefficient la -f 1, 

p^(p,g)-(- ro„ip,g) 

IB at most of weight 2jf + m — 1 Suppose that the coefficient of the term of 
this weight la (x^ then 

(P> i) - (-)" (P> ?) - (-)""* 0*-i (P. i) 

18 at most of weight 2g-{-m —2 

Proceeding in this way we can m aucccasion define the functions of x 


such that 


1 *1. 1*1. . 1*—1. 


P'l' (p. q) - (-)" 9 « (p. q) - 1*1 (-r"‘ 6--1 (p. ?) - + i**-i 01 (p. q) 

IB at most of weight 2g > 

Equated to Kero it represents a curve through the g pomts («„ amoe ^ 
and every 0 passes through them 

But by (U) a single curve of weight 2g can bo drawn through g arbitrary 
pomts on the fundamental curve, and hence the curve la essentially iji = 0 
Thus for some (x,^ we have 


(-)" Om(p. g) + s (-)"* ’’ i*r6«-r(p, g) + !*«+ (p. g) = p'l' (p. g) 


The proof of (36) depends on the theory of transference and is given later at 
p 581 

(36) The constants of integration [m the Abehan equations] can be chosen 
to define a pair P, Q transforming exactly mto their adjoints by change 
of sign of X 

Give X some numencal value and let the co-ordinates of the 2g pomts (a„ p,), 
(Yw 5,) thereupon assume the values (a„ 6,), (o„ d,) Then hy Abel’s theorem 

Sj’ P,) + S j* ^ Y.‘«/rfY.//,(Y.. 8.) 

- -I- S f" a.*p/d«.//, («„ p.) + 2 f y/ 8 / dy./f, (Y.. 8 .) 

• Jo. a » 

say, 

where w tm -fyn ^l^->2and)il«na sum of periods 
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The Abdian equations (28) may be wntten m int^pnited form as 

^ 9 Olt fit 

= + K + K + ^> ifw = 2j — 2, 

and 

Sf = + Jw<2ff--2, 

* 8 « 

= |M*, + V — *» — *1 if«>==2j — 2, 

where the g constanta A. are the constants of integration and are sbU at our 
dispoeaL 
If we write 

K^HK'~K), 

the equations in y> ^ differ from those m a, ^ only m the sign of z They there- 
fore define a commutative pair with the property asserted , the pair is nmque 
save for a sum of periods of the Abehan functions 

(41) Any tnmsferencc of order r can be spbt up into r successive linear 
transferences with regard to pomts (p, g^), (p,, jr,) 
fundamental curve 

Let the equations of transference be 

TP == P,T, TQ = Q,T 

Then, if ? is any root of T, so also is PC and hence, iCC« 
distmct set of roots of T, we get the r equations 

PC. = «uC-|-«il?l+ +«.rCr. {»=1,2. 

where Otf axe some constants. 

By the theory of “ normal forms ”• we can find some 

i: = oiC + «i^.+ +0^ 

which IS a root not only of T but of P — p for eome p 
More generally suppose that T and P — p have just < linearly distmct common 
roots Y]}, Tjg,, , 1 }^ By (56), if >] IB any of them, then Qy] 18 also a root of T, 
by the oommutative property of P, Q it is also a root of P — p Thus Qy] is 
a common root of P — pT, and so we have the iqrstem of s equations * 

(iDi“6«ivJi4-5it>li+ .Mw (*■=!, 2, ,s), 

where btf are some constants 


, (p„ g,) of the 

( 86 ) 

,^via hnearly 
r), 


*qfloo.ett. 
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ft Moond ftppMl to tile theory of nonnal lorma we find some 

which is a root of both T, Pp and also, for some q, oiQ~q Hence T 
aimihilates some -q (p, q) where (p, 9 ) u a pomt of the fundamental ourre 
Wnte Ti = D — so that we have 

P-p = BTi, Q-j = 8Ti, T = UTi 
If we wnte also 

Pi-p = T,R, Qi-j = TiS, 

w« have from ( 66 ) 

UPi = P,U, UQi = Q,U, 

where now U is an operator of order r — 1 , and Tj is the operator of a linear 
traDsferaioeinthepoint(p, 9 ) Dealing with U as we dealt with T, and so on, 
we at length break down T mto the resultant of r successive Imear transferences 
of the type of 

(42) The resultant of successive bnear transferences with respect to pomts 
(Pi> 9i)> * (Pr> 9t) of the fundamental curve is mdependent of the 

order m which the pomts are taken and may be obtamed by a single 
tiansferenoe of order r m which the transference-operator is just that 
operator of order r which annihilates 
>l(Pl.«l), 

Consider two pomts (pi, qi), (p,, f,) and suppose that transference is first 
effected with respect to the pomt (p|, q^ We may then wnte 
Til = (Jh. ft). Tj « D - TQj'/iiji 

TjP = PiTi, TiQ = QiTi 

For the second transference we need rji, the common root of P^ — p,, Q, — y, 
If T), *=»] (p„ ji), we have by ( 66 ) 

(Pi — Pi) Txifjj = Tj (P — Pi) 7), = 0, 

and similarly 

(Qi-2i)Ti7J, = 0 

Henoe 

>Jlf == Ti7], 

The second transference is effected by means of the hnear operator 
'i’i = ~’lii/ftt 

TiTJu^O, *«, T,Tirj| = 0 

TiTiYh = 0 , smoe TiKJi = 0 



Then 
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Thus T]i, Y], axe the roota of the operator which it thus ajhninetnod in 
(Pi. 9il (Pi. Ji) 

Now T,T^ u the quadratic operator which effects the complete iaransference 
m respect of the pair of pomts (p^, g^), (pj, g,) The order of the two points may 
therefore be interchanged m the composite transference, and so generally m a 
transference of any dimensions the points may bo rearranged, by successive 
interchanges of neighbouring pbmts, mto any desned order 

It follows that any specified point {p„ q,) may be brought to the beginning of 
the senes, and consequently T, the operator of the complete transference, 
exhibited with an end-factor D — y),7t(]. Hence T annihilates every 
(P..?.). (« = 1. 2,. .,r) 

(43) Transference with respect to the complete set of mtersections of the 
fundamental curve with any curve h (p, g) = 0 restores the onginal opera¬ 
tors and the transference-operator is h (P, Q) 

For A (P, Q) 18 certainly a possible transference-operator, smce 
A(P,Q)P = PA(P,Q), A(P,Q)Q = QA(P,Q) 

It has therefore a complete set of roots of the form i) = t) (p,, g,), where 
(Pn g,) 18 a point of the fundamental curve 

Since A (P, Q) y], B A (p„ qr)tj„ it follows that Y]r u a root of A (P, Q), if, and 
only if, (p„ g,) is an intersection of A (p, g) ==: 0 with the fundamental curve 
Hence the roots of A (P, Q) must correspond exactly to the complete mtersection 
of A (p, g) = 0 and /(p, g) = 0 Since such a set of yj’b is Imeaxly distmct,* 
A (P, Q) IS the operator effecting transference m this complete set of mtersections 
As we have seen, such a transference restores the original operators 

We have incidentally proved that the order of the operator A (P, Q) is the 
number of intersectionB of A (p, g) = 0 and the fundamental curve 

(44) If a transference be effected with respect to r pomts (pi, g^), , (p„ g,), 

the transformed base-points (y^ are co-residual with (pi, g^),. , (p„ g^) 

and the ongmal base-pomts (y., 8«). 

Conader first a transference with respect to the smgle point (p^, gi). If 
Y]t = Y] (Pj, gj), the equations of transference may be written 

(D - VAji) (P, Q) »(Pi. Qi) (O-nx'hi) m 

and the adjoint equations as 

(F. Of) (D+7,//,h) - (D + V/ni) (P'. O'). (M) 


*Li>c.ca.,p.m. 
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Write ijo) for the common root of P, — p, Qj — gr and 5n) for the common 
root of Pj'— p, Qi — q. Then frmn (67) 

and from (68) 

(D + %7»li)5a) = 5. 

where yj is the common root of P — jj, Q — g and ^ that of P' — y, Q' — q. 


5i’li5>l(n = - WS'*). (89) 

= 5i>Ji5(i/>Ia» + 5i’Ji'5(i)’](i) (60) 

Now by (31) is a polynomial 6i(p, q) of weight 2jr -j- 1 end passing through 
the g base-pomts (a„ ^,) Similarly is a polynomial of like wei^t passmg 
through the ad]omt base-pomts (y,, 8.) Moreover is which is of weight 
2j and passes through («„ p,), (y,, *,) 

Thus from (59) we see that is a polynomial of weight 2g -f 1 passing 

through the g pomts (y„ 8,) Similarly (60) shows that passes through 

the g transformed base-pomts (ax,, Px^) 

We have now accounted for all but one of the mtersections of ^xY^x^'iJo)) 
with the fundamental curve But evidently from (69) the remaming mter- 
seotion is (pxt q\) rtself Hence 

(Pi. ?i). («i« Pi.). (Y« U (* = 1,.. , 

are residual But 

(«i«Pi.), (Yi.«i.). (« = 1. ,9) 

are also residual 

^us (yxn dx<) co-residual with (px, 9i), (y^ 6 ,) 

If a new transference is effected with regard to another (pxi 9i)i then the new 
base-pomts (yj*,, 8xi,) are co-residual with (yx„ Sj,) (p„ g,) and so with (y„ 8,) 
(ft. ?i)» (7 *i» 9t) for further transferences The theorem is thus proved 

We conclude with the postponed proof of (36) 

(36) All pairs of the group [F, Q] may be obtamed by transference from 
any one of them 

Bet (P, Q), (Pj, Q,) be two commutative pairs of the group and let (y„ 8 ,), 
(Yo» * 0 .) for s = 1, , g, be their respective base-pomts By (28) the g + 1 

curves ^(p, g) — 0, 6|(p, g) = 0, , 8,(p, g) = 0 all pass through theg pomts 

(«w P.) We can therefore assign g + 1 functions of x 
P. Pi» • •> P» 


Budf that the curve 


P'Kp. g) +Sf),0,(p, g) = 0 


(61) 



m 
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paiM «lao tbrougli the g pomts (Yt.i ^g.) Its weight u that of tha polynomial 
(Pi 9 ) whidi IB 3g, It therefore outa the fundamental entre m § other points 
in addition to (a,, p,), (yow *ot) Call these g pomts t,), for s = 1, ,g 
By Abel’s theorem applied to the mtcrseotions of (61) with the fondamentai 
curve we then have 


0 - S Yo.‘ »».* « (YO.. *0.) + ^ («.. P.) + S (T.‘T*<0 (o., v.) 

But by the fundamental theory 


£ Yoi'* *<>■* “ (Y*. *o«) = 0, + 1, 

Ea,*P.* a)(*„ P.) = 0 , — 1 

Hence 

E 0 “ t* CO (<T„ T,) — 0 

These equations are g in number and linear m the y expressions co {a„ r,) 
Hence, unless the determinant of the equations vanishes, every <0 ( 9 ,, r.) must 
vanish, that is to say every da„ dx^ =: 0 
These g mtersections of (61) with the fundamental curve are thus fixed pomts, 
they are evidently the pomts (p„ q,) with regard to which the transformation 
we seek is effected 

We can exhibit the transference-operator itself without difficulty For 
substituting in (61) from (31) we have 


where 

Hence the operator 


5 =* g.). 


T' = p + E^D^ 


has the g roots i q,) It therefore transforms the adjomts by the fatmnln 


T'(P', Q') « (P,', Q.')r, 


and hence its adjomt transforms P, Q, Pg, Qg by the fcmnulm 


(P,Q)T=T(Pg,Qg) 

We can sunilaxly define the operator U which reverses this tranaferenM by the 
formnlss 

U(P,Q) = (Pg, Qg)U. 


[PoOampt added February 8,1928—By the kindness of Ptof Baker we have 
been enabled to see his note Mowing before finally sending our paper to pteaa. 
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We denie to say, firstly, that we very much appreciate the interest he has taken 
in our oommunication, and, secondly, that we do not wish it to appear that we 
r^^ard oni resnlts aa m any way at variance with Prof Baker’s argument 
We have considered the problem primarily as an enquiry in the tiieory of 
differential equations and m the algebra of plane curves, and wo have passed 
on to the Abelian functions only so far as they have been inevitable 
In the crucial matter of multiple pomts we are anxious to make our position 
clear Much of the theory (and m particular the earher theory) remains vahd 
whether or not the fundamental curve has multiple pomts For this reason 
we were reluctant to exclude them m express terms. 

On the other hand we recognise that certain of the later results—aa for 
instance, the Abelian equations and theorems on transf^nce- -no longer hold 
without qualification if multiple points are present In actual fact we have 
accumulated certain material illustrative of this, which we hope will shortly be 
avaOable for pubhcation This material, which has come from consideration 
of the simplest umcursal identity P" = Q" will, we hope, throw light on the 
modification of the theory due to multiple pomts 

In the meantime we prefer to remam non-committal, neither necessarily 
excluding all multiple pomts nor defimtely asserting what results are unaffected 
by their presence.] 
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Note on the forgoing paper, “ Corrmtacmve Ordinary DiferetUicU 
Operators, " by J. L. Burchnall and J W. Chaundy 
B y Prof H F Bakes, F B S 
(Received January 17, 1928 ) 

The argument of this paper map be regarded as centred round the ascertam* 
ment of two hnear difierential equations, those denoted by 

(P' - p) <{< = 0, (Q' - g) ({» = 0 , 

these are, m fact, diFerential equations satisfied by a quotient of theta functions 
of several arguments when all of these arguments except one ate taken con* 
stant, and the theory of the paper is m close connection with the classical method 
for approaching the defimtion of the theta function from the algebraical side 
It would seem to be important to justify this assertion in precise terms, so as to 
make cleat the general beatings of the results arrived at by the authors The 
elementary algebraic method which they follow has m my opimon great interest, 
especially as it enables them to deal in port with the theory even when the curve 
has unknown multiple pomts, but one is not satisfied until the functions 
involved are defined by then behaviour and not by then algebraical form I 
hope, therefore, that the writers will allow me to make the following remarks, 
and that I may be pardoned for ezphcit references to my own volume, ‘ Abel’s 
Theorem,’ 1897 This was witten before the appearance of WeierstraBs’ 
leotures (‘ Werke,’ vol 4, 1902, 600 quarto pages), and is very imperfect, 
but It is bnefer m one respect than Weierstrass’ theory, by the use of the funda* 
mental mt^^ral functions (Kronecker, Dedekmd and Weber, Hensel) What 
there is of novelty m the following remarks relates mainly to these The 
general ideas are expounded also m (Tlcbsoh and Giordan’s ‘Abelsohe 
Functionen ’ (1866)—to which, as to Weierstrass’ volumes, exphoit references 
are given below I consider m the first place a curve of which the multiple 
pomts ore known and allowed for, but ezempbfy m examples how the theory 
can be applied when this is not so, the existence of a new multiple pomt being 
regarded as a particular cose 

$ 1 We consider a general plane algebraic curve, whose equation is eiqireeBed 
(m Weierstrass’ manner, ‘ Werke,’ vol. 2, 1896, p 236 ff) m terms of two 
functions which have poles only at one place These two funotions we shall 
denote by ^ y (not by p, g, as m the paper before os), of respective orders a 
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and r, prime to one another, the equation may thus be supposed to contam 
two terms ^ and — af, but no terms of higher order (as rational functions) 
than ar, the order of or a' (c^ ‘ Abel’s Theorem,’ pp 34, 93, 99) Thus a, r 
replace m and n respectively of the author’s paper The genus of the curve 
can be shown to be 

p = l(a- 1) (r - 1) - S, 

or jf — 8, in the notation of the paper, 8 being the cqiuvalent number, in double 
points and cusps, of the multiple points of the curve which exist for finite values 
of X and y There exist rational functions infimte only at oo, that is at the 
single place for which a = oo , y = oo, of every order, except p orders , the great¬ 
est possible of these failing orders is 2p — 1 Further, there exist (a — 1) 
integral rational functions, that is rational functions infinite only at te, say, 
9i> » 9a-V every integral function is expressible m the form 

(/,l)^ + {x,l)*‘yi+ +{T,lY'9a-l, 

where (a, 1)* denotes a jiolynomial in a of degree t (see ‘ Abel’s Theorem,’ chap 
IV) If <T, -f 1 be the lowest power of a such that 
yj/a-'+i 

18 not infmite for a -= ao, then Cj 1 is calleil the dimension of yj, in other 
words, if r be the order of the function as a rational function, each of the 
integers 

— a, fi —2a, , rj — afi 

is positive, but f, — (oi + 1) a is negative In fact, these positive numbers, 
taken for » = 1, 2 , , (a — 1), are the orders of non-existmg mtegral rational 

functions, and we have 

Ol + 0| + + «J«-i = P 

The functions y^, , y,.^ are to be chosen so that, in the expression of an 

integral rational function m terms of these, there arises no term aYpi, whose 
order, ia -f- tr^, is greater than the order of the function 
Ftom the functions y^ , g, j can be computed other rational (not mtegral) 
functions, of which the number is a, say. 

To. Yi» »Y«-i» 

having, for oui present purpose two mam properties In the first place the p 
everywhere fimte mtegrals associated with the curve are given by 

f[(». 1)'’"' Yi + + (». l)"'‘"*Y.-i] 

2 q 


VOL OZVIU —A. 
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vherem tho p coefficieats m the polynomials (x, 1)' are arbitrary In the second 
place, if Yi (x) denote the value of yi at a place (x) of the curve, and (^) 
denote the value of gt at a place (5) of the curve, and if we put 

^ Y n (^) + Y i ( P , ^ 

then the integral, in (x), 

r(x.i)dx 

j(i) 

has only two uifinitie<i, both logarithmic, at (0« and at a; = oo, y = oo This 
mtegral will be denoted by 

{k) being an arbitrary place on the curve, for which the integral vanishes 
It 18 important also to consider tho rational function of (a:) given by 
(«. if). 

where (a, P), or («) denotes any definite fimte place of the curve This function 
has a pole of the first order when (x) is at (a), being infinite there if (a) be not a 
branch place, hkc — (x — «)"i, and is otherwise infinite only when (x) is at the 
infimte place If, for the neighbourhood of this latter place, we use a para¬ 
meter I such that 

X = y =s 

where p is a non-vanishing power senes in f, the function («, x) is expressible m 
this neighbourhood m the form 

(«) + + («)> 

where iti, , k^ arc the orders of non-existing integral rational functions, (Xj, 
, (i, are nou-vanishing power senes m t not depending on (a), and Ci)i(a), 
, , w, (a) are differential coefficients of linearly independent everywhere finite 

integrals, for the place (a) For the sake of definiteness in a subsequent state¬ 
ment, we suppose (ui (a), , co, (a)multiplied by such absolute constants that 

the constant terms in the power senes {Xj, , (Xp are all -f 1 
Among the non-existent orders ki, , k, unity is certainly found, unless the 
curve be rational Suppose for definiteness that ifc, = 1 By the known theory 
of inversion it is possible to determme p places of the curve, say (a^, (ij), , 

(*,, Pp), which will be briefly denoted by (a,), , («,), such that tho p equations 

«,(aj)dai+ -f<ej(ap)do(p = d«, (t = 1, ,p) 

are satisfied, for arbitrary values, of general character, of the arguments 
Uj, , Up Then, if 

T = p:;i'-f -f-P?’-'. 
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(^)< I (^) denoting arbitrary fixed places, the function e’^ depends on the 
place {x) of the curve, and on the values u^, , u, through (a^), , (a,.) 

As a function of (x), the function vanishes to the first order at each of the 
places (a^), , (a,), and becomes infinite to the first order at each of , 

(kf), it has essential singularity when {x) is at (oo), but it is a single valued 
function of (*) For such a function as e’’’ reference may be made to Clebsch 
and Giordan, ‘ Abelsche Functionon’ (1866), p 1,^9 , to Weierstrass, ‘ Werke,’ 
vol 4, p 469 (and, for the hypercUiptic case, ‘ Werke,’ vol I, p 299, of date 
1856), for the explicit representation as a quotient of theta functions of 
Mu . «»• c/ ‘ Abel’s Theorem,’ pp 276, 289 
§ 2 In the application of the foregoing to be made here, it is supposed that 
each of the arguments u,, , Up is taken constant, or zero, then the function 

depends on the place (x), and on the argument 

There exists an integral rational function of (x) of order 2p, with p zeros at 
the places (a^), , (a,), which is defimte save for a multiphcr independent of 

(x) Wo suppose it chosen so that the term of highest onlor of infinity at (oo) 
IS exactly t"** This function of (x), by the condition of vanishing at 
(«x), I («j>)> coefficients which are functions of Wj We denote this 

function by <j; 

Now consider the function Y, given by 

Y = , 

from this define functions means of the equations 

SO that in general 


wo can prove that S'* is an integral rational function of (x), of order 2p + 
vanishing at (a^), , (a,), with the term of highest infinity at « equal to 

(— 1)" , the coefficients in this function are functions of iq 

Consider , it is given by 




m the neighbourhood of the place {<*>) the integral rational function of (x) 
which multiplies ij;, on the right here, is equal to 


2 g 2 
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vbch reduces, however, by the definition of (oi), , («,) to 

r** ^ii. 

with ix = 1 integral function di|>/dux, by definition of iji, is of order leas 

than 2p Thus ~ is an integral function of order 4-term of highest 
infinity at (oo) being, by the defimtion of [Xj, exactly — 1~ Further, since 
docs not (vanish or) become infinite at (aj), , (a,), the product Sje"® 

does not become infinite at any of these, thus vanishes at these places 
A precisely similar argument is apphcable to the equation 

and so on, mdefimtely, and the statement above made for is thus justified 
Next consider the integral rational function x^, of order a -\-2p By what 
has been said, the difference 

18 an integral rational function of (a;), of order 2p-\-a — \ Hence by proper 
choice of a factor (7a_i, independent of (x), but dependent on Ux, the function 

**1'"" (~ 1)* '^a “ ®<i-i ^a-l 

18 an integral rational function of («) of order 2p-}-a— 2, and so on. Finally 
there is an integral rational function of (x), 

x<J/ — ( — 1)* <3o — o,_x 3,_i — — cTj^x 

of order 2p, where (Ta-i> > depend on Wx only As all the functions <{*, 

> -^1 vanish in (oi), , (oq,) this must be the same as oi];, where o depends 

on Uj only We have thus shown that 

Similarly the function satisfies a linear differential equation 
[Q'-y]('l«"^ = 0, 


of order r The exact correspondence of the general pomt of view here followed 
with that m the paper referred to is thus sufficiently estabhshed 
If (yx), . » (Yj>) ^ rational function of (x), (J;, other than 

(<Xi)i > («v)i and, for definiteness, we denote the positions of (ox), , (a,), 

(Yi)» > (Yp) ^^1®*^ M, = 0 by (oi),. , (o,), (cj), , (o,), we have, by Abel’s 

Theorem 


Px»‘ + 


+ pi;;'+ 


+ P1 


",‘' = log 


{X. «i) (”, «i) 

<{<(x,0)/<j/(«,0) 
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where, the term of highest infinity in at (oo) being t"*”, mdepcndent of u^, 
we have (j/ (<», «i)/<K<», 0) — 1 Thus, adopting m the definition of T, for 
(*i), , {ICf), the places (o^), , (Op), we have 

= 4» (x, 0) e*', 

where 

Thus the result arrived at is that the function satisfies the linear differentul 
equation above found for ij/e''' By Abel’s Theorem this function U is the same 
function of — as IS T of But we do not pursue this 
§ 3 Particularly to illustrate § 1 in detail, it may be worth while to add one 
example Take an ordinary general plane quaitic curve First take homo- 
geneous co-ordinates (x, Y, z), so that the point (x), or (], 0, 0), is an inflexion 
of the curve, with z = 0 as inflexional tangent, so that the pomt (Y), or (0,1,0) 
is the pomt where this inflexional tangent meets the curve again, with x =■ 0 
as the tangent to the curve at this pomt, and a proper hne through (x) for 
Y = 0 The equation of the curve then becomes 

xY* + cY%* -1- Yz (x, z)j — z (x, z)s — 0, 
where o is a constant, (x, z)t means a homogeneous polynomial of degree i, 
and we can suppose the coefficient of x* m (x, z)^ to be 1 Now put y — xY, 
and z = 1 Then we obtain the Weierstrass form 

/(*. y) = 1/* + <^ + yxih — = 9, 

where = (x, 1)^, «j = (x, 1), For this the numbers o, r are respectively 
S and 6 To desenbe the character of this curve, wc may supply a power of z 
to render the equation homogeneous of order 5 m x, y, z Then the curve has a 
double pomt at (0, 0, 1), with general tangents, has a higher cuspidal pomt at 
(0, 1, 0), such that x = 0 meets the curve in two points there, while z = 0 
meets the curve m five points there The curve thus meets x — 0 also where 
y -|- oz = 0, and meets y = 0, beside at the double point, at the three points 
given by Mj = 0 If, more explicitly, the equation be 

y* + cy* + y® (mx* -f-Ax + n) — x*(x®-t-Ax*-fpx-f-v)=:0, 
we have, for the expression in the neighbourhood of («), 

X = r», y == r* (1 - §»n/ -1- ) 

The two fundamental mtegral rational functions may bo taken to bo 
9i = y, ys = y(y + c)M 
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Wf have 


of respective orders 5 and 7 , and since, at (oo), 

-j 1 — 2, Oj -j- 1 — 3, 

and the gemis 3, which is Cj -| Cg, is one hss than ^ (a — 1) (r — 1) 
The functions Yoi Yn Ya found to be givi n by 


Yo 


fit/) 


Yi = 




Yi - 


7'(y)’ 


where/'(«/) ~ 3/(jr, i/)/c^ Ihi everywhere finite integrals are thence given 
by 

I [Ay ^ (Bjc -f C) x\ thif (y), 
where A, B, C are arbitrary 
The function 1 m given by 

p,i _ + + f)2+P.y + «jf(*/ + c)_a;~^ , 

(a-x)/'(P) 

and writing this as T (a, r) dx, wo have 

J(t) 

(a, X) - 'fo (*) , 

Ot ** fl? 

which can be written in the form 

T. + T l ? l + y,g, (x-> + 

in which yi means Yi («), and g, means y, (®) The former of these two parts u 
finite when (z) is at (ao ), the latter psirt, if we write z = f~* and 

y, = y = r‘‘(i-im<4- ), y3=2^^^=*‘7i-imf + Pf* + Qf*+ ), 

gives 

+ ]. 

/ (P) / \P) 




T(P)" 


V'(P)’ 


where (ig, |x, are power senes in t, each with 1 as constant term, and the 
indices 2,4,1 of <~*, <"*, are the orders of the non-existing integral rational 
functions These mdices are equal to r, — OjO, rj — o, r, — ojo, where fj = 6, 
f, = 7 are the orders of and y, respectively 
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The equations for defining the places (aj), (a^), (aj) m terms of are therefore 

s f^M«//'(P) = o. S 0, i = 

and these show that, when (x) is m the neighbourhood of the jilace (®), 

(ai, ^ + (* 3 * ~ ^ ^ + lK)aor senes in t 

The funetiou i];, of order b, is of the form 


-e* -|- Mjr + N -1- \hj, 

whire M, N, H are fimtlions of determined by the fact that ij; vanishes at 
(«i)> (« 2 )i (* 3 ) The function of order 7 as an integral rational function of 
(*), defined by 


, a ,, . 


18 given by 

c«i '3 m, 

= j,y + c3t d- «t («.. 1)» -t -t °kV (.V h c)yg 3m 

K ^.=1 (ai-®)/'(P) St/i’ 


this IS neeessanly erpressible in the form 

Li* .}. Fi 4- G + Ky - y(v + c)/i, 


where L, F, 0, K arc functions of m, , but the fact that the function vanishes 
in (at,), (ag), (ag) does not suffice to determine these coefficients And the pro¬ 
cess may be continued to determine dj, 

§4 The function used m the authors’ poper for the expression of vj'/i), 
namely, f{x, p)/{i — «) (y — p), is found on computation, for the example 
considered m § 3, to lead to 




= («, i) d« — (JMI H- 

. + + fn|; 


(i-a)(y-p)/'(p)" 

a*(fe 

and the summation of the values of the function on the left for different places 
(a, P) does not lead to the sum of the values of (a, i) da at these places unless 
the sum of the values of da//'{P) vamshes The authors, m this case, for which 
y = 4, employ four places (a,), (ig), (a,). («*), and four equations of inversion, 

instead of three, though the mtegral, |da//' (P), useil in one of these equations, 
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has logarithmic mfimties at the double pomt Such extended equations of 
mversion are considered in Oebsch and Goidan, ‘ Abelsche Fonotionen,’ chap 
XI Moreover, the function iji which they employ is of the eighth order In 
general, it follows from the authors’ paper that an mtegral rational function of 
order 2jf, = 2p 2S, is identified, save for a multiplying constant, by its order 
and by p 4- 8 of its zeros, if only the terms in the expression of the most general 
function of this description which are not of mtegral form in * and y, be omitted 
this IS in accordance with the Riemann-Roch Theorem, which gives 8 4* 1 
constants m such a function, if we assume that 8 of these multiply terms uhich 
are not polynonual in x and y (cf Clebsch and Gordan, Zoc ett, p 272) On the 
other hand, in the theory as stated here in § 2, the function i];, of order 2p, 
IS not necessarily of polynomial form, this may be shown by takmg a parti¬ 
cular example For p = 4, there is an equation (‘ Abel’s Theorem,’ p 97) 
y® ~ PaJ/* + ajYsy - *s*«3 = 0. 

wherem 04, pi, yi are polynomials in x of the degrees mdicated by the suflSxes, 
for which all integral functions are expressible in the form 
(X, i)H-(x,l)*>y4-(®, lY'ri, 

m which r), given by 

»i = (y*-pjy+«2Ys)/«2. 

IS of order 8 The general int^al function of order 8 is thus 
Ax* 4- Bx 4- C 4- Dy b Ey), 

and 18 identified, save for a multiplying constant, by four zeros But its expres¬ 
sion involves t;, which is not expressible integrally by x and y 
§ 6 But while it IS possible, as in the authors’ paper, to deal with a curve of 
genus p, = y — 8, with a polynomial function <j«, of order 2p -|- 28, and an 
inversion theorem determining p 4~ ^ places (aj), (xg), , (a,), the coefficients 

in the differential equations obtamed will be Abelian-functions belongmg to the 
genus p For example if we deal with the equation 
j/* = (x4-l)*x 

in the authors’ manner, with y = 1, taking, for x = (*, a = 0*, the function 
tj/ = <* — 0*, we shall obtam 

-P“ *" 6*^*“ l«n 

and the differential equation of the second order will be 

[(e.+ l)^+26f-2-5^]z = 0, 


where 


z = (f4-e)»' 
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Or, to take a more crucial example, we may deal with the equation 
y* = + mx-\-n), 

in the maimer suggested above, taking ^ = — pX, and are then led to the 

<liflerential equation 

g^-[2pX + pvlZ = 0, 

satisfied by 

Y - q(>^ +v) ^. xi, 

oX ’ 

-as m the authors* paper, ‘ Proc Lon Math Soc ,’ vol 21, p 434 (1923) But if 
we deal with it as m the authors’ present paper, the generalised inversion 
aquations require us to consider two arguments X^, X, subject to X^ + Xj = tii 
nnd 

(pXi)-idXi + (pXj)'MX, = 0, 
of which the latter leads to, 


o(>^i + Y)®{Xs + y) 

where ^ — 0, and then with = (vv — pXj) (pv — pXj) we find, < (lettively, 

c-T=__ e- 

<t(Xi —v)ar(X, —v) 

and the function is given by 

= A - BP 4 - iPP', 

where P = pv, P' = p'v, and, with = pX^, L/ = p'Xi, L, -- pXj, Lj' = p'Xj, 
we have 

* T L/-L' 




while 3g, which I have formed, is a still less manageable function, but is an 
aggregate of elliptic functions The differential equation will thus have elliptic 
functions m its coefficients {Cf also Ilerinite’s volume, ‘ Sur quelques 
apphcations des Functions EUiptiques,’ 1885, pp 99,100, etc ) 
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The Thermal CotiduclmUes of Oxygen and Nitrogen 
By Hamah Gbk&ory, PhD,ARC8c,DTC, Assistant Prof of Physu-s, and 
Sybil Marshai i,MSc,ARCSc,DIC 


(Coininunicitcd Ijy H L ('all ndnr, F RS— Rgc»ivu 1 \ovi,niber 18, 1927 ) 


IntuHludwn 

The int<*rcht in th< dtt. rniiiiation of the tin rrnnl < ondactivities of oxygi n and 
nitrogen lies partly in their relation to the thermal conductivity of air The 
latter is the medium whieh jiractically every experimenter on gaseous thermal 
conduction has investigated, and has therefore become the standard substance 
in this held of research Bemg a mixture chiefly of the gases oxygen and 
nitrogen, with the latter m the greater proportion, the value of its conductivity 
should he between those of oxygen and nitrogen and should )>c nearer that of 
nitrogen than that of oxygen The authors, m common with Weber and 
Todd, have verified this experimc ntally, the only observer findmg these con¬ 
ductivities m a contrary order being Wmkclman, who used a cooling thermometer 
method The following is a tabic of the results hitherto obtained for the 
absolute thermal conductivities at 0° C of oxygen and nitrogen, together with 
their authors’ results for air The values marked with an astensk have been 
deduced by applying the temperature coefficient, 0 0029 per ° C, to results 
which were obtained at temperatures above 0° C 


Thermal Conductivity at 0“ C m Cal cm sec deg 


Author 

Method 

1 

Oxygen 

Nitrogen 

Air 

Stelan(l) 

Winktlman (2) 

Ounther (3) 

Todd (4) 

Wober(6) 

Cooling tbrnnometcr 

Plates 

Hot wire and potentio 
meter 

Hot wire and hndge 

» 0000870‘ 

0 0000651* 

0 0000660 

0 0000812* 

0 0000677 

0 0000612* 

0 0000660 

0 0000401 

0 0000606 

0 0000668 

0 0000671 

0 0000668 

Gregory and Manhall (6) 
Gregory and Aroher (7) 

0 0000680 

0 0000680 

0 0000683 


(1) ‘Wien Ber.’vol 73 (3), p 60(1875) 

(2) ‘Pogg Ann,’vol I5S, p 407(1876), ‘WIed Ann ,’vol 44, pp 177,429(1801) 

(3) ‘ lli«8 HsUe a 8 ' (1000) 

(4) ‘Roy Soo Proc.’A, vol 83, p 10(1900) 

(5) ‘ Ann d Phyailc,’ vol 64, p 437 (1017) 

(6) ‘Roy Soc Proc,’A, vol il4, p 354(1027) 

(7) ‘ Roy Soo Proo ,’ A, vol 110, p 01 (1026) 
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Weber has recently published a new result for the thermal conductivity of 
air, 0 0000674,* * * § which is about 1 pc‘r cent higher than his oJil value Assuming 
that, if his results for oxygen and nitrog* n were revised, they would be increased 
in the same proportion, his new values for these gases would be—oxygen 
0 0000683, and mtrogen 0 00<M)572 

A comparative determination was mmle of th< thirmal c-onductivities of 
oxygen and nitrogen by Eiuken }• who assumed, os a standard, the value 
0 0000566 for the thermal conductivity of iir Ills results gave oxygen, air 
and nitrogen m the same order as has been obt lined at the Imperial College, 
but were inurh lower on ac-conut of the v.din used as a standard 
In deducing the values of thi thermal londuetivities at U°C of oxygim and 
mtrogen, the authors have plotted the tin mill condiiclivitus at live different 
temperatures, lying between n® C and O' against the tiunia ratiire, the 
intercept of the straight lino drawn through Ihew* points with the i onductivity 
axis giving the alwolute thermal conduitivitj at 0" C Thesi* valiiis wore not 
corrected for the diseontimiify of tem]»erature at the lioundarits of the gas, 
which IS usually calculated from thcon tical considerations biiscd on Knudsen’s 
definition of the ‘ ae^ommodatlon toeffi(ient"t Suih a correction appliid 
to oxygen and mtrogon was found by the authors to be alwut one sixth of 
1 per cent of the absolute conductivity, which is lieyomi the experimental 
accuracy in the present research This correction was also omitted because 
the authors prefer, m a purely experimental investigation, to apply only sui h 
corrections as can bo directly determined experimentally, and, as Dr Gregory 
IS at present engaged on an experimental investigation of the conduction of 
heat through rarefied gases, the correction is omitted in the present pajicr 
pending the results of Dr Gregory’s research 
In the following experiments, as in those previously carried out in this labora- 
toty,§ two systems of main and compensator tubes, in gaseous connection with 
one another, were used As each system was made from tubing of a different 
diameter, a check on the supposed point at which convection vanished, before 
the mean free path effect set in, was available When investigating gases for 
which convection is great, the use of this system is absolutely necessary, and 
even for oxygen and nitrogen, gases in which the convection losses are negligible 
over a considerable range of pressures before the conductivity diminishes 

* ‘ Ann d Phywk,’ vol 82. p 479 (1927) 

t ‘ Phys Z,’ Td 12, p 1101 (1911), and vol 14, p 324 (1013) 

{ ' Ann d Physik,’ vol 34, p 593 (1911) 

§ Gregory and Marshall, Gregory and Archer, loc cU 
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appreciably with pressure, it is advantageous, since each set of tubes gives an 
independent result for the thermal conductivity at any given temperature 
These results should be identical if the apparatus were perfect In the authors’ 
expcnmenta a maximum discrepancy of a half of 1 per cent was found between 
the results obtained by the two sets of tubes, and the mean of these was taken 
to be the absolute thermal conductivity of the gas at the given temperature 

Apparatus 

In the following investigations the authors used the apparatus that was 
employed for their determination of the thermal conductivity of carbon di¬ 
oxide This consisteil of two mam tubes of different diameters and their com¬ 
pensators, along the axes of which were stretchwl lengths of fine platinum 
wire which had originally been cut from the same piece The mam and com¬ 
pensator wires were connected, each m scries with a standard 1 ohm coil, to the 
terminals of a Callendar-Onffith’s bndge, a separate bridge being used for each 
system of tubes Each standard resistance m scries with a main wire had its 
terminals connected to a potentiometer circuit, so that the current flowing 
m this arm of the bridge could bo deduced The battery circiut of each bridge 
oontamed several rheostats arranged so that, once the bridge was set to corre¬ 
spond to a definite temperature, a balance could be obtained by altering the 
resistance in the battery circuit, and thus the temperature of the wires could 
be kept constant 

Owing to a defect that developed m one of the Callendar-Orilfiths bridges, 
sulisequently to the completion of the determination of the conductivity of 
CO2, this instrument had to be overhauled, and at the same time the connections 
and contacts in the circuits were renewed It was found that the introduction 
of oxygen mto the tubes altered the composition of the soldered junctions 
between the fine platinum wires and the thick platinum leading wires, which 
resulted in a change in the temperature coefficients of resistance of the 
systems This change, however, was final and not progressive as was shown 
by the fact that, after the initial alteration had taken place, the ice pomts and 
fundamental mtervals of the systems did not change appreciably during a 
period of six months, whatever the nature of the gas contained within the tubes 
On account of the above changes the bridges were recalibrated and the steam 
and ice pomts redetermined for both sets of tubes 
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Experimental Procedure 
In order to set the bridges so that the temperatures of the wires in the wide 
and narrow tubes were e<]ua], and also to determine the temperature corre¬ 
sponding to any given bridge settmg, the loe points and fundamental mtervals 
of both systems were obtameil Instead of, as before, usmg a very small 
mdefimte current m the battery circuit, a new procedure was adopted Three 
different values of current were nsed in the determmation of each fixed pomt, 
and these were larger than the current that would be nsed had only one value 
been employed The advantage of using larger currents lies m the fact that 
the galvanometer is rendered more sensitive The determmation of the 
fundamental mtervals of this apparatus thus becomes m itself a problem m 
thermal transmission through the gas, smee, for these slightly larger currents, 
there is bound to be a oertam amount of heat generated in the wire 
Now 

C*Ryi == ‘iitKe/log, fj/fi -1- tj; -f ^ 

where ij» is the heat lost by radiation, and ij> is the heat lost by convection 
The key to the other symbols is given on pp 598-9 
For small values of 0, the temperature of the wire above that of the tube wall, 
the heat lost by radiation and convection is ncgbgible 
Therefore 

C*B = B0 

where B — a constant, and 

R = * -I- C - M 

where 

X — bridge setting corresponding to a temperature difference 0, 

C = resistance of coils unplugge^l, 

M = reading corresponding to the mid-pomt 

Now 

8 = (R - R„)/R^ 

where 

R0 = resistance of the equivalent length of wire at 0’ C 
X = temperature coefficient of resistance of the wire 
Therefore 

C*R = B(a;-l-C-M - Il^)/RgX A + Dx, 

wjiere A and D are constants, t c, the heat lost by the wu« is proportional to 
the bndge settuig 

Therefore, if the heat loss from the wire be plotted against the balance jioint 
of the bndge, one should obtam a straight line whose intercept with the balance 
point axis, corresponding to zero heating effect, gives the true balance pomt. 
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The following are two specimen graphs showing how the true ice and steam 
pomts were obtamed 



BMMCK POINT 



BALANCt POINT 


Fio 1 —In loc = 10 96 


Fio 2 —Tn Stoam 13 85 


True Balance Point for Wnle Tube Syntini 


The bridges were then set so that the wires in the wide and narrow tubes 
were at the same temperature, and the ice-cold water in the thermostat 
surrounding the tubes was started circulating 
The gas to be investigated was then admitted into the tubes, which has been 
previously evacuated and filled with the pure gas several times, and the pressure 
was lowered m steps, the bridge being rebalancetl for each different pressure by 
altering the current in the battery circuit, and the current flowing through 
each mam wure being measured by means of the potentiometer Several 
different settings of the bridges, corresponding to different temperatures of the 
wire, were used 


Key to the Symbols used tn the Tabulatton of the Results 
P = pressure of gas withm the tubes in centimetres mercury 

0 = temperature of wires above 0® C, the bath temperature 

iji = radiation heat loss per unit length at temperature 6 in cals sec 
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-C = current in amperes in the hot Hire 

E/f = resistance per umt length of the wire at temperature 0 

J = mechanical eqmvalcnt of heat (= 4 184) 

G*R/J{ = total heat loss per unit length at temperature 0 in cals sec 
01 = temperature drop across tube wall, calculated from the total heat 

loss, the internal and- external radii of the wall, and the thermal 
conductivity of lead glass (4) and 

for the wide tubes, = C*R/J1 x 3 aj, 
for the narrow tubes, Oj — C*R/Ji x 8 82 
0 ' = 0 — 0i = temperature drop across the gas 

= apjiarent conductivity, m calorics, cm sec deg 
= (C*R/Ji — i]i) log exp {rjfj)l2n0' 

= radius of platinum wire in centimetres 
fj = internal radius of narrow tubes m centimetres 

fj = internal radius of wide tubes in centimetres 

Convection ceases for each system at the pressure for wluch the apparent 
conductivity is the absolute conductivity, K 

Ch = current in narrow system at the above prcasiire 
ss current in wide system at the above pressure 
Therefore 

[(Ck*R/J 1 - <1^) log oxp (r,/r,)]/27c0' K = [(CV»R/J/ - log exp Myinb’ 

Therefore 

log exp (rj/r,)/log exp (r,/r,) — (CN*R/Jf - (J<)/(Cw*R/ U — iji) 
a« = log exp (r,/r,)/log exp (r,/r,) = I 183 

«„-(C«*R/J/-i^)/(Cw*R/J^-4') 

Thus, when we have two equal values for the apparent conductivity in the two 
systems correspondmg to a different pressure for each system, and the i quation 
«e = ap 18 satisfied, this value of the apparent conductivity is the absolute 
conductivity of the gas at the mean temperature Ix-tween tlio hot wire and the 
outer wall 

0* = mean temperature of gas between the wire at 0° C and the wall at Oj* C 
K = mean of the values of the absolute thermal conductu ity of the gas 
calculated for the two widths of tube at a temperature 0„°C 

The absolute conductivity, K, was plotted agamst the corresponding gas 
temperature, 0*° C , and the best straight line was drawn through the points 
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The intercept of this line with the conductivity axis gave the value of the 
absolute thermal conductivity of the gas at 0° C 
Eg havmg been determined, the function/in the equation 
Ko=/t1oC. 

was calculated for each gas, where 

C, = specific heat at constant volume at 0° C 
/ = a factor depending on the force operating in molecular collision 


Preparatxon of Oxygen 

The oxygen was prepared by heating powdered potassium permanganate. 
It was purified of carbon dioxide by bubbling through a caustic potash solution 
and dned by passing first over sticks of caustic potash and then over phosphorus 
pentoxide The gas was finally collected in a reservoir, connected to a mano¬ 
meter and to the tubes through a tap, where it was stored at a pressure between 
1 and atmospheres The whole apparatus as far as a three way tap con¬ 
nected to the flask was evacuated before admitting the oxygen The three-way 
tap allowed the gas from the flask to be discharged outside the apparatus 
until it had swept away all the air remaining m the flask, after which it was 
turned so that the oxygen passed mto the apparatus The latter was re- 
evacuated and re-filled with oxygen two or three tunes before the experunents 
wore earned out 

Besults for Oxygen 

I -e = 13 296° C therefore 0« = 6 66° C = 0 0000037 R/f = 0 1314 


p 

Wide tube* 

Narrow tube* 

= 0 003’ C , 

r - 13 203’ C 

6, =0 009’C , O' - 13 286’C 

C 

K. 

C 

K. 

80 8 

0 1686 

0 0000607 

0 1837 

0 00006015 

71 6 

1692 

6035 

1837 

601 

61 0 

1690 

6015 

1837 

601 

52 8 

1689 

601 

1837 

601 

43 3 

1688 

600 

1836 

601 

33 7 

1687 

5995* 

1836 

6005* 

24 2 

1687 

5995 

1835 

600 

15 8 

1686 

5986 

1834 

6005 

5 8 

1682 

596 

18295 

596 

1 1 

1653 

5766 

17925 

5725 


K«0 0000600 
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Results for Oxygen—{continued) 

II —6 = 17 3BB“ C therefore 0* = 8 68“ C = 0 0000054 R/i = 0 1334 


30 0 
30 4 
19 00 
11 3 


fl, = 0 004° C , S' = 17 351 C 


0 1930 
1033 
1020 
1023 
1922 
1010 
1919 
I91S 
1910 
1005 


S, - 0 012° C , S' =. 17 343° <’ 


0 2092 
2002 
20015 
2001 
2091 
2000 
2000 


III —0 = 19 387“ C therefore 0« = 9 69 

\V ide tubii) 

0 006° C , S' = 10 3 


71 0 
63 4 
04 7 
40 3 
44 9 
30 0 


20 0 
20 4 
15 7 
10 0 



“ C ^ = 0 0000063 R/i = 0 1343 

Narrow tubes 


0 014° C , S' ^ 10 373° C 


2206 

2205 
221(5 

2206 
>204 
2204 
2203 
2203 
2201 
2200 
2101 


K 0 00006050 


VOL oxvm—A 
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Results for O^gen—(continued) 

IV —0 = 21 427® C therefore 0„ = 10 71® C = 0 0000072 R/f = 0 1363 


1* 

IVidotatxv 

Narrow tubes 

«, - 0 005“ C , 

e' = 21 422 C 

1 

6,-0 016“ C , 

O'= 21 412“ (' 

(’ 

K, ! 

(• i 

K. 

73 0 

0 2130 

0 00006155 

0 23145 

0 0000610 

65 3 

2134 

6125 

23145 

610 

SO 7 

2128 

6095 

23145 

610 

45 7 

2134 

607 

2314 

600 

35 3 

3123 

006* 

2314 

609* 

34 9 

2123 

006 

2313 

609 

17 3 

3121 

606 

2312 

60« 

IS 4 

2110 

604 

2310 

607 

0 3 

2114 

601 

2303 

6035 


* 1 18S K-0 00006075 


V ^0 = 26 613® C therefore = 12 76® C -= 0 0000089 R/1 = 0 1373 
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^BESSURE — CMS MSRCUHY 

Fio 3 —Vanation with PreMure of Apparent Condnotivity of Oxygen 
Preparalum of NUrogen 

A solution of 40 grams of sodium mtnte, 40 grams of potassium bichromate, 
and 60 grams of sodium sulphate, in a litre of distilled water, was contamed m 
a 2-litre flask The flask was connected via a thrco-way tap to chromic acid 
towers through which the gas was bubbled m order to oxidise any suboxides 
of mtrogen that might have been formed These were connected, with a trap 
between, with towers oontaming concentrated sulphuric aud as a drying agent 
and thence to a hard glass tube contaimng copper turmngs, which were heated 
to a bright redness by means of a gas oven in order to reduce any mtrogen 
peroxide to mtrogen and absorb any free oxygon m the gas This was joined 
to the manometer, phosphorus pentoxide tubes, and reservoirs through a three- 
way tap, which was used to cut off the apparatus as far as the copper turnings 
while the reservoirs were being evacuated and the nitrogen was sweeping the 
fore part of the apparatus dear of air The tube m the furnace could not be 
evacuated without collapsing, so, when sufficient gas had passed through to 
sweep out all the air, the three-way tap was turned so that the gas was admitted 
mto the reservoirs at such a rate that the pressure within tho tube containing 
the copper turnings was mamtamed at approximately 1 atmosphere The 
experiments were earned out after re-evacuatmg and refilling the reservours 
and tubes with pure mtrogen 


2 B 2 
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Besdts for Nitrogen 

I —e = 9 188“ C therefore 6* = 4 59“ C = 0 0000018 R/J = 0-1294 


p j 

1 Wide tobee 

Narrow tubes 

8,--0 002“C , 

8' - 0 186” C 

8, - 0 006“ C , 

O' - 0 182“ C 

c 

K. 

C 

K. 

86 8 

0 1404S 

0 00006026 

0 1621 

0 00005876 

76 6 

14020 

691 

1521 

5876 

68 1 

14016 

500 

1521 

5876 

59 5 

1401 

6806 

16206 

6876 

SO 8 

1401 

5806 

15205 

5875 

46 3 

1400S 

680 

16206 

6876 

41 4 

14006 

680 

15205 

5876 

37 5 

1400 

6885 

1620 

687 

32 0 

13005 

588* 

1520 

683* 

28 6 

13006 

588 

1520 

687 

24 8 

1300 

688 

16106 

686 

19 0 

1390 

588 

1510 

586 

IS 3 

13086 

6876 

16185 

6865 

10 6 

1397 

6866 

16176 

685 

4 8 

1304 

5836 

16136 

682 


* o ^ 1 181 K = 0 00005876 

II —e — 13 262“ C therefore 0* « 6 63“ C = 0 0000036 R/1 = 0 1314 


35 0 
20 8 
24 2 
18 8 
12 0 


«, » 0 003” C . 8' =- 13 240" C 


0 1678 

1670 
1673 
1672 
16715 

1671 
1671 
16705 
1670 
1660 
1662 


8, » 0 000” 0 , O' = 13 248“ C 


0 1820 
1820 
1820 
1820 
1820 
1810 
1810 
1810 
1818 
1817 
1808 


0 00005026 
6025 
5925 


6916* 

5915 

5915 

6015 

6915 

5796 


1 186 


K » 0 0000591 
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Results for Nitrogen—(continued) 

III.—9 =?= 17 316“ C therefore 8„ = 8 66“ C tp = 0 0000054 R/Z = 0 1334 


76 4 
67 4 
57 8 
46 2 
45 4 
41 9 
38 0 
36 4 
33 2 
30 1 
26 8 
23 0 
20 0 
19 9 
14 4 
11 0 


6, - 0 004'’ c . fl' -17 aw C 


0 1916 
1911 
1907 
1900 
1904 
1904 
1904 
1903 
1903 
1003 
1903 
1002 
1902 
1002 
1001 
1000 
1806 


0 2076 
20756 
20755 
2075 
2075 
2075 
20745 
20745 
2074 
2074 
2074 
20736 
2073 
20725 
2072 
2071 
20655 


*a=<1188 K==0 00006955 


IV —9 = 21 390“ C therefore 9* = 10 69“ C ij; -= 0 0000071 R/l = 0 1363 
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Besults foi Nitrogen—(continued) 

V -0 = 26 479' C therefore 0, = 12 74° C ij» = 0 0000089 R/f = 0 1373. 


p 

Wide tabes 

Narrow tube* 

3, 0 006° C , 

r-2i 473°C 

9, = 0 018° C , 

O' = 26 461° C 

V 

1 

(' 

K, 

80 8 

0 2330 

0 0000623 

0 2402 

0 00006046 

68 0 

2306 

610 

2492 

6046 

69 7 

2208 

603 

' 2402 

<1046 

48 2 

2200 

602 

2402 

603 

40 4 

2287 

600* 

2461 

603* 

37 1 

2287 

600 

2491 

603 

34 2 

2286 

600 

2400 

602 

31 2 

2286 

6906 

2460 

602 

27 9 

2286 

699 

2400 

602 

24 9 

2284 

690 

2489 

602 

22 0 

2284 

699 

2489 

6016 

19 1 

2284 

6886 

24886 

601 

16 1 

2283 

608 

24886 

601 

12 9 

2282 

6976 

2487 

1 601 

9 5 

2281 

697 

2486 

600 

S 2 

2277 

696 

2480 

697 


* o 1 187 K ^ 0 00006015 



Nitrogen 
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Gw 

Absointo thennsl conductivity 
nt * C 

i'emperature ooeiBoient of 

th( rmal oonduotivity 

Oxygen 

6 89 A 10“*cal cm dce-• deg 

U 00289 

Nitrogen 

6 80 

0 00293 


“/•” in the formula E, lo given for the two gases in the following table, 

where the values for t]q and C, ore obtamed from Landolt and Bomstem’s 
tables 


Gw 

n* 

c 

K. 

/ 

Oxygen 

193 y 10-* 

0 ISScsl gm-* 

6 89 X 10-* 

1 97 

Nitragen 

167 A 10-* 

0 177 „ 

6 80 X l0-‘ 

1 96 


Studies tn Adhesion III —Mixtures of two Lubricants 

By Milucent Nottaok 

(A Report to the Lubnestion Beeewoh Committee of the Department of Scientifio eod 
Indnstnal Besearoh) 

(Communicated by Sir Wilimm Hardy, F R 8 —Received February 9, 1928) 
[Punn 14-16] 

Three pairs of lubneants were studied, the procedure being that desonbed in 
the last paper Briefly the clean cylmder was placed on the clean plate, both 
being of Steel and wanned in clean air to above the meltmg point of the lubricant 
Melted lubncant was then allowed to be drawn m under the cylinder by eapil- 
lanty and a pool formed The temperature was kept constant until eqmli- 
bnnm was reached, when the heat was out off and the lubncant allowed to 
iwystallise The joint was broken at 18” C 

Of the three pairs the first included substances, namely, palmitic acid and the 
paraffin CsoH^t, which seemed to be incapable of reacting chemically with each 
othor, the second pair, palmitic acid and cetyl alcohol probably would react 
chemically, whilst the third pair comprised the paraffin and the img 

compound phenanthrene 
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The adhesion of ring compounds is greater than that of chain oompounda, 
and, with few exceptions, too great for measurement by the apparatus em¬ 
ployed Phenanthrene was chosen because it was one of these 
exceptions In its molecule the benzene rmgs are arranged as 
shown m the diagram 

The meltmg-pomt of each mixture was taken, and in the curves 
melting-points and adhesion are plotted against molecular 
composition—that is to say, the percentage of molecules present The actual 
values are given in the tables 

The nature of the break is described in certam places as “ normal,” and a 
normal break is one in which there are two surfaces of break each close to a 
metal face and separating an adsorbed layer from a median plate of crystals 
and the break occurs at both of those surfaces * 


The structure of the orystallme plates, which vanes with composition, is 
illustrated by photographs 

In desonbing the structure it was thought better to use the word constituent” 
instead of the less ambiguous word “ phase ” There were m each case two com¬ 
ponents present, and they, by soUd solution or otherwise, gave rise to dwtm- 
guishable structural elements The latter are the constituents 


I —PalmUw Acid and the Paraffin CggHe} 

' The adhesion of the admixed substances for all compositions is greater than 
that of the pure substances Both the adhesion and the melting-point curves 
show a well-defined transition-point between 24-25 G molecules per cent 
CsoHsi* * « J when the mixture contains approximately 3 molecules of palmitic 
acid to 1 molecule of paraffin, this point is a maximum on the adhesion, and a 
mimmum on the meltmg-pomt curve 

The variataon m the adhesion and meltmg-pomt with molecular composition 
18 aecompamed by changes in the structure of the orystallme plate 
Pidmitic acid crystallises in long, narrow, plates arranged in a fan-shaped 
manner (Plate 14, fig 3) The addition of up to 6 3 molecules per cent 
produces a gradual dumnution m the crystal size and a tendency towMds a 
tnangular arrangement (see Plate 14, fig 4, which shows the same type of struc¬ 
ture produced by the addition of small quantities of oetjd alcohol to palimtic 
aoid) In the mixture contaimng 6 3 molecules per cent C,oH«„ a very small 
quantity of a second fine-grained constituent is discermble between the needles 
The amount of this constituent moreases and both constituents become much 


♦ ‘ Roy Soo ProoA, vol 118, p 209 (1928) 
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leM coarse until, wlien the mixture contains 12 2-25 6 molecules per cent 
OsoH^], they ate indistinguishable from one another, but th^ remam im¬ 
miscible BO that the whole plate has a laminated structure, the laminse being 
traTorsed by alternate light and dark bands Near the transition pomt these 
laminss are so fine that the broken surface has an iridescent appearance The 
orystallme plate, when broken, now forms fragments of angular outime (Plate 14 
fig 1) The addition of further quantities of causes these lamtnes to 

disappear altogether and henceforward the crystaUine plate appears to be 
homogeneous The transition pomt on the adhesion and meltmg-point curves 
is thus accompamed by a change from a system oontaming two constituents to 
a system containing only one 

No attempt has been made to work out the constitution of these different 
orystallme structures The foUowmg suggestions are put forward only 
tentatively 

Palmitic acid can form sohd solutions with the paraffin but the saturation 
bmit is soon reached (at probably less than 6 3 molecules per cent CgoHs,) 
From this pomt until the mixture contains approximately 25 molecules per 
cent € 3(^1 two constituents separate out, vus, a sohd solution of the 
paraffin in palmitic acid (the needles), and a sohd solution of palmitic acid 
m the paraffin (the fine-gramed constituent) The immiscibility of these two 
constituents is the cause of the laminated structure In mixtures contammg 
mote than 26 molecules per cent Cg^EIe, (approximately), all the palmitic 
acid IB held in solution by the paraffin The transition pomt may therefore be 
regarded as the pomt at which the limit of sohd solubihty of palmitic acid 
m the paraffin is reached 

The orystallme plates formed from all mixtures which lie on the pabmtic 
acid side of the transition pomt break quite definitely in the “ normal ’ manner 
Those plates which be on the paraffin side, however, consist of very mmute 
polygonal crystals, and it is difficult to decide where the break really takes place 
The broken surfaces ore rugged, not plane, and they do not show mtcrference 
oidoars It seems probable that the fracture is of the “ normal ” type, but, 
owing possibly to the small amount of cohesion between the mdividual crystals, 
the broken crystalline plate is made up of an infimtesimal number of more or 
less isolated crystals which are so small that the clear spaces m between cannot 
be easily distinguished The fracture certainly does not take place at any 
defimte median plane, if it did, both broken surfaces would be plane, not rugged, 
and one or both would show interference colours owing to the reduction in 
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The latent penod of this senes of mixtures is of interest Falmitio acid has 
a latent penod of about 60 minutes dunng which the adhesion mcreases, the 
paraffin has no latent penod Mixtures on the palmitic acid side of the tran¬ 
sition pomt have a latent penod of mcreasing, whilst those on the paraffin side 
have a latent penod of decreasing, adhesion 


Table I —^Latent Periods fur Mixtures of Palmitio Acid and the Paraffin 


Tune daring 
which the 
mixture wm 
kept liquid 

Adhetioni for mixture* cuntuning 

1 0 moleculca per 
cent C„H«| 

12 2 molecules per 
cent C,|R(i 

58 moleovilei per 
cent 

Mmutea 

Adhoiion 

Adheulon 

Adhesion 

Adhesjon 

Adhesion 

Adhesion 


nuMunired 

(gnu per 

messured 

(gnu per 

measured 

(gnu per 

6 


■q cm) 


■q cm ) 

10051 

sq cm) 
24270 

10 





10874 

25320 

15 

0070 

12710 

14515 

18480 



30 





17435 

22210 

40 

r12550 

n5900 

/18144 

/23110 

i7«'ra 

2St1 ^0 


112076 

t15380 

120512 

126130 

AtOlO 


50 

13381 

17040 

20022 

26620 



70 

13522 

17220 

20630 

26250 

17576 

1 22300 
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Mixtures contaimug less than 26 molecules per cent (approximately) 

have a latent period of about 60 nfmutes durmg which the adhraion increases, 
whilst those containing more tlum 26 molecules per cent CggH,, have a latent 
penod of not more than 30 minutes during which the adhesion decreases 


Table II —I Palmitic Acid and the Parafim 


Weight per cent 
Pohnitio Acid 


85 3 

81 I 
70 7 

86 7 
85 2 
83 8 

82 7 
81 1 

50 2 

51 0 


14 7 
18 6 
20 3 
34 3 
34 8 
38 2 

37 3 

38 0 
40 8 
40 0 
65 6 
71 2 
07 1 
90 05 
100 0 


58 8 

57 4 
67 0 

58 8 
67 0 


58 0 
no 4 
00 0 


Qmms |ier nquere 
oentimotre 
15853 
17130 
22340 
24000 
28435 
30730 
33360 
33585 
33240 


28400 

21075 

13685 

12890 

12743 


11 —PalmUtc Acid and Cetyl Alcohol 

The adhesion curve shows three well-defined transition pomts, viz , at 29 8- 
31 2, 49 3-60 4, and 66 1-67 0 molecules per cent octyl alcohol The melt- 
mg-pomt curve shows only two such points, viz, at 29 8-^1 2 and 66 1-67 0 
molecules per cent cetyl alcohol As the meltmg-pomt curve shows no nunimum 
at 49 3-60 4 molecules per cent cetyl alcohol, the maximum on the adhesion 
curve at this pomt is probably due to the presence of the compound cetyl 
palmitate, and not to a mixture or a solid solution of the two substances m 
eqmmoleculai proportions 

As m the preoeding case, the addition of small quantities of cetyl alcohol 
(up to about 8 molecules per cent) causes a diminution m size and a rearrange¬ 
ment of the palmitic acid crystals (Plate 14, fig 4), no second constituent can 
be diBoemed at this stage but the edges of the crystals appear to be slightly 
roughened With further addition of oetyl alcohol, a second very fine-grained 
constituent separates out between the needles which now spread out m a star- 
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like maimer (Plate 16, fig 6) Thu lype of struotaie persuts until the mixture 
contains 49 3 molecules per cent cetyl alcohol, the proportion of fine-gramed 
constituent gradually increasing until it forms a coherent mass m which are 
embedded a few very small needles, the orystalhne plate now breaks into frag¬ 
ments of irr^ular outhno (Plate 16, fig 6) In the mixture containing 49 3 
molecules per cent cetyl alcohol, the needles, although very small, may still 
be distmgmshed, m that containing 60 4 molecules per cent they have com¬ 
pletely disappeared and henceforth the crystalbnc plate appears to be homo¬ 
geneous The maximum on the adhesion curve when the mixture contains 
49 3-60 4 molecules per cent cetyl alcohol, therefore coincides with a change 
in structure from a two-constituent to a one-constituent system 

The finc-gramed constituent probably consuts of cetyl palmitate, the needles 
of a solid solution of cetyl palmitate m palmitic acid, the solubility of the ester 
in the acid bemg low (about 8 molecules per cent cetyl alcohol) The crystalline 
plate formed from mixtures coiitaimng 60 4 molecules per cent and upwards of 
cetyl alcohol, breaks mto small fragments of irregular outline (fig 7) which 
become shghtly coarser as the proportion of cetyl alcohol increases (fig 8) and 
gradually merge mto the structure shown by pure cetyl alcohol (Plate 16, 
fig 9) All these mixtures containing more than 60 molecules per cent cetyl 
alcohol probably consist of sohd solutioiu of cetyl palnutate m cetyl alcohol 

The break m every case was normal 

The mode of freezing 18 of interest In the case of mixtures contaming 20 3- 
49 3 molecules per cent cetyl alcohol, freezing starts at several pomts round 
the edge of the oylmder and gradually spreads from these until the whole has 
solidified As palmitic acid has the higher freezing-pomt the needles would 
probably be deposited first and the fine-gramed crystals of cetyl palmitate 
separate out between them on further cooling The sohds so formed are 
very friable and easily broken up Mixtures oontammg more than 60 molecules 
per cent cetyl alcohol sohdify slowly, but not m patches, to form transluceat, 
waxy solids which become opaque upon further cooling 

Both adhesion and meltmg-pomt curves show minima for mixtures containing 
29 8-31 2 and 66 1-67 0 molecules per cent cetyl alcohol, these correspond 
approximately to mixtures containing 1 molecule of cetyl palmitate with 1 
molecule of palmitic acid, and 1 molecule of cetyl alcohol respectively The 
adhesion curve also passes through an extended ill-defined maximum when the 
mixture contains 76 2-81 1 molecules per cent cetyl alcohol None of these 
transition pomts are accompanied by any apparent change m structure 
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Table III—II Falnutio Acid and Cetyl Alcohol 
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III —Phenanthrene CuHio ond the Paraffin CgoHi, 

The addition of the paraffin to phonanthrene causea the adheeion of 

the latter to decrease at first rapidly and then very gradually The adhesion 
remains practically constant for all mixtures contaming from 46 6-73 6 mole¬ 
cules per cent CggHgt The addition of mote than 73 6 molecules per cent 
causes it to decrease again rapidly The adhesion curve shows an ill-defined 
transition point at about 46 6 molecules per cent CggHdi 

The molting-pomt of each constituent is lowered by the addition of the other 
The melting-point curve is contmuous and passes through a minimum extending 
from approximately 46 6-73 6 molecules per cent CggHg,, this roughly corre- 
siKinds with the horizontal part of the adhesion curve The meltiag-points 
of all the mixtures, more especially of those contaming 10 2-46 6 molecules 
X>cr cent CgoHg, are very indefimte When heated, the substances gradually 
become translucent, in some case 15“ or 20“ below the temperature at which 
they finally become liquid Solidification takes place in a similar manner 
At a definite temperature, which vanes with the composition of the nurture, 
the excess liquid round the cylinder assumes a crystalline appearance but still 
remains translucent At a temperature of about 56“, which is practically the 
same for all the mixtures, this translucent solid suddenly becomes opaque 
This type of fusion and solidification is charactenstio of binary mixtures from 
which on coohng a solid phase m'parates out of different molecular composition 
to the liquid phase and wse versa 

Phenauthrene crystallises m large, flat square or oblong plates arranged in 
triangnlar-shapcd masses (Plate lb, fig 10) and the crystalbnc plate breaks with 
the normal type of fracture The addition of up to 10 2 molecules of CggHg, 
produces a diminution m the crystal size and a tendency towards a less defimte 
arrangement In a mixture contaming 22 0 molecules per cent C,gHg,, the 
phenanthrene structure has practically disappeared and has been replaced by 
masses of small angular crystals arranged m masses with curved outbnes (Plate 
IG, fig 11) This structure remains {nactically the same for all mixtures con¬ 
taining more than 22 0 molecules per cent CggHg, merging gradually into that 
of pure CgoHgj (Plato 16, fig 12) Throughout the whole range of composition 
only one constituent can be discerned and there is no sharp change in structure 
anywhere m the senes The two substances are apparently miscible in all 
proportions m the sobd state 

The mode of breaking of the orystalhne plates formed from these mixtures is 
peculiar If kept hquid for an insufficient length of tune, the crystalUne plate 
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breaks to a large exteat m the body of the sohd but at no definite layer, the 
fracture often has a conohoidal appearance as though the substance were not 
definitely crystalline (Plate 16, fig 12) In this state the adhesion is very variable 
but generally low When equilibrium has been attamed by keeping the mix¬ 
ture liquid for at least 60 mmutes, the fracture is mamly normal although there 
IB still a tendency for small pieces to be pulled out from the mam mass This 
may be due to the fact that all the mixtures form very hard brittle sohds 
The latent period of phenanthrene is of interest inasmuch as it is one of 
decreasing adhesion, a property which it shares with naphthalene, the only 
other aromatic hydrocarbon exammed The latent period of both these 
substances is about 35 or 40 mmutes 


Table IV —^Tjatent Period and Adhesion of Phenanthrene and of Naphthalene 



Phenanthrene 

Xaphthalcne 

tbe lubetanoe 

WM kept bqmd 

Adhesion 

(measured) 

Adhesion (grams 
per square 
contunotre) 

Adhesion 

(measured) 

Adlu-uon (grams 
per square 
LeuliraetrL) 

Mmutev 






/26MO 

/ 33030 




\ 27210 

\ 34660 



10 



> 27210 

> 34060 

16 

24064 

31390 



20 



24918 

J1770 

26 

22Kt6 

29200 




[20038 

r 20280 

1 



1.20356 

\ 26920 



40 



21417 

27270 

46 

20409 

26060 

1 


66 



21319 

1 

27140 
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Table V —III Phenanthrene and the ParafiBn CmH«i 


Weight per cent 
Fbenuithione 

AVei^tgerccnt 

Melting point 

Adhesion 

100 0 

M 8 

88 9 

88 2 

85 4 

78 7 

60 0 

60 0 

41 6 

87 4 

SO 4 

29 7 

23 3 

22 2 

IS 2 

13 2 

0 a 

7 7 

4 0 

Ta 

11 1 

11 8 

14 0 

21 3 

40 0 

41 0 

08 0 

32 8 

80 6 

70 3 

78 7 

77 8 

84 8 

86 8 

00 7 

02 3 

08 0 

100 0 

•c 

00 

08 8 

048 

90 0 

04 4 

02 0 

80 0 

84 8 

74 0 

80 8 

60 0 

80 0 

80 2 

80 1 

60 4 

80 6 

81 0 

82 8 

84 2 

08 0 

Urenu per equare 
oenUmetre 

26080 

28380 

21800 

22120 

21370 

21000 

20210 

10920 

19170 

18480 

19060 

18480 

18270 

18830 

18020 

18420 

17615 

17010 

16025 

12748 





f 


Roy Sot Proc, A,vol 118 , PI 15 


70 i mol pir iint Palmitic 
Adil, 2J S mol {xr rent 
(Vtyl Aliohol 
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A Oeneraltsed Spheroidal Wave EqucUwn. 

By A. H. WiLSOK, B JL, Kmiaanurf College, Cambndge 
(Oommimiuted by B H Fowlar, F R 8 —^Received December 19,1927) 

1 . Iiaroduchon. 

11. The differential equation oonsideied in this paper may be wntten m the 
form 

( 1 ) 

When this equation becomes the equation giving the solution of 

V*X—X*X = 0m sjdiercadal co-ordinates. The equation may therefore be called 
a generalised spheroidal wave equation. In Part I of this paper we shall 
consider equation (1) when pytO, and in Fart II, which consists of sections 
6 to 10, we shall consider the equation with p = 0. The transformation 
X — 1)"*^/ reduces the equation to one with polynomial coefiScients 

-^0-2(n, + 1) {XH* - ^XH- -n, («, + 1)}/* 0. (2) 

The further transformations $ — 1 — « and/ »= e~^y bring the equation to 
the following form, 

»(» 4* 2)^ -f 2 1 ■+• (n, -h 1 — 2X) a? — Xaf}^ 

-|-{(n,-2X)(iH-f-l)-(i'-X*-l-2pX-2X(iH-|-l-p)*}y = 0, (3) 
or as we shall wnte it, 

* (® + 2) ^ -f2{n*-l-l-l-(«* + l — 2X) X — 

+ {|t -h 2pX - 2X (n, 4-1 - P) »} y ■= 0 (3 a) 

We shall take (Sa) as our standard form. 

1.2. The equation (1) oocura in the important physical problem of deter¬ 
mining the possible energies of the ion of moleeuler hydrogen by means of 
SohxSdinger’s wave theory. In this problem n, is a positive mteger or zero, 
and in oases where this fact makes any differmoe to the results we shall assume 
it. We shall also assume X to be real Li the physical problem solutions an 
.zequind which an bounded m the real mieml 1 < | . When (p — < 4 ) 

b a positive integer n, then an n vahns of (i for whidi equation (Sa) 
VOL. azvniv—A. 2 a 
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admitB of a poljmomial solution of degree (n — 1) There are also other types 

of solubons. 

13 The equation is a confluent form of the general second order linear 
differential equation vith four regular Brngolanties Bach an option may be 
represented schematically as 

f 0 6 c 

y = pj 0 0 0 Ms + l-p * 

[ -Hs -n,' f nj' + l + p-j 

the notation being an obvious generakation of Riemann’s F-function, Equation 
(3a) is obtamed by taking 6 = 2, = mj' and by making c « while jc — 2 X. 
The point at infinity is therefore an irregular singular point of the equation. 

The solution of an equation of this type is probably expressible as a homo¬ 
geneous mtegral equation, but we shall obtam our results by means of a solution 
m senes 


2 TheSclulwtuinaFtmteFom. 

We put p — nt IB n a positive integer and assume a solution 

*-l 

y = E 0, af 
0 

The coefficients are determined by the Mowing relations 

2(11, -1-1) 0i + (|i + 2pX) Oj = O' 

2 (« +1) (w + +1) «ni+i 

{fli (fli -|- 2fi, + 1 — 4X) -}• |i "b 2pX} 0 , — 3X (w — n) Ot,_i = 0 
form = l,2,3, ,n-2 

{(n - 1) (n + 2fl, - 4X) -f fi 4- 2pX}a,_i + 2Xfl,_a = 0. 


( 1 ) 


These linear equations for the coefficients will have a non-sero solution if and 
only if the determmant of the sysMi vanishes. 


|i+2pX 3(ii|+l) 0 0 0 0 

2X(n-l) |t+2pX-|-2»j-f2-4X 4(hs-1-2) 0 0 0 

0 2X(n-2) n-l-2pX-l-2(2ji,-f3-4X)6(n,-f2) 0 0 


0 


0 2X|i-l-2pX-t-{n-lKn+2iH-4X)l 
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Thu relabon between and X u of the nth degree m and u the neoessary 
and snffiiOient condition for the existence of a solution of the type assumed 
(i can easily be determmed for any given values of n The most mteresting 
values of n are » = 1, 2, or 3 We denote the determinant by (p., X) 

2.2 Partwulor Cases 

2.21 n = l 

The determinant rednoes to the single term p 4- ^pX, and the corresponding 
solution u y = Og 
Therefore 

y(*) = Ofl 

{i = 2X(n,-l) 
or 

p.' = », (n, + 1) - X* 

2 22 n==2 

X>s (f*^) S (fi + 2pX)« -h 2 (p + 2pX) (nj + 1 - 2X) - 4X («, -f- 1) - U. 
Therefore 

p = 2X(n, - 1) - (n, + 1) ± V (»3 + 1)* + 4X* | 

p' = (tt, 4- 1)* - X* ± v/(n3 + !)• 4X* I 

To each value of X there are two polynomial solutions y (z) of the first degree 

2 23 n = S 

The expression for p now becomes more compUoated For simphoity we 
take n, = 0, and put p + 6X = pi 

D, (pX) = 32X* (pi 4- 2) - 4X (3pi* 4- 16p, 4-12) 4- Pi* + 8p,* 4- 12pi = 0 

2 3 All the solutions obtained so far give an expression for X (^) which is 
finite m any interval along the real axis not contauung — a> We shall show 
that these are the only solutions having tins property There are other solu¬ 
tions expressible m a finite form (when n, 0), which are bounded m the 
interval 1 ^ < ao but which have a pole of order nj/2 at 5 = — 1 

We proceed to obtam the most important types of solutions 

3 SdbUwns whuA are F%n%ie »n the Range (— 2 < z < 0) 

31 If n IS a positive mteger, the solutions obtained in § 2 satisfy the con¬ 
dition. When n u unrestnoted such solutions wdl uot be possible, but lu 
either event a mm-tenmnatuig solution can be found 
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We uenme a Bolntaon of equation (3a) {11 to be of the form 
0 

The leounenoe relations are 

2(n, + l)Oi + (|x + 2pX)Oo = 

2 (»» + 1) (m + n, + l)aM4.i 

+ {«i(m + 2rt, +1 — 4X) 4" (i + 2j)X}o* — 2X(»» — a) 0^-1 = 
for m = 1, 2, 3, 

By eliminating the coefficiente we obtain an infimte determinantal equation 
connecting |i, X and n This will give a solution whether or not nis an mteger 
It IS necessary to find the radius of convergenoe of this solution 
Wnting (1) m the form 

a,.n _ _ m (wt + 2n, -f 1 — 4X) 4- tt + 2pX . 2X(>ft — n) a»_i 

a, 2(»» +l)(w + n, + l) ■^2(in4-l)(m + n,+l) ’ 



we see that L ^ either finite or infinite 

If the limit IS fimte the radius of convergence is 2 and it is easily seen that the 
senes is divergent at a; — 2 Ghooauig the second possibility, the solution 
becomes an mtegral function of x 
Let N* =3 o*+i/o,» and wnte the recurrence relation as 
N, = - 

The condition that 0 can be expressed m the form of the following infimte 
oontmued fraction 


-«o = N, = -^ smccN„->0 

+ Ni «i + «a + Ms + 

This oontmued fraction is convergent* and is the expansion of the infimte 
determinant obtamed by eliminatuig the coefficients from (1) The senes (1), 
subject to the condition expressed either by the determinant or by the oontmued 
fraction, is therefore an mtegral function of x, and is of course fimte m the range 
(— 2 < X < 0) It 18 not, however, fimte m (0 < x < «) In fact to make 

0 we must have N* ~ — and y (x) ^ for large x The oorrespond- 


ing function X (^) behaves like at 4- ao, and so differs essentially from the 
solubons discussed m § 2 which tend to zero as ^ oo 
3^ The other sdutions associated with this expansion are of no mterest 
* Fsoon, “ Die Lehie yon den KettenbrOohen,” p. 280 



621 


Qtneraltsed Spheroidal Wave Equation 

Unless the lelataon between (ji, X and n is satisfied the solution will only be vahd 
in the oirole \x\ = 2 and the solution is unbounded near x = ~2 The second 
root of the indioial equation (— n,) gives a solution unbounded near the origin, 
and this t)rpe of solution is without interest 

4 SolvAwnn tn Deaoendtng Powers of the Varwhlr 
41 The chief ph}r8ical interest lies m the class of solutions X (^) which are 
finite in the range (1 < ^ ) We have already obtained such solutions in 

§ 2, but it does not follow that these are the only ones satisfying the condition 
If X (^) 18 finite in (1 ^ ^ < 00 ) then X (^) has either no finite singularities or else 
a singularity at 5 = — 1 The functions of § 2 are those of the first tjrpe, and 
it remains to determme those of the second type The obvious expansion is in 
powers of (1 -f' If we expand y (^) round ^ — 1 the solution will bo of the 

form y (5) = Au log (5 + 1) + B (5 + 1)“"* v, if n, is an mteger, where u and 
V are infimte senes The solution then has the desired singularity at ^ =3 — 1 , 
but the senes ate not of a simple form, and the conditions at ^ 3 = 1 anrl 
^ =z oo will not be easy to satisfy A more logical method is to expand the solu¬ 
tion m descending powers of (I -f- The expansion will then be vahd outside 
the circle 11 + 51 — 2 , its mfimty condition is satisfied and it only remains 
to make the solution fimte at ^ = 1 

4 2 Makmg the transformation / '3-1 /(I -f 5), the equation for y becomes 
t*(l - 2f) ^ + 2{(»i, - 1)«* - in, + 2X)< f \}t^ 

+ C {(»8 + 2?^) (n, + 1) - I*' - 2Xp - X*}f - 2X(n, -f 1 - p)]y^-- 0 (1) 

The important range of values is 0 < f J 
We expand y as an ascending series in t 

y = lo^a„r 

The mdioial equation i8p = n, a^^d so only one mtegral 11 regular 

in this expansion, and even the regular mtegral is in general divergent 
The lecurrenoe relations giving the coefficients arc 

2X0^ + {— (Wj + 1 — P) (»*8 + + P) 

+ (ns + 2X) (n, + 1) - n' - 3Xp - -= 0 

2Xn«* -f {(m -f w, — p) (m — n, — 1 — 4X — p) 

+'(n, + 2X) (n, + 1) - js' _ 2Xp - X«}o,_i 

^ 2 (m -f n, - 1 - p) (m - 1 - pi = 0 


( 2 ) 
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These equations give two posaibibtieB L aja^ i is either inflnite or 

finite In the first ease the senes is diverj^nt everywhere, and is the asymptotio 
expansion of some solution We must therefore choose the latter alternative 
L o„/o*_i = 2 

The radius of convergence is ^ and we must ezammc more closely the case 
t = ^ We can obtain an asymptolao expression for the coeffiments by putting 
Om/Om-i 2 (1 — ^/n ) and equating powers of m m (2) It is found that 

P = 1 — n. Therefore for large values of m the coefficients api«oxiinate to 
those m the expansion of (1 — 2<)""* 

Therefore 

therefore 

X (5) '' (I + (1 - ?)-*•'* near 5 = 1 

It n, a 0 then y ~ t^~* log (1 — 2t) Therefore X (^) has either a pole or a 
loganthmic smgulanty at ^ = 1, and it is impossible to make X (^) bounded as 
^ 1 by imposing one relation between (i', X and p, since X (^) is uniformly 

infimte for all p', X, and p provided the senes does not terminate 
It IS therefore necessary, and possible, to make the senes terminate It is 
found that there are two different types of terminating senes 
4 31 TAe SdulwM «n a F%n%te Form 

If the senes p = S is to termmate, then it is necessary from (2) that 
(w + n, — 1 — p) (m — 1 — p) = 0 for some m 

The first factor gives p — n, = n a positive integer ^1 In this case, pro¬ 
vided a certain condition between p', X and n is satisfied, the senes will be 

y = aj" = ajf* n > 1 

0 0 

y is then a polynomial of degree (» — 1) m and must be the station found in 
§ 2 The relation between p, X and n is given by § 21 equation (2) This 
solution therefore gives us nothing new 
The second factor gives p to be a positive integer > 1 The solution then is 

y „ (p>l) 

This solution is the product of (1 + and a polynomial in ^ of degree 
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{p — 1), and IS not included in the previous expansions. It is given hy the 
relations (2) for w = 2, 3, (p — 1), together with 

{2X (1 - n,) - p' -2Xp - X«}o,.i + 2 (n, - l)a,_, =» 0 
Eluninating the coefficients we obtam the following relation between p, X and p 
p*-p-p'+2X(p-n,-l)-X‘ 2X 0 0 

-2(n»+l-p)(l-p) (2+n,-p)(l-n,-4X-p) 4X 0 

+(*»+2X)(n,+l)-p'-2Xp-X* 

0 -2(n,+2-p)(2-p) 

0 0 


432 Special Cows 

Wd oan discuss the special cases on exactly similar Imes to those employed in 

§22 

1 p*l. 

|t' = -2«,X-X» (3) 

2 p=i2 _ 

p'»l-2«,-X*±v'l + 4n,X + 4X* (4) 

3 If n, = 1 we oan find an exphoit impession for p' 

It IS p' s= — 2pX — X*. 

4 4 Wo have yet to prove that there are no further solutions m the range 

1<K« 

Let the equation for y be written 

and denote the solution m senes given by (2) by 
A second solutian is given by 


Neart«| 


fH+l-V 




and X(e)«ill be finite. 
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Near t = 0 

and einoe X (^) = 0 (e~^^y), X (^) will be unbounded near (>= 0 Tbere are 
therefore no solutions which are not included in the terminating senes 
61 Rd<atona between the Sdutwna 

We have obtamed vanous types of solutions of the equation and we now 
sununanse our results and state vanous relations between the solutions 

The fundamental solution is the integral function obtamed in § 3 1, subject to 
a condition expressed by a contmued fraction This solution for y(x) is fimte 
at * = 0, ® = — 2, but behaves like at infimty The corresponding func¬ 
tion X (1) IB of the form 

Xa(5) = Ac**(«o + a,5+ )-t-Be-«(5o + 6i5+ ). 

where the infimte senes are mtegral functions of ^ Neither A nor B can be 
aero 

From this solution we can obtam a second solution m the usual manner 
This second solution Xjs {1) will have the same form at infimty as X^^ (^) but 
will have singulanties at ^ = d: 1 These two associated sets of solutions form 
a denumerable mfimty corresponding to the roots of the infimte contmued frac¬ 
tion There is a third set of solutions which are Imear combinations of X^ (^) 
and X,^, d) for the same root of the continued fraction This type of solution is 
that obtained m § 4 2 which converges for | ^ | > 1 This last type gives a 
solution finite along the real axis as ^ «o . 

XR) = .-*<5-'->*'(c. + ^ + ^,+ ) 

By changing the sign of X we obtam another solution 

= + | + ) 

These last two solutions are normal mtegrals and axe convergent for | ^ | > 1 
Here again, of course, there is a condition expressed by means of a contmued 
fraction 

None of these solutions is fimte m the range 1 ^ ^ w, but by imposing 

an extra condition we can obtam polynomial solutions for y (x), and hence fimte 
solutions for X (^) of the form 
X(9 

Ibii complaiM tlu spaoifiMtion of the eolottone uumg from XyR)* 
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The other l^pe of eolation arises from the solakon mentioiied m $ 3 2 This 
solation, whidi we shall denote by — 1), is m ascending poweia of ^ — 1, 
has a singularity at^s — l.andsois only vahd inside the circle | ^ — 1 1 = 2 
This solution exists for all values of (i except those for which (^) exists 
Also the coefficients m the expansions of ^X^f^ — 1 ) andXii(^) are the same 
inside the circle, except that each solution has its appropriate value of |i 

There is a second solution iXj — 1) wbchis fimte at ^ = — 1 and has a 
singularity at ^ = 1 The expansion is therefore valid in the annulus 
0< 1 5 — 1 1 < «> There are corresponding expansions at 5 = — 1 , iX, (5+1) 
which IS ffiute at 5 = 1 uid infimte at 5 = — 1 > and ^Xi (5 + 1 ) which is 
infimte at 5 = 1 and finite at $ = — 1 Only two of these functions are 
independent In fact we have 

,Xi(5-i) = iX,(5 + i) 

A(^-l) = A(5 + i) 

The only interest we have m these functions is to prove that they arc not 
fimte m the real interval 1 <15 ^ This is a matter of some difficulty 
as we cannot obtain explicit expressions for the funotions which are valid m 
the whole of the range in question We proceed to give the form of the solu¬ 
tions, and then to give a proof of their unsuitabihty for the physical problem. 

With these functions is associated an expansion at infimty This expansion 
is the asymptotic one obtained in § 4 2, and is divergent everywhere There is 
also another expansion obtamed by changing the sign of X. 

The solutions are of the following form 

A (5 - 1) = Alog (5 - 1) «i(5 - 1) + B(5 - l)-"*u,(5 - 1) 

,X, (5 +1) = C log (5 +1)«, (5 + 1) + D (5 + 1)— «, (5 +1) 

When 151 ui hvge these two functions must be linear combmationB of the 
asymptotic expansions 

)+p.**5-—'(<(.+1+ ). 
,X,(5+l)-r»'‘'5--‘+'(.>. + |+ ) + fc«5-'-‘-'(j,+i+ ). 

What we have to prove is that none of a, % y, 3 can be zero We shall only 
consider the function ^Xj (5 — 1) (or ^X, (5 +1)) as this is the only function 
which oould give a sdution finite m fo). 

The form at infinity of jXi (51) cannot be altered by a change m the value 
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of (i. !N^ow tlie two fnnotionB ~ 1) and (^) have the same expannoiu 
m the circle | ^ — 11 = 2 except that the values of p are different By choosing 
(1 suitably ^X^ ~ 1) becomes X^ (^) which always involves both exponentials 

s^ and e~^ We therefore see that ^Xj — 1) is not finite along the real axis 
as « 

We can obtain a solution of the required form by imposing two condilaons 
This type of solution is obtained m § 4 31 from the asymptotic expansion, it 
has a pole at ^ — 1 In a similar manner we could obtain a solution m a 

finite form, having a pole at $ = 1 

It may seem at first sight that the solutions m a finite form are incompatible 
with the fact that jX^ — 1) and X^ (^) are unbounded at infiimty This is 
not so For defimteness consider X^ (^) We may write the solution as 

Xu(5)-«-«ia.5- = .->«,(5) if«. = 0 

Our argument shows that if this function is to have no singularities m the fimte 
part of the plane, then y c*** If, however, the senes for y (?) terminates 

then our argument is mvalid, as it depends on the fact that-^ exists for all 

®»i-i 

values of m ^ 0 

More precisely, what we have proved is that neither Xy (?) nor ^Xj (? — 1) 
IS fimte m 1 <^ ? '‘^ 00 unless it consists of the product of e~^ and a terminating 
senes To make the senes terminate requires two conditions 
6.2 Atymplaho Expreanons when X m Large 
We cem obtam a formal solution of equation (2) § 1 which corresponds to 
the solution m a fimte form found in § 2 Since we have proved that these 

solutions are fimte in the range ~ 1 '^ ? ^ 1 we shall confine ourselves to this 
range 

For the purpose of obtaining sdutions m descending powers of X, the foUoW' 
ing transformations are convenient 

/(5) == «~**y(5) “d ? = co8» 

The equation for y then is 

0+{(3»s + l)<»t® + >"m*}^ + {|*i + 2(n, + l-p)XooB!B}y-O (1) 
irfiere 

|iis» |i' + X*~n,(n,+l) 

Owing to the oocurrenoe of the term oot t this equation is not of Hill’s type, 
anet therefore there la no advantage m reducing it to the normal form. The 
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b(mndat 7 condition u now replaoed by ibe condition of the aohition bteng 
penodio 

X 18 large and posihTe and we aasome solubona of the form 

If we Babstitate these expreasioiu m (1) and equate powers of X we obtam 
the following set of equations 

28mx^4-{|ii® + 2(«8 + l-p)co8a:}y„ = 0, (2) 

2smx ^W + 2 (n, +1 - p) cos *} ^ 

+ (2n, + l)ootx^+Pi'«yo = 0. (3) 
2 smx + W + 2(n8 +1 -P) coe x}yj + ^ 

+ (2fi, + l)cotx^+|iin'yi+(ii®yo = 0 (4) 

The solution of equation (2) is 

yo = (sm Jx)‘'~**''‘~f»‘’(coBix)<*~'^~^*^‘* 

Periodic solutions are then given by 

PjO = 2 (p - -1 - r), yj = (sm Jx)' (cos Jx)* "f, 

where r = 0,2,4, 2 (p—n, — 1), since if r is an even integer the expaunons 

in ^ wiQ be termmatuig senes 
Equation (3) then takes the form 

2 sm X ^+{ji,® + 2 (w, +1 -p)ooB x}yi 
+ if (f + 2n,) (am Jx)'-® (cos 
+ {|*i" - (P - n, -1) (p+«H)} (bh ix) '(cos 
+ i(2p - 2) (2p - 2a, - 2 -f)(im i»)' (cos » 0 

If y^ IS purely periodic we must have 

l*i" = (P+»i)(p-»»s-l) 

Then 
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To tins approxunabon we have 

Ki = 2(p-n,-l-f)X + (p + «,)(p-n,-l) 
{i'=3>(p-l)+2(p-«3-l-r)X-X*4-0(l/X) (5) 

If we compare thw expression with the explicit values found for particular oases 
m 12 2, we see that the constant term m fi' is only correct when p = w, -f 1 
The other terms agree m all oases It is therefore useless to calculate the 
higher ooeifirienta (ii'®, etc 


Part II 

6 The Spheiotdal Wave Fundum 

If p = 0 the equation takes a much simpler form Many methods are now 
avsilaUe for the discussion of the equation which are inapphcable when p 0 
There will, however, be no solutions m a finite form, and so no solutions which 
are fimte m 1 ^ « All the results of the previous sections which do not 

depend on (p — n,) being a positive mteger arc also true when p = 0, but they 
can usually be obtainwl more simply We shall write the equations as 

|((i-mf} + {w-i^.+ .|x=o, (lA) 
and X « (1 - 

(1 - ^ - 2 (», + 1)5 I + W + [i - (n, +1))/ = 0 (IB) 

The equation is similar to Mathieu’s equation, and occurs m many physical 
problems connected with wave motion m spheroids Solutions are required 
which are fimte for — 1 1 or 1 5 « where a is some fimte con¬ 

stant The equation is well known and has been considered by various wnters * 
The account which follows is simpler than those referred to, and obtains the 
results in a more manageable form for physical apphcations The methods used 
Bubaequently are inapplicable when pj^Oes they depend on the fact that the 
expansion proceeds m powers of The solutions may be either odd or even 
functions, and can be expanded m powers of ^ or as senes of associated Legendre 
functions The expansion m Legeaiie functions has the advantage of rapid 
convergence when X IS small, but gives nse to complicated expressions We shall 

' *'Nlten, ‘.PhiX Tmu.,' A, vc^ 171 ; MaoUurin, * T^ani. Ounb Phil Boo ,* voL 17, 
Abfahaiii.*Msth.Aim.,*T«4.ai FOoH'Qwtaii^ J.JIalh.^* 
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be mainly ooncemed with solutions which are fimte m the range — 1 ^ ^ ^ 1, 
and this condition determines |x as a function of X. Unless X is small this 
relation is best detemuned from the senes m Finally we can obtsm expan¬ 
sions valid for UI large, and also for X large These expansions have not been 
given before. 

7. Expannotu tn Pouen qf ^ 

There are two different types of senes One an odd senes, the other an even 
senes They refer, however, to different values of (x 

71 The Even 8me». 

If we assume a solution / = 2 then we have the recurrence relation 

(2m -i- 2) (2m -4-1) « = {2m (2m — 1) -f- 4m (n^ -|-1) 

— + »»8 (*** + 1) } ®2m~a 

Putting Nn » this becomes 

N == . ” j ) - -P_ ^ _L_ (1) 

(2m-1-2) (2m+ 1) (2m-1-2) (2m-H1) N,.x 

Two cases anse 

1 If 18 fimte then L — 1 

The next approximation to K. is obtained by puttmg » 1 —^ m (1) 

We find that oc = 1 — n. Therefore for large values of m the coefficients 
approximate to those m the expansion of (1 — 5*)'"’ if ^ 0, and of 
log(l—if «i = 0 In this case X (^) IS infimte at ^ =: ± 1 

2 If IB unbounded, then the senes represents an mtegral function, and 

IS therefore finite in the range — 1 ^ < 1 Also N„ ~ XV4m* and 

fil) ~ cosh X5 

The condition that L N« = 0 gives a transcendental equation between 

(i. and X* We shall obtam this relation m several equivalent forms 
The recurrence relation for tiie coefficients can be wntten 


*’*"+* ®l*+* + + Ws«-i ®i«-i ~ ® 

, (2m 4-2) (2m+1) 

(2m-hn,-f l)(2m+n,)-|i 

__X?_ 

(2m -h «, + 1) (2m -I- nj - {X 
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Thanlore 


»<®« + »o = 0 

"A 4- a* + «rt»o = 0 

««a8 f <*4+ «*“» —0. 


and so on 

The condition Nn->0 is eqmvcdent to the vanidung of the following infinite 
detenainant, 


1 V, 0 0 0 

tto 1 t>4 0 0 

0 «! 1 tit 0 

0 0 U 4 1 vg 

0 0 0 u, 1 


= 0 ( 2 ) 


This detenainant is of von Koch’s type and is absolutely convergent The 
rapdify of convergence is not great enough to enable |i to be calculated easfly 
from the determinant A more suitable form is obtained by expanding the 
determinant as a contmued fraction, but we can obtam the expansion directly 
from equatum (1) 

We have 

* __x;_ 

(2m + n, + 1) (2m 4 - ♦*,) - I* - (a« + 2)(2m + 1) N,’ 

therefore 

„ X« 3 4X» _ 6 fix* 

'’“(».+3)K+2)-|*- (fl,-{-6)(«,+4)-n- {n,-f-7)(n,+6)-^l~’ 

smoe Nm -^O as m-*’ oo, and smoe the contmued fraction is convergent* for all 
values of X and (1 Also No => a,/a, == {n, (n, + 1) — |*}/2, and so the equation 
for (4 becomes 


1 2X« _ 3.4X« _6 6X« 

(«t.+3)(nrf2)~p- (n,+5)(4i,+4)-n- (n,+7)(n,+6)~ii- 


(3) 


FsBODt fae. at, p. 468. 
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Thu u Uu most qaoiaetnoal foim of the eqaataon, but we oaa exhibit its 
convergence better by dividing by suitable factors 


= 1 2X«/{(n, + 2)K + 3)} 3 4X«/{(H, + 2)K 4-3)(n, + 4)(n, + 6)) 


1 - 


(«8 + 2)(n, + 3) 


1- 


K + 4)(n, + 6) 


(4) 

Thu u the best form for the relation between pi and X 

The expression which has usually been used for (i is an expansion m ascending 
powers of X* The method used by Niven and Maclaimn for obtaining the senes 
u very labonous The senes can be easily obtained from equation (4) The 
contmued fraction has an indmte number of roots and wo can approximate to 
any of these 

For simplicity we take n^ = 0 

The first root pi for pi is that one for which the zero approximation is pi| ~ 0 
If we substitute this value for pi on the nght-hand side of (4) we obtain the 
first approximation pii = — ^X’ This can be again substituted on the right 
and a second approxunation obtained. In tbs way pi^ can be evaluated to any 
desired power of X* with very little labour The result u 


t*i* 


= -^X*- 
3^ 


* - I 

6 7^^3^ 6* 7* 


To find the second root pij we mvertthe contmued fracboamto the following 
form, 

1 2X«/{(n, + 2)(», + 3)} 

= 1_S_ J »«/((.4 + 2)(.,+3)(..+4)(.^ + »)1 

(fij + 2) (wj + 3) — j_[f_ 

(»8 + 4)(n, + 6) 


We can then evaluate the root by the same method 
When n* = 0 


a 24 ,4 I 


The roots can be evaluated similarly for any given value of w, 


72 TheOddSenes 

If we ossnine a solution / = S (•H-fi the recurrence relation for the 
ooefiS^oienta u 
(2fli + 2)(2tn + 3) 

= U2w + n, + l)(2*a + »,4-2)-p}6^n-XH.p._i (6) 



682 A. H Wilson 

The work is exactly paxaM to that in 17.1, and we shall only give the expires- 
sum for (1 as a ormtmoed fraotion, 

(n,+l)(n,+2)-|i 

, 2 8XV{(n,+3)(n.+4)}4.5XV{(n.+8)(n.+4)(n.+^^ 

1 1* - 1 _ li - 

(n,+3 )(n,+4) (*4+5) («s+®) 

By expanding the contumed fradaon we can obtam the roots |ji«, (jUi • • 
as power senes m X*. 


8. Bxpansiotii wt 5ene« of Assootaled Legendre Funehona 
In this type of expansion we deal directly with X (^) The form of the 
equation suggests the eiqiansion 

X(5)=5:a.Pj(5) 

We have the following identity for 


(2m + l)(2w + S) 

, 2w(m + l)-2n,«-l p,..p> . (w + n,)(m + w,-l) p^ /gv 
^ (2m-l)(2»n + 3) (2m-l)(2m + l) 

There will therefore be two different types of senes according as m is even or 
odd 

81 The Even Sertea 

X(5) = f 


By substitnting this expression in the differential equation, nmng the relation 
for and equating to xero the coefficients of the vanous harmomos, we 

obtam the Mowing recurrence relation for the coefficients. 


(2m + 2n , tl)( 2>» + _2»A±j}a.^„ 
(4m + 2n, + 3)(4m + 2n,+ 8) 




(4m+2n,—1) (4m+2n,+3) 
(2m —l)2m 


(4m -j- 2tig — 3) (4m -f- 2fi) — 1) 


afa_, = 0 (1) 


There ate two possibilities. Either otm+tlotm tends to zero or it is unbounded. 
We must choose the former alternative As above, this condition is best 
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expressed by an infinite continued fraction The expression is very com¬ 
plicated and makes the result of httle value except for small values of X* 

We can obtam the senes for p from the contmued fraction by successive 
approximations The first approximation is obtained by equating to zero the 
coefficient of in (1) Even for this purpose it is preferable to use the expres¬ 
sion found m § 7 as the quantities are less comphcated 
8 2 The Odd Senes 

Using the same method as m § 81 we obtain a recurrence relation for the 
coefficients This equation is the same as (1) with (2m -|- 1) wntten for 2m 
The equation for p will be given by the corresponding contmued fraction 

9 Expansions for Large Values of the VanMe 
In § 4 we obtained an expansion for /(^) round the irregular singnlanty at 
infinity When p =s 0 we can apply the same method The expansion pro¬ 
ceeds m mverse powers of (5 -|- 1) or — 1), the corresponding solutions being 
oontmnations of one another (Maolaurm has determined an expansion m 
but this mvolves four successive coefficients and therefore is not so good 
as the present one ) We shall only give the expansion in terms of (1 + 5) 
Put 

Then as in § 4 
where 

2XOj + {(n, + l)(n, - 4X) -|- p -f X‘ -(«, -1- l)(n, - 2X)}oo = 0 
2XmoM (m + n,) (m — n, — 1 -|- 4X) 

+ p -j- X* — (n, -f-1) (n, — 2X)}ai,_i 

-h 2 (m + », — 1) (m — 1) o„_, = 0 

It 18 usually stated that such an expansion is asymptotic This is not quite 
correct When p has one of the charactenstio values determined m $ 7, this 
senes IS convergent for | ^ |> 1 Otherwise the senes is divergent butasymptofao 
By oliATiging the sign of X we can obtam another expansion 

/(5) = e-«»,(0 
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10 Asymptotic Expansions for Large Values of X. 

We can obtain two aaymptotio eicpanaions by the method used in §5 2 
The work is very wmilftr and will not be given at length 
Putting/x (^) B (^) and ^ = cos x, and expanding yi and |ix in powers 
of X~^ we amve at the following equations 

2 Bin ® ^ pi® + 2 (mj + 1) cos x} yi® = 0. (1) 

2 x^ + {- p,« -|-•2 (n, + D oos x} y/" - ^ 

- (2nj +1) cot X ^ - px‘“ yi“ = 0, (2) 

and so on 

The solution of equation (1) is obtained by takmg pi® = 2 (r + n, +1) 
where r is an mteger, and is 

yi® = (am §x)7(cos *' 

Since there are terms with negative mdices it is not possible to obtain a solution 
in fimte terms The solution breaks down at x = ± tt 
E quation (2) now becomes 

Ssmx^+{-Px® + 2(n5 f l)co8x}yx"> 

- if (f + 2«j) sin (ix)’'"*/(co8 ix)*<"'*‘> 

- {|*i“’ + Wj (n, 4-1)} (Bin ix)7(ooB ^x)*<"*+‘> 

- i (2n,+2+r)(8in ix)7(coB +'+» = 0, 

and so p,*” = — n, (n, f 1) 

yx'^’ will have the same form as m § 5 2 It is probable that the expansion 
becomes untrustworthy at this pomt For this reason and also because the 
next approximation is very labonous, we shall not pursue the investigation 
further 
We have 

p~-X‘ + 2X(f + n,+ l) + 0(1/X) 
and 

Ml) == -^yi ~ «‘“-{(8mix)7(oo8K<-+«+' + 0(i/x)} 

By assuming a solution/, (^ = e~** y, (5) we can obtam another solution for the 
same value of p This will be obtamed by wntmg (re — x) for x m (3). 
Therefore 

fd) = e"^y. {(COB ^Yl(sm + 0 (1/X)} (4) 
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Theae aolutiona fail altogether near certain points, and it is necessary to use the 
expoiuion with care The value for is by no means certam, and it ta usually 
necessary to use the contmued fraction (4) § 7 to check any results obtamed from 
the asymptotic expansion 

Any solution of the equation can be expressed as a linear combination of these 
two solutions/i./j To obtain the odd and even solutions of § 7 we must satisfy 
the following relations, 

/(^) ~/(^ ~ 5) functions, 

and 


/(S) = — f{n — 5) fof the odd functions 


Our approximations do not distinguish between the values for [x corresponding 
to the even and odd functions, which are 


/i(5) + fti^) function, 

/i(5) ~ Mi) "‘^‘1 function 


The Ionised Hydrogen Molecule 
By A H Wilson, B A , Emmanuel College, Cambndge 
Gommumcated by R H Fowler, F R 8 —Received December 19, 1927 ) 

1 JnlrodrKl%(m 

The model which has been proposed for the ion of the hydrogen molecule 
consists of one electron and two protons Since the mass of th< electron 
is negligible compared with that of the protons, we may, to a first approximation, 
consider the protons as at rest The system is then a particular case of the 
problem of three bodies, and can be solved completely classically This has 
been done by Pauli,* and more recently by Niessen f The value obtained by 
Panh for the energy of the normal state is not m agreement with the experimental 
result inferred from the ionisation potential and heat of dissociation of the 
molecule Niessen obtains the expenmental result by the introduction of half 
mteger quantum numbers 

* ‘ Ann d Pbysik,’ voL 68, p 177 (19221 
t ‘ Z f PliTdk,’ vd 48, p. 694 (1637; 
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The daasioal problem is separable m elliptic co-ordinates, and so if we apjdy 
Sobiddinger’s method to the system we shall obtam a wave equation which is 
aepanble in the same oo-ordinates The resulting differential equations can be 
solved exactly This is the only three-body problem which admits of an exact 
solution, and it is of interest to obtain an analytical result, and not merely one 
obtained by a perturbation method, which it may be difficult to justify 

In the present paper the differential equations defining the system are obtained 
in § 2, and their relevant properties stated m § 3 In § 4 we discuss the relation 
between the equations, and obtam values for the energies of the various states 
Several surprising results appear In the first place no solution is in general 
possible Solutions will only occur for certain distances apart of the nudei 
In the second place it seems probable that these states are illusory, and that 
there are no positive distances of the nuclei which give states The difficulties 
raised are examined m §§ 5 and 6 

2 1 The Differential Equations of the Problem of Two Fixed Centres —The 
ionised hydrogen molecule possesses nine degrees of freedom, and so mne co¬ 
ordinates are necessary to specify its configuration These may be taken as 
the oo-ordinates x, y, z of the electron mass m, and rif, of the two 

nuolei both of mass M If r^, are the distances of the electron from the 
nudei and fji the distance apart of the nuclei, then the wave equation for the 
system is 

■i + i ^ 1 ^ ^ ^ ^ ^ 


where £ is the energy 

It is not possible to solve this wave equation completely, but it can be split 
up into Buooessive approximations* since m/M is very small The zero approxi¬ 
mation will be given by 


- '1'+^(e- f = 0 

m ^ ^ h*\ fi fi fi*/ 


To thn approximation ({; only contains t],, as parameters, and 

for the purpose of solving the equation we can treat these quantities as fixed 
When the equation has been solved we obtam E as a function of the above su 
pananeters, and to obtam a stable state of the molecule we must choose them so 
as tomake B a minimum This is eqmvalent to quantising the nuclei to a xoro 
approximation, and detennipes the possible distances apart of the nudei 
Since fi, 18 supposed fixed for the purposes of the calculation of ({(we need not 
* M Bom u J Oppenhnmer,' Ann d. Phynk,' vol 84, p 487 (IM7) 
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mention oxi^ioitly the term e*/ri. We can take it mto account afterwaidB or 
consider it absorbed mto the term E In future we shall adopt that oonvenlaon 
which seems most suitable for the purpose m hand The three-body problem 
has now been reduced to a one-body problem, and we proceed to solve this 
restneted wave equation 

We consider a slightly more general problem than the ion U,', and deal mth 
one electron under the action of two nuclei with atomic numbers Z^, Zj, which 
are at a distance 2fl apart The electron is treated as a point charge 
We use elhptio co-ordinates 

? = (j-i I- ra)/2c, 0 (>‘i - 


where r^, r, arc the distances of the electron from the nuclei The thud 
coKirdinate is the asimuth <ft round the line of centres The ranges of the 
co-ordinates are 

1 ■< ^<-00 
0 < ^ < 2tt 

The potential energy of the electron is 

V=-e*(Z,/rj-f Z,/f,) 


V*i{* can easily be transformed to these co-ordinates by means of Qauss’ theorem, 
and Sohrodinger’s equation 


where £ is the energy, becomes 

I {«• - 1 ) j|} +^ {(1 - ^) + {^+ 14^,} ^ 


+ ^[B(e- -fl + + Z.) C - (Z, - Z,),|)j4. = (I 


^ must be fimte, contmnous, and single valued m the three-dimensional space 
^ 1 ], ^ The equation is separable and so we put 

+ = o(^)xa)Y(>,), 




therefore 
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wlme IS a positive integer, 


[ + 1 .} x;= 0, 

(1) 

+ {xY-«',,-y^+^}Y = o, 

(2) 

= -an*/MC*E/A* (X>0)1 



= 87t*mcc»(Zi-)-Z,)/A* J 

a > 

(») 


k' =:87A/K!f*(Z,-Z,)/A* 


(1 and X must be determined so that the equations (1) and (2) have finite and 
continuous solutions in the ranges —1 

2 2j Before proceeding to the solutions of the equations (1) and (2) we can 
obtain an insight into their nature by considering some special cases 

(1) If Z 2 = 0 then K ~K and equations (1) and (2) are identical The 

characteristics, or energies, arc those of an atom with nuclear charge Z^e and 
one electron — e The solution X (5) is bounded for 1 < ^ 00 If it is also 

bounded m — I 5 < 1, then the same function of •») is a solution of equation 
(2) This IS actually the case, and so both (jt and X must be separately deter¬ 
minable from a single differential equation 

(2) If Z| = Z, = 1 wo have k' = 0 This corresponds to the molecule Hi'*' 
Equation (1) is the same as for the helium ion He''' The energy E may there¬ 
fore take values which are included in those of He' For such energies p and X 
will "be determmed by this equation alone Equation (2) will give a further 
condition for p m terms of X, and this condition, together with the two 
derived from (1), should determine both E and c 

The method we adopt is to determine p so that equation (2) should have a 
hmte solution, and also so that (1) has a fimte solution This will give two dis 
tinct expressions for p, and the common roots ought to determme the possible 
energies 

In §§ 3 and 4 we apply the ordinary Schrodinger theory, but do not obtam 
the experimental result In §6 we lighten the restrictions on <);, and then 
obtain something near the cxpenmental values 


3 Properties of the Funeltons X (^) and Y (yj) 

The equations take essentially different forms according as k (or k) is or is not 
sero If K IB zero then the differential equation is that of the spheroidal wa^ 
funebon, and offers no analytical difficulties If k is not zero, solutions of an 
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entirely different type are poesible which are finite in the range 1 < ^ ^ « 
These fonotions have been stodied m detail by the anther* with a view to the 
special appboations here The general properties will be stated here, while 
partionlar results will be quoted when they become necessary 
31 KyiO,K^O 

WeputX(5) = (5*-l)"^*e-^y(5) 

The solutions which are fimte m 1 < ^ < oo are of two types, and in both 
y (^) consists of a tennmatmg senes 

Those of the first type are also finite in — 1 ^ < 1, and the corresponding 

solutions are suitable solutions for Y (iq) 

The conditions to be satisfied by X and are that 

~ = M + n, (»>1) 

where nis an mteger, and (i is given by a compbeated function of X that can 
be found for each value of n and which is of the nth degree m (i 
The second type of solution only exists when ^ 0, and y (5) has a pole of 
order n| at 5 ^ — 1 

y(C) = (i + ^)—'s 6,5" 

Ip this case 

(^>1) 

where p is an mteger and |i is a function of X of the pth degree m |a 
T he first type of solution is a possible one for T (t]), but there are other types 
possible T (y)) may be an integral function of v), m which case there is a relation 
between p and X expressed by means of an infimte continued fraction 
3 2 K = 0, k' = 0 

If K = 0 there are no functions X (5) fimte m 1 5 ^ 

If k' =: 0, Y (y)) must be an integral function, and p is given m terms of X by 
an infinite oontmued fraction When X* is small we can approximate to the 
roots of the fraction by senes m powers of X* 

These results tnll be found set out m detail in the paper referred to The 
sfzpbcit forms of the solutions will be given when it is necessary to use them. 


* A E. tufmt p. 617 
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4 SpeoUd Ckms of the Two-Centre Problem, 

We discuss three special oases Zj = 1, Z, = 0, Z} s: 1, Z, = 1, Zj = 2, 
Za = 1 The first is simply the hydrogen atom, while the second is the ionised 
molecule The treatment of the atom is given to show the connection between 
the ion and the ion He+. 

41 x = 

The equataons for X (^) and T (->)) are identical in form 
Solutions are given by 

X (5) = (S* - 1 y a ), Y (V)) = (1 - 


y(5)= £ 


The energy is determined by 


IfZ, 


2 X 

s 1, Z, = 0 this gives 


= n4-n* (»> 1 ) 


RA 


( 1 ) 


(» + n,)* 

where nis an integer > 1, R is the Rydberg constant (t is the same function of 
X for both equations, and a knowledge of its exact form is unnecessary This la 
]UBt the usual result for the energy 

The other types of solution do not give simultaneously solutions of both 
equations, and must be disregarded 
42 ic^0,ic' = 0 

When Zj = Z, this gives the most mteresting case, the ion The equakon 
for X will be identical with that oorrespmiding to the hebum ion He'*'. 
Solutions will be given as m f 4 1 by k/2X = » + 

The function Y (ij) will now take a different form It may be either an even 
or an odd function In both oases it must be an int^pral function This will 
give a relation between fi and X expressed by a contmued fraction. 

We to determine the state rtith lowest energy, and so we take 14 =» 0 , 
and eonsiidtr t&e even senes for Y (i)) The relation between p and X tinh is 

1 2X‘ 3 4X* 6 6 X* 

2 i 2 3 4b 4 6 ,^ 7 

1 


- t* = 


-Ji— 1 —!£.- 
2 3 4 6 


—li_ 

6 7 


(») 


4 21. The state with the grCitest negative Miergy iS given by n «= 1 
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The oonditaoiie ansing out oi the ^ equation are 
<f/2X = 1 and (i = — X* 

If we Bnbetitute |x — — X* in (2) it seems probable that there is no real 
solution except X = 0 The same is true if we use the odd senes for Y (y)) We 
can pirove this directly from the equation as follows 
Consider the equation 

the boundary condition being that y is finite at y) = ± 1 
Then 

and this cannot be true with X‘ > 0 

Therefore a neoessaiy conditaon for Y (yj) to be finite in — 1 < y) < 1 is that 
ji > — X* when a, = 0 

Thu solution which ought to lead to the lowest stationary state u therefore 
ruled out except when X = 0 The energy is then — E = 4RA, the lowest 
energy of the helium ion 

4 22, We now consider the state given by n = 2, 

The conditions arising from the \ equation are 

^ = 2 and = 1 - X* ± VT+lx* 

Since > — X* u a necessary condition for the existence of Y (yj) we must taka 
the + sign m |i 

If we attempt to find X from this condition and from (2), we find that th^ 
are no roots when X u snudl, but that the two expreeaions for jx tend to equality 
for rather large values of X. It does not seem possible to determine for what 
vihua of X, if any, the two expressions for (x become equal To do thu we 
abciild htve to tabulate |x for large Values of X, and the work mvolyed in using: 
(2) to a large number of terms would be prohibitive An alternative metiiod 
1 # to ust an asymptotic ettiTeesion for |x. Sudi an expression can be obtained 
and is 


|i---X» + 2X(f + i4 + l) + 0(l/X) (ranmteger) 
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term independent of X mthu expansion le doubtfol, uid so no eznotieeolta 
oan be inferred All that oan be said is that the two expressions for (s tend to 
eqnahty (with r =9 0) as X becomes large The corresponding solution may 
belong either to the moleonlai ion or to the hydrogen atom 
Two asymptotic solutions for Y ( 1 )) are given by 

Yx(>i) {(BmH7(«»i»r*4-0(l/X)} 

and 

Y,(>i) ~ c-*«-{(cosix)7(«ni*r*4-0(l/X)}. 
where i] = cos x and we are supposing nj = 0 
AlBoYi(yi)+Y,(Y))i8anevenfunctionofy},and Yx(i())—Y,( y)) isanoddfonotion 
If we use either of the last two functions we shall obtain a state of the molecular 
ion, as Y (y]) 18 then large near 7} = ± 1 and small elsewhere If we use Y^ (>]) 
we then have a wave function which is only apparent near = — 1, and 
Y,(i(]) gives a wave function apparent near y] = 1 These last two solutions 
correspond to a hydrogen atom perturbed by a very distant nucleus In 
these types of stationary states the electron is in an orbit near one nucleus for 
a long time and then passes over to the other nucleus for the same period Such 
orbits are of no mterest for the lomsed molecule 
We cannot actually decide whether there is a state of the ton corresponding 
to this solution, but oven if there is, it cannot give the experimental result for 
the lowest energy 

Let us denote the energy of the electron by Then there is also tile 
energy due to the repulsion of the nuclei This is c*/2o The total energy 
£ = E,.i + ^/2c If I IS the ionisation potential of the molecule H„ then 
— £ -|-1 IB the total work to be done to remove nil the components to mfimty 
This work is also D + 2RA, where D is the energy of dissocmtion of the molecule 
mto atoms Therefore 

I-Eri-c*/2c = D + 2RA 

In the particular case we arc considering — Eei = RA Therefore 
I = IW + D + c*/2c 

D IS known to be about 4 4 volts This gives I a lower limit of 18 volts however 
large 0 may be There seems to be general agreement that I is just less than 
16 volts, and so even if the state exists, it cannot give the expenmental result 
Also any value of k/ 2X > 2 will give a still higher value of I and deviate stdl 
further from the required value 

4 28 The mvestigation for higher values of nis difficult on account of the 
oomphoated relations for p It is certam, however, that no solutions exist for 
■small values of X, 
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Hie other types of solatioa for X (^) furnish no values of {i oonunon to the two 
equations. It therefore seems probable that the system admits of no stationary 
states 
4 3 

We consider the two-oentie problem given by = 2, Z, = 1 Bmce the 
equations connecting p and X will be algebraic equations, we ought to be able 
to decide defimtely the existence or non-existence of stationary states 
X (5) and Y (>}) will consist of the product of e~^ or e"*'' and a tenmnating 
senes To find the lowest state we take n, = 0 and make — E a maximum 
The largest value of — B for which the equation for Y (i)) admits of a solu¬ 
tion 18 given by #c72X = 1 This necessitates /(/2X = 3 We then have in 
addition two relations between X and 
From the equation for X (5) we have 

32X«((ii + 2) - 4X(3tii> + 16^1^ + 12) + -f 8ti,* + 12(i, = 0. 
where = — ji — X* -f 4X 
From the y) equation we have (i — — X* or |ii -- 4X 
Bhminatuig (i^ from these equations we have 
X = 0 

The common roots arc therefore X = 0 and X — <» Neither of these values 
gives a solution of the two-centre problem It is not possible to treat the 
general case in this manner, but it soems probable that no solutions exist 
6 From the results of the previous sections it is only possible to draw the 
conclusion that it is not correct to treat the problem of two centres m this 
manner The question then arises what attitude we are to take towards the 
difficulty Several attempts have been made to determine the states, and we 
shall examme these 

Buxrau* used the equations of § 2 1 and obtamed their characteristic numbers 
by numenoal integration Equation (2) presents no difficulties eithci m the 
numerical method or in the exact analytical mvestigation Equation (1) 
presents many difficulties from the analytical side, and is not satisfactorily 
solved in Burrau’s paper His method is to transform the equation into a 
Riooatti equation and then to solve this numencally Inbistreacmentof equation 
(1) he expands the Riocatti equation round the irregular smgulanty at infimty 
This expansion will m general be divergent, but neverthdess ai^mptotio To 
make it convergent vHU require an extra condition to be imposed on p Burrau 

* ‘ K DsmIm Vid Sebkab vol 7, No H(1027) 
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does not justify the use of the asymptotic senes, and it is probable that this 
mvalidates his solution Re obtains the experimental result for the lowi>st 
energy, but his equations are equivalent to those used here, and the analytical 
solutions show no results corresponding to his 
Hund* attempted to obtam qualitative information about the term spectrum 
of the two centre problem by considering the transition from infimtely distant 
nuclei to coincident nuclei To do this he considers a one-dimensional problem, 
and then generalises it to separable systems The equations of the two-centre 
problem are not of the type he considers However, he only uses these results 
to prove that, durmg the passage from infimtely distant nuclei to proximate 
nuclei, no terms are lost We can prove this for each of the equations (1) and 
(2) by means of their asymptotic expansions for large X The form of the 
solution of (1) IS independent of the value of X, and cannot be affected by the 
transition The corresponding result for equation (2) has already been proved 
in § 4 22 When X is large the electron may bo in the neighbourhood of either 
nucleus The argument in § 4 22 shows that when X is small we shall have 
two characteristic functions, one even and one odd, correspondmg to each 
state when X is large The states which exist for large X must be given weight 
2 , as the electron has two possible orbits of equal energy round the two nuclei. 
The number of states, therefore, remains the same 
Unsbldf has obtained the energy of the normal state by a perturbation method. 
He considers a hydrogen atom perturbed by a proton and calculates the 
additional energy by successive approximations The difi&cuhy about this 
method lies m the convergence Unsold finds that the second approximstion 
IS nearly twice as large as the first, and has the opposite sign Neverthe¬ 
less he obtains the expenmentid result, but does not discuss the third 
approximation 

In the previous seotionB we have seen that the solutions X (^) which are finite 
do not give any states of the system This is due to the fact that 
two conditions are neoessary to make X (^) fimte, whereas we should expect that 
onty one condition is necessary We should expect the electromo motion to 
contribute two restrictions, one from each of the equations X {i) and Y (ij) We 
would tiien be able to quantise the nuclei by making the total energy a mmiminw. 
But sinoe the electronic motion furnishes three restnctions, there are no para¬ 
meters availaUe far quantising the nuclei It is also suggestive that Burrau 
has obtamed good agreement with experiment by imposii^ only two oonditumB. 
• • Z f Phyrik,' vd. 40, p 748 (1#87) 
t‘Z t Pbyslk,’Tol.48,p 06S(IM7) 
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If we «11qw suck a procedure we must abandon our restnotion that <]; muat be 
finite throughout the whole space 

In the next section we deal with wave functions which ate not finite everywhere 


6 The Eiiergy of the Normal State 

If we allow (j; to become infimte, we have a much larger class of functions to 
deal with If <{« is to have any physical significance it seems necessary that it 
should vanish at infinity We do not, however, demand that tp should be fimte 
at 5 = 1 

Such solutions are best obtained m descending powers of the vanable If we 
put 

and 

then 

y(/) =r»+l-*/2* s 0*r, 

where 

+ (n, + 2X)(», + 1) - fi - K - X»} 

- 2o«_8(m -f- _ I - - 1 - = 0 (1) 

We can wnte this in the form 


where 



If the senes is to have a non-zero radius of convergence we must choose p so 
astomake L = 2 This condition can be expressed m the form of a oon- 

tmued fraction 

This infini te continued fraction is convergent, and so we can use it to deter¬ 
mine the values of (i which give a solution of the required type Although this 
solution IS fimte as ^ « along the real axis, it is not fimte at ^ = 1 The 

second approximation to N. is 

N,. = 2{l-(l-n,)/m} 
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Near ^ = 1, X (5) behaves like (5 — 1)“"*^ or like log (5 — 1) and so does not 
fulfil the condition of being bounded In spite of this lack of boundedness ve 
shall use this type of solution, and calculate the energy it gives for the normal 
state 

The continued fraction (2) is m the form adapted for the calculation of the 
smallest characteristic number, and on putting = 0 it becomes 

|i-f2pX-f X*—2X+(1—p) (4X+p) 

2X 

__ 2(1-P)'^ _ 8X(2-p)« _ 

(2_p) (1-4X-P) +2X-|i-2pX-X*+ (3-p) (2-4X-p) +2X-(i-2pX-X*+ 
where p k/2X. 

We can obtain another relation for p from § 4 2 equation (2), arising out of 
the equation for Y(y)) This second relation is also m the form of an infimte 
contmued fraction In this case, however, we can easily approximate to the 
roots by expressing |x ns a series in powers of X* The lowest root is given by 

\x==-- X*-_ X^-p-y-yX® 1-37 gj ( 4 ) 

These two expressions (3) and (4) determine p as a function of X It is possible 
to approximate to (3) by a senes, but the expansion is of little value, as the 
convergence is slow owing to the presence of the terms involving p At this 
stage it 18 best to adopt a numerical method If X is not too large we can obtam 
an accurate value of |i from (4) and substitute this in (3) For any given value 
of X an approximate value of p can be obtained by inspection, and then the 
successive convergents of the fraction can bo calculated, and the error con be 
roughly determmed By several tnals p con bo calculated aaurately Using 
this method a few values of p have been rather roughly computed, and the 
values obtained he quite close to those obtamed by Burrau Although these 
results do not agree entuely with Biurau’s, the agreement is sufficient tp make 
it fairly certain that it is the present type of function that Burrau has used 
Burrau obtains values of for various values of c He then adds the nuclear 
energy e*/2c and then determines c by making this total energy a minimum 
Burrau’s method gives a value for the energy which, considenng the complicated 
motion of the nuclei, is m good agreement with the experimental result We 
may therefore safely assume that the present method leads to the correct result 
The actual calculation has not been earned out, as it would not lead to a result 
materially different from Burrau’s, and also because does not satisfy the 
condition of being bounded 
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It IB difficult to see what the physical signifioance can be of a wave funotiott 
which becomes loganthmioolly mfimte The infimty is certainly not a very 
large one, but for states in which the rotational quantum number is not sero 
the wave function has a pole of order n,/2 A similar difficulty arises in the 
theory of the relativistic hydrogen atom In this problem (|i involves a factor 
where X is a small positive constant, and is infinite at the nucleus In 
neither problem is there any obvious interpretation of the infimty. 

In conclusion I should like to thank Mr R H Fowler very much for many 
helpful discussions and cnticisms 


The Band Spectrum of Water Vapour —II 
By David Jack, M A, B So, Assistant and Carnegie Teaching Fellow, The 
Umversity, St Andrews 

(Communicated by 0 W Richardson, F R 8 —Received February 17, 1928) 

1 Sew MeasuremetOe of the Band X 3428 
In a previous communication* on the band spectrum of water vapour refer¬ 
ence was made to some measurements by Tanakaf on tbo band 3428 The author 
has smee measured and analysed this band The experimental arrangements 
were the same as for the work on the band 2608 Two plates exposed for 
about one hour were measured, and the results showed close agreement The 
dispersion obtained, 8 0 A per milhmetrc, was inferior to that m the band 
2608, but the consistency of the measurements indicates that errors are unlikely 
to exceed 0 06 A , while the probable error is considerably less Overlappmg 
of lines is somewhat more troublesome in the band 3428, and consequently there 
IB a sbghtly increased tendency to irregularities in the results 
Details of the band are given in Table I, arranged as for the band 2608 
Some fairly strong Imes present on the plates are not accounted for m the table 
Comparison of the term differences m this band with those in the bands 
previously analysed shows that the initial terms are the same for the two bands 
3428 and 3064, and the final terms are the same for the three bands 3428, 3122 
and 2876 This is in agreement with the scheme already given % The following 
• 'Hoy.Soo Proo.'A, vol 118, p 373(1927) 
t‘Roy Boo Pioc,’A,voL108,p 694(1926) 
t Loo at 
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Wigng^nnt of vibtafeonal quantom ntunbeis may be made,* when ii' deawtee 
^ iQtttal, aad n" the final qaantom number 


\- 
• \ 

0 

■ 

u 

1 

2 

3064 

3811 

2608 

3428 

3182 

2878 


The bands m any column form an n' progression, t <>, a collection of bands 
m which n" is constant and n' has different values for different bands of the 
progression, the bands m any row form an n" progression 


Table I-Band X 8428 



* TUf is an extemion of the valuei giTen on p 188 of •' Holeoular Spectra in Oaiei,’’ 
(Natloud BeaeaToh Oounoil) 
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Table I—(continued) 





QiW 





Q.W 




I 

A(»lr) 

Hvw) 

4 

J' 

I 

A(alr) 

^v.o) 

4 

4» 

i 

S 

3473 26 

28783 3 

1- 6 0 


7 

3468 48 

28906 2 

-13 1 


a 

8 

3472 63 

28789 2 

3 t 

-2 6 


3460 06 

28893 1 

12 2 

+0 9 

4 

0 

3472 14 

28702 6 

0 0 


7 

3461 51 

28880 0 

12 6 

-0 3 

5 

0 

3472 14 

28702 5 

- 3 3 

3 3 

7 

3463 01 

28868 4 

13 3 

0 8 

" 

8 

3472 53 

28780 2 

6 0 

2 0 

7 

3464 60 

28866 1 

13 0 

0 6 

7 

S 

3473 26 

28783 3 

9 6 

36 

7 

3406 27 

28841 2 

15 4 

1 6 

8 


3474 39 

28773 8 

11 6 

2 1 

9 

3468 13 

28826 8 

16 2 

0 8 

9 

6 

3476 80 

28762 2 

12 4 

0 8 

7 

3470 07 

28800 0 

17 1 

0 9 

10 

S 

3477 20 

28740 8 

lb 1 

3 7 

0 

3472 14 

28792 6 

20 6 

3 6 

11 

6 

3479 26 

28733 7 

21 1 

6 0 

6 

3474 62 

28771 9 

22 1 

1 6 

12 

6 

3481 80 

28712 0 

21 2 

0 1 

6 

3477 29 

28740 8 

23 0 

0 9 

13 

8 

3484 38 

28601 4 

233 

2 1 

6 

3480 08 

28720 8 

25 7 

2 7 

14 

1 

3487 21 

28668 1 

264 

3 1 

6 

3483 20 

28701 1 

27 3 

1 6 

IS 

S 

3490 41 

28641 7 

28 7 

2 3 

1 

3486 62 

28673 8 

20 6 

2 2 

16 

6ii 

3493 92 

28613 0 

20 7 

1 0 

7 

3400 10 

28644 3 

31 3 

1 8 

17 

6ii 

3497 66 

28683 3 

32 7 

3 0 

On 

3493 92 

28613 0 

34 7 

3 4 

18 

4 

3601 66 

28660 6 

36 6 

2 8 

4 

3408 16 

28678 3 

36 9 

2 2 

19 

3 

3603 92 

28616 1 

38 4 

29 

in 

3602 88 j 

28641 4 

38 6 

1 7 

20 

8 

3610 84 

28476 7 



4 

3607 43 

28602 8 
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Table I—(continued) 



2 Moments of Inertw 

It IS unpoitant to detemune as accurately as possible the moments of mertia 
of the molecular systems concerned m the emission of band spectra The 
values m the previons communication (p 383) were only relative values which 
were given to provide ready means of comparing the imtial and final moments of 
inertia m all the bands These relative values were determmed from term 
difierences involving data on the P and Q branches, smce the data on the R 
branches of the bands 3122 and 2875 are very hmited and somewhat irreplar 
It was pomted out, however, that the choice of P and R branches is to be pre¬ 
ferred since the final Q terms differ from the final F and R terms 
There is now no doubt as to the correct assignment of the bands to form a band 
system, and smce all the bands m any oiw progression have one moment of 
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inertia in common, it is only necessary to calculate that moment of inertia 
directly for the most intense band in the progression 
The author has decided to employ the notation of the reumt report of the 
National Research Council, on “ Molecular Spectra in Gases,” which differs 
slightly from the notation formerly used Symbols referring to the imtiai 
and final states are now distinguished by one dash and two dashes respectively, 
so that equations (1) and (2) of the previous paper must bo replaced by the 
following ^ 


and 


P (m) Vo + F' (TO -1) - F" (to), to - I /«,' 

Q (m) = Vo + F' (to) — P” (m), m-*-in, 

R (to) = Vo + F'(to +1) — F'(to), TO+1-+TO,, 

P (to) ^ Vo + (B' - B”) TO» -2B'to + B', ■) 

Q(to) = Vo + (B'-B”)to», I 

R (to) = Vo + (B' - B") to* + 2B'to + B' J 


( 1 ) 


( 2 ) 


In particular B, B', I and I' are replaced by B', B", I' and I" 

It appears that the terms may be more accurately represented bv an 
expression of the form, 

F(to) = Bto* + D«*, 


than by the simple expression, F (to) == Bto* Further, the author has shown* 
that, in order to make the theoretical expressions fit the values of to usually 
associated with the water-vapour bands, to must be replaced by to — i The 
terms will therefore be defined by 

P(TO) = B(TO-J)*-f-D(TO-J)« (3) 

The corresponding expression for the term differences is 

P (to -I- 1) - F (to -1) = (4B -f- 8D) (TO - i) + 8D (to - *)» (4) 

Following Birge, these differences will be denoted 2AF(m). The quantities 
2 AF (to) are easily obtained from data on the P and R branches smee, from 
equations (1), 

R(«)-P(to) =F(to-|-1)-F(to- 1) =2AP'(m), 

R (to -1) - P (to -f 1) = F” (to -}- 1) - F' (to - 1 ) = 2 AF” (w) J 


* Loe ett. 


2 (J 2 
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It appears from a recent paper by Kemble* that it is justifiable to use the mean 
values of 2 AP(to), m conjunction with equation (4), for the determination of 
the values of B In the paper referred to, Kemble gives an explanation of the 
doublets m the spectrum of water vapour in terms of Hund’s theory of spinning 
electrons 

The components of a doublet are supposed to arise from diSerent orientations 
of the axis of electron spin with respect to the a\is of nuclear rotation Kemble 
considers two cases In case I the axis of electron spin, s, tends, for low speeds 
of nuclear rotation, to set itself antiparallcl to a, the component of the orbital 
angular momentum parallel to the nuclear axis, at high speeds it tends to set 
parallel to^, the resultant of the nuclear and electronic orbital angular momenta 
In case II, s tends to become oriented parallel to o for low speeds, and anti¬ 
parallel to j for high speeds These two cAses together give rise to “ normal 
doublets ” Another tjrpe of doublet, known as an “ inverted doublet,” is 
obtained when the parallel arrangement of s and a passes over to a parallel 
arrangement of s and j 

In the water-vapour doublets which are of the inverted type, Kemble obtains 
the following expression for the terms — 

P(J) = B[(j ± «)*-(T*- D (y ±»)VB ± P(P -f 2«)««/(j ± s) + ] 

Here F denotes the constant, A/2Bs’, A being a constant dependmg on the 
mutual magnetic energy of s and a, and a denotes o/« The expression repre¬ 
sents two sets of energy levels A pair of levels, so chosen that 

Ji + »-=J,-» = T 

will form a natural doublet The connection between T and m is given by 
T = m — ^ It should be pointed out that, here, the suffixes 1 and 2 have 
their usual sigmficanco as applied to the water-vapour doublets, whereas in 
Kemble's paper they have been interchanged, owing to the fact that quantities 
relating to the parallel and antiparallel arrangements of s and j are distinguished 
by the suffixes 1 and 2 respectively 

In the mitial state the two values of 2AF'i (m), (t = 1, 2), are approxi¬ 
mately equal so that either of these quantities or their mean may be repre¬ 
sented by 

2 AF' (m) = (4B' -f 8D') T -f BDT* 


‘ Phys. Rev vol 30, p 387 (1327) 
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The mean values of the fmal term differentes are given by a similar expression, 
namely, 

2 AF" (m) = (4B" + 8D") T |- SD"!*, 

and, smce T = m — J, these expressions are pret isely the same as equation (4) 
The writer calculated the values of B and D in equation (4) by the method of 
least squares This was done for the leading band of each progression, using 
all the available data on the band m question The results, which have been 
checked by a graphical method art given in Table II in wave-numl>cr umts 
The quantities m brackets have liecn obtained mdurcctly from the data on other 
bands The table also includes the values of the moments of inertia, I, in units 
10"^° gm cm * obtainwl from the values of li, taking 

A = 6 667 X 10“*^ erg sec and c — 2 9986 x 10'° c m /sec 

Table II 


Band 

B' 1 

D' 

1 1 

“■ i 

0' j 

1' 

3064 1 

16 954 

-0 0020 

1 633 

18 479 

-0 0018 

1 498 

2811 1 

10 101 

-0 0018 

1 720 

(18 479) 


(I 498) 

2608 

IS 233 

-0 0018 

1 818 

(18 479) 


(1 498) 

3428 

(16 054) 


(1 633) 

17 775 ' 

-0 0017 

1 558 

3122 

(10 101) 


(1 720) 

(17 775) 


(1 558) 

2876 

(15 233) 


(1 818) 

(17 775) 


(1 558) 


Kemble gives values of B and D calculated from data for the lines of the band 
2811 from m = 16 to 20, as follows — 

B' = 16 12(6), D' = - 0 0020, 

B" ^ 18 47, D" - 0 00177 

The results m Table II, for the band 2811, are in good agreement with Kemble’s 
The values of 1 for the state of no vibration are of special mtiTcst in con¬ 
nection with the structure of the emitter These values which are denoted 
I'j and I"q, are the values of I' and I" for the band 3064, viz, I'q = 1 633, 
I"p = I 498 The result for I", differs appreciably from that given by Birge 
in the report on “ Molecular Spectra in Gases,” p 232 In a private com¬ 
munication Prof Birge has requested the writer to state thnt the value given by 
him 18 mcorrcct owing to an accidental error, and that he now accepts I''^ =: 1 60 
The author’s values of the moments of inertia give for r^, the nuclear separation, 
r\ -= 1 022 X 10 '** cm, and = 0 979 x 10~“ cm in the case of the OH 
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Summary 

New measurements have been made of the band 3428 and the results of the 
analysis of the band are given in Table I The band corresponds to the tran¬ 
sition 0 1 of the vibrational quantum number. 

Moments of inertia which arc beheved to be accurate are given for all the 
bands, to replace the relative values m a previous communication The values 
for the vibrationlcBS state are, = 1 633, V\ = 1 498, in units 10"*® gm cm * 
The corresponding nuclear separations are, r'o — 1 022 X 10"* cm, and 
r"o = 0 979 X 10"® cm in the case of the OH ion 

The author wishes to express his thanks to Prof H Stanley Allen for the 
mtercst he has shown in the work, and for his many helpful suggestions, and 
also to Prof Birge for his kmdly ctitacisms 


The Wave EqucUims of the Electron 
By Prof C 6 Darwin, F R S 
(Received Maroli 6,1928) 

1 In a recent paper Dirac* has bnbiantly removed the defects before existmg 
m the mcchames of the electron, and has shown how the phenomena usually 
called the ‘ ‘ spuming electron ’* fit mto place m the complete theory He applies 
to he problem the method of g-numbers and, using non-commutative algebra, 
exhibits the properties of a free electron, and of an electron in a central field 
of electric force In a second paperf he also discusses the rules of combination 
and the Zeeman effect There are probably readers who will share the present 
wnter’s feehng that the methods of non-commutative algebra are harder to 
follow, and certainly much more difficult to mvent, than are operations of types 
long familiaE to analysis Wherever it is possible to do so, it is surely better to 
present the theory in a mathematical form that dates from the tune of Laplace 
and Legendre, if only because the details of the calculus have been so much 
more thoroughly explored So the object of the present work is to take Dirac’s 
system and treat it by the ordinary methods of wave calculus The chief 

• ‘ Roy Soo Proo A, vd 117, p 610 (1928) 
t ‘ Roy Soo ProcA, vol 118, p 861 (1928) 
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point of interest is perhaps the solution of the problem of the central held, 
which can be earned out exactly and leads to Sommerfeld’s original formula for 
the hydrogen levels But it is also of some interest to exhibit the relationship 
of the new theory to the previous equations which wi*rc derived empirically 
by the present writer * It appears that those equations were an approximation 
to the new ones, derived by an approximate elimination of two of Dirac’s 
four wave functions We shall also review a few other pomts connected with 
the free electron, the emission of radiation from an atom and its magnetir 
moment, and shall outline a discussion of the Zeeman effect 
2 Dirac’s guiding principle is that the “ Hamiltonian equation ” must b( 
linear, and he adopts the form 



V and A being scalar and vector potentials, while are four four-rowed 

matrices obeying the rules 

«,*==!, = 0 , 

The a’s are capable of an indefinite number of forms, and he gives rules for 
forming one set (though he does not wnte them out) The four-rowed matnees 
imply four wave functions which satisfy the simultaneous equations 


(PO + »»C) <^1 + (Pl - 'll* + ^8+3 = 0 

(Po + »nc) <1/, -f (pi + tp,) (j;, - P3(|;4 0 

(Po - »ic) <1;, + (p, - ip,) (}», + p,i{/, = 0 

(Po - »K)) (J;4 -f (pi -f ip,) ij/, - p,({;, = 0 


We shall take these, then, as our fundamental equations and discuss their 
solution, employing only the ordinary methods of differential equations 
The equations are veryunsyrametncal, and it is, of course, necessary first to 
show that they can be restored to their onginal form when axes are changed or 
a relativity transformation is applied The general formula are complicated 
(being best expressed by foui-dunensional Cayley parameters), but it is sufficient 
to verify the result for certam simpler transformations which can be imagined 
Nature,’vol 119, p 282(1927), ‘ Roy Boo Proc,’A, vol 116, p 227(1927) 
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apphed aucoeeaivcly Thui la ao atraightforward that we need merely give the 
results 

(1) Relativity transformation 

a: = y = y', 
z = z' cosh p + d,' ainh p, 
d — dt’ i-oah p + z' sinh p 
The equations are restored to their original form by 

(Jij' = tjij coah -| ij/j amh , 

- 4'4 8inh "I, 

4-3' ='{'s cosh-| + 4»,mnh-| , 

1^(4' = (1^4 cosh — 4'8 ®*oh 

(2) Rotation about z 

35 = »' cos a — y' am «, 
y ’ y' coa a + x' sm a, 
z 

Then 

4'l' = 't'l' ■ 'I's' = 'I'*' = '1'4C‘ 

(3) Rotation about y 

z = z' cos a — x' am a, 

X = x' cos a + z' am a, 

y = y'. t = t\ 

4-1 ' = 4'iC 08|-+ 4;a8m|-. 

4^,' = 4*,coa|-- 4iiam|-, 

4,,' = 4 i,co 8-|-1 4»iBin|-, 

4;/ = 4/4 cos I- 4.3 8in| 

These three transformations can build a group which represents any relativity 
transformation, and so the invariance is proved 
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It 18 of some interest to consider this invsnance a little further The whole 
theory of general relativity is based on the idea of invarianie of form, and here 
we have a system invariant m fact but not m form Should it not be possible 
to give it formal invariance as well, and would not that lie the right way to 
express our equations ^ It is so possible, but it is not hard to show that it 
requires no less than 16 quantities to do it,* viz , two scalars, two four-vectors 
and one six-vector, and even so each will have a real and imaginary part, so 
that we may say that 32 quantities are required' It setms quite preposterous 
to think that a single electron should require 32 equations to express its 
behaviour, and, moreover, these 32 will involve a large number of arbitrary 
inter-relations of no influence on the four quantities which are actually suffirient 
to descnlx! it Now the relativity theory is based on nothing but the idea of 
invariance, and develops from it the conception of tensors as a matter of 
necessity , and it is rather disconcerting to And that apparently something has 
shppod through the net f ^ that physical quantities exist which it would be, 
to say the least, very ortihual and mconvement to express as tensors It does 
not seem possible to make anythmg further out of the matter until it has 
developed more, and wo shall be content with one observation Unlike the 
electromagnetic equations, our wave equations are homogeneous, so that there 
18 no external quantity, like the electric current, etc , which could, so to speak, 
anchor them down in form to a definite set of directions Now, there ought to 
be something of the kind because of the electromagnetic field of the electron, 
which in classical theory is made responsible for its mass So we may perhaps 
conclude that it is not to be expected that our equations a ill attain a final 
form until the terms m mo are eliminated, that is, until wo know how to do in 
the quantum theory a calculation like that which gives electromagnetic mass in 
the classical 

In my carber jiaper a similar question arose and was much more easily re¬ 
solved In that work there were only two functions instead of the four here, 
and it was an easy matter to throw them into space-ver tor form, though it 
involved having four equations instead of two with a corresponding arbitranness 

* We can express the equationa as a group (A 16 m 

H- rf'i + b 1 Hi > 

with 0^8 arbitrary constants and can throw these into tensor form 

t Our equations (2 2) do not, of course, include gravitation, and this may be the hole in 
the net But if gravitation were included, we should presumably be forced to introduce 
the tensor form, involving 16 complex or 32 real quantities, and this does not seem physically 
very {dausible 
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m the solution It appeared reasonable to make the step from two to four, and 
so to gam the advantage of vector notation, but to expand from four to sixteen 
IS a different matter, and suggests that even m the simpler case the expansion 
18 rather artificial Nevertheless, it is not without interest to exhibit Dirac’s 
equations m the form of space-vectors, without bringing in the time as part of 
the vectonal system This can be done by a method similar to the substitution 
(6 1) of my paper Take two vectors X, Y and two scalars X,,, Yo, and write 
Pu Pv Ps as a vector p The equations 

(Po + me) Yo =- (p, X) 

(Po 4 JMc) Y — p Xo = [p, X] 

(Po-»nc)Xo = (p,Y) 

(Po-jnc)X-p Yo=-[p,Y] 

can be combmed together in pau« according to either of the following alterna¬ 
tive schemes so as to give Dirac’s equations — 

|,=Y,-»Yo ■) -Y,-H»Y, 'I 

+. = Y. + .Y. I + 

«l;a = tXa-Xo .}»a = -»Xi-X, 

«J/* = *Xi-XaJ = + J 

So we might regard (2 3) as the pnimtive equations giving Dirac’s twice over 

Now the operation p^ = - Aj may be likened to a “ covariant differ- 

ox c 

entiation ” (say, by the mtroduction of a fifth dimension m the ipfinn" of 
Klein*), and in this sense [p, X] may be called curl X and (p, X), dwX In the 
same sense po is a time differentiation, and wo see that (2 3) bear a rather striking 
resemblance to the electromagnetic equations with X and Y for E and H, and 
Xq, Yo playing a role akm to electric and magnetic density It does not 
possible to push this rather loose analogy farther at present, and a gain we have 
a hint as to the reason, because there is no eleotromagnctio analogue to the terms 
in me , and this will only bo suppbed when we know how to calculate electro¬ 
magnetic mass m the quantum theory 

3 The equations (2 2) sie sufficient to determme the levels of any system , 
but that 18 not enough, for we also require to know the rules of combination, 
and for this we must have the extension of the " electric density ” of Schro- 
dinger’s theory to the present case In order to find the radiation of an atom 
• Klein, ‘ Z f PhyMk,’ vol 37, p 896 (1926) 




Wave Equations of Electron 


659 


ne combine atom and radiation field mto a smgle system, expressmg the 
equations all together most convemently by means of a variational principle 
The variational function is easy to construct Multiply the equations (2 2) 
by it}'** respectively and add them together Add on their 

conjugates and integrate over all space and tune Integrating by parts, this 
can bo written as the vanation of a single function To this we must add 

^ (H* — E*), integrated over space and time, m onlor to give the dynamical 

effect of the radiation Then, if we express H and E in terms of the potentials, 
and vary V and the A’s as well as the (J»’8 and we shall obtain equations 
for V and the A’s as well as (2 2) and their conjugates, and shall thus have the 
radiation completely linked with the material motion In uirrying out this 
process one pomt is to bo noticed The equations (2 2) are homogeneous and 
so do not fix the magmtudes of the iji’s The equation for V is not so, but 
determines V as proportional to a quadratic expression m the ip’s We naturally 
adjust this by normalising the ij/’s so that the total charge shall bo ~ c, the 
charge of an electron It is more convenient to normalise the iji’s to unity, 

and therefore the terms ^ (H* — E*) must be multiphed by a suitable con¬ 
stant To save writing out many formulee twice, we shall anticipate the 
knowledge of this constant, it is — 1/c Proceeding in this way we amve at 
the variational function 

+ WW ('I'l+l* + 'j's+s* - 'I's'i's* - 'I'iV) + ~ ^ +*'!'** 

+ ^ ('J'l*+4 + + '{'S*'I'2 + 'I'4*'l'l) 

+ £^(_ 4 - »V'l'i) 

+ ^ ('J'l*'l'8 “ 'I'|*'I'4 + '|'s*'l'l - 'l»4*'I'l) 
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If we vary this function it is easy to see that we obtain (2 2) and their con¬ 
jugates and also 


Ida, 

471 




(3 2) 


08 08 08 I 08 

etc , where C] signifies ^ + ^ + conclude that the electro¬ 


magnetic effect of the electron can be represented by taking density p and current 
densities 7,, J*, Jj, where 

p = - C + 4'8*'1'8 + + V+l) 

Jl ==- « (4'1*4'4 + 'l'8*'i'3 + '1'3*'1'8 + <p4*W 

Jj = Ce (- iV'1'4 + »'^8*'I'8-»'1'3*'}'8 + *'1'4*W 
;, = Ce (V'}'3 - 'l'8*'l'4 + +3*'I'l - '}'4*|8) 
provided that the tj^’s are normalised by the rule 

III 2 ipA+A*d*%d2 = l (3 4) 

Since S 18 invanant for relativity transformations, p and j will be covariant for 
such transformations, and this can also be easily verified by applying the 
transformations of § 2 m turn 

It should lie observed that p and j satisfy the equation of continuity 

^-|-div; = 0, (3 6) 



as may be directly verified with the use of (2 2) That (3 6) should be verified 
13 in a sense the starting point of Dirac's argument For if it had not been so 
spontaneously, we should have been compelled to force it by mtroducing 

into S a term ^ ^ ^ undetermined The result would 

give extra terms m p and j involving ^ and grad F, and the condition 
1 3V 

-f- grad A = 0 would then fix F In general it would mvolve y and A, and 
therefore p and j would do so too It Was the presence of such terms m ELlem’sf 
t ‘ Z f Physik,’ vcA 41, p 407 (1027) 
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evaluation of density and eurrent that was objectionable and that led Dirac 
to his new equations 

To complete the rules for calculating intensities we have to break up p and 
j into terms corresponding to pairs of states This can be done in the manner 
of Klein, but perhaps the following picture, though very incomplete,! may 
make the process clearer, and may show under what comlitions we expect to 
get line spectra with defimte intensities, it is applicable to any system Imagine 
that we have an assembly of atoms in an enclosure The equations (2 2) and 
(3 2), together with appropriate boundary (^nditions, will describe the state of 
affairs Thermal equilibrium will be produced, with the accompanying black 
radiation, and the equations will be quite insoluble, because in solving (2 2 ) 
the electromagnetic fields, themselves determined by (2 2 ), will not be small 
At any instant of time wo can imagme the state expressed by an expansion in 
proper functions, and the average values of the coelFicients will be determined 
by the appropriate statistics—in particular, states of nearly equal energy will 
have equal average coefficients Now if the enclosing barrier is suddenly 
removed, the radiation before present will spread away with the speed of 
light and the matter will be left only under the influence of any existing 
permanent electromagnetic forces The problem is now soluble by approxi 
mations, first solving (2 2 ) for the iji’s, neglecting the radiation, and then 
substituting the values found in (3 2) to give the radiation If is 

imtially S process gives 2 ® Next we form 

p p 

VV V *1 PI » ‘\'<W,-W,)I 

p t A=l 

and similar values for the j’s Substituting these in (3 2) we can evaluate the 
electnc force at a distant point, and it will evidently consist of a sum of periodu 
terms corresponding to the spectrum lines given by The process is 

exactly that introduced by Klein, only a little more defimte in that no appeal is 
made to the correspondence principle 

4 We shall next exhibit the relationship of Dirac’s equations to previous 
theones, and shall show that the latter are successive approximations to (2 2 ) 
The guiding principle in this is the fact that of the four i|/’s, 1)13 and 1)14 are very 
much larger than ipt, <j;|, since this leads to a method of approximation We 
shall treat of the case of the stationary states of an electron in an atom 
The first approximation leads to Schrodinger’s equation in both ip, and (j /4 
! The inoompfeteoess lies chiefly in the fact that no distinction is made between one atom 
and many atoms 
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independently, but m doing this it must not be forgotten that that equation u 
not even approzunately right as far as concerns the effects of magnetic fields 

We must therefore restrict ourselves to equations m which Pi —without 


a vector potential, so that = p^i, etc Starting with complete neglect 
of (j/| we see that (pg, and therefore tj;, also, are proportional to 


~k "" Hence (po + »«>) ij/i is nearly equal to 2me^i, and so we take 

'!'■—[(s'I 


Substituting m the third equation we get 

/_„„+5Y_jLj3\4,. = (A\’JL 4 d,. 

\ c 27no3t''^* '2m/ 2t«o 


The same equation holds for 4 * 4 . so that we simply have Schrodinger’s equation 
twice over 

In the second approximation, following Dirac’s § 4, we form exact second order 
equations m 4'3> 4'4> eliminate t)*! *1^1 by means of (41) In 

(2 2) operate the third equation by (mo + Po)> the second by — (p| — tp,), 
the first by — p, and add We have 


‘ 2m cdt c 2mdx c 0 2m 


PiPi—PiPi 


"h 0 sAg h 0 _s h j£ 

27 a 3x0 27n dy c 0 27t» *’ 


and using these and similar relations we get 
[- mV + ?,■ - r! - T.' - f,' 




Now substitute for 4's equations ought now to contam 

terms mvolvmg the A’s, but, as they are to be multiphed by E’s, these may 
be neglected We have 

+.(e, I - E,g®^] <1. = «. 

(4 2) 
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where D s= j ( — mV + <p^ — Pi* — pj* — p,*) is the same quantity as m 
my paper Similarly 


Apart from the terms in 

these are identical with the equations of my paper, provided that wo identify 
«|i, with/, ij (4 with — g The extra terms in T rectify one of the earlier defects, 
for with my equations the s-levels of hydrogen fell in the wrong place though 
all others were correct Now when the approximative method is used, the new 

terms affect the levels by an amount depending on j /(r)[F /(r)]?^ dr and for 

hydrogen Ej = exit* so that ^ ^ ^ integral depends on [/(O)]* 

Since /(O) vanishes unless ^ ss 0, all levels other than s-levels are unaffected, 
and a more detadod calculation shows that the s-levels now fall in the right 
place 

The formulss for intensities are also the same to a first approximation, because 

4 

to this degree //• +gg* a the same as S iJiaiJia* It is of more interest to 

consider the formulte for magnetic moment For this wp take all the ip’s in 
(8 3) as belonging to a single state, so that the time disappears and we have 

dhv j — 0 With this condition and the condition dxdy dz = 0 (which 

holds because there is no progressive current m a stationary atom) the 
magnetic moment can be seen jto have as first component 

1*1 = ^ 111 ~ ^ 

Substitute (41) m (3 3) so as to obtain the approximations for y, After 
some partial mtegrations we find 

(t.+ W.* - +.*»,</, - +.%« 

~ {'li'I'** + ^ (4 5) 
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3 0 

where Kj == y -a g- This is the valuef given before, when we replace 

'l' 3 > 4'* — g Similar methods apply for the other components A 

cyclic change gives the first terms, and the last arc 

— * ('I's'l'** — '1'3*+4) + ('I'l'I'l* — 4'3'J'3*) 6) 


respectively for [X| and [ig 

Dirac’s success in hnditig the accurate equations shows the great superiority 
of principle over the previous empirical method, but it is perhaps not without 
interest (at any rate to the present writer, who had projected but not begun such 
work) to consider whether the empirical method could have led by way of 
improved approximations to the aceurate result The most cntical step in 
doing so had been made, though not quite rightly and for a wrong reason, in 
the replacement of '2tnc by a time differential (it had been replaced by 


27n ( 01 


whereas only half should have been trcatcil m this way) There also seemed 
nothing to prevent carrying out a higher approximation so as to make the 
hydrogen levels fall more exactly together A further guide lay m the fact that 
the electric current must be a more primitive thing than the magnetic moment, 
and when the current is deduced from (4 5), (4 6), it has certain compheated 
small terms adnutting of modification On the other hand, the absence of the 
terms (4 4) would have caused trouble On the whole, it seems not impossible 
that one might with much labour have arrived at some sort of elinunant of 
Dirac’s equations Fortunately, he has made such work unnecessary 
5 The free motion of an electron calls for comment In the equations (2 2) 
we now omit V and A altogether Assume as solution 

I* = exp i y (px + gy + rs — Wt), 

and on substituting we have a determinant which reduces to 
(W« - mV - p» - g* - r»)* = 0 


t In |6 of my paper, by a blunder I took tbe magnetic moment as ^ instead of — 

0“ pH 

The expressions (6 7) there for the components of p should have their signs changed Those 
expressions can be written in terms of/, p by substitutug 2] = /, X| = X, = p, X4 » tg. 
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We must theorefore take W = + j>* + 3 * + r*}, which we shall call 

W^ for short We oan take a„ 04 as arbitrary, say, A, B, and then have 

Ar + B(p-«3) A(p + t3)-Bf 

' mo + W^ ’ • »«c + W^ 

From these we find that p and j are proportional to | A|* + |B|*, and thaty u 
a vector along p q r 

An important pomt now anses if we consider the problem from the pomt of 
view raised m a reoent paper f The motion of the electron is there r^^arded 
as a pure wave problem, the solution consisting in finding the way in which given 
tubUnmf initial conditions are propagated Suppose tiiat we have arbitrary 
initial values of all four i|i’s at every pomt of space. We can submit them to 
Fourier analysis and have 

4'*= 3 . r) exp»~(px + gy + «) «^«fgdr. 

The Ox’s will have arbitrary values, but this is impossible smce we have just 
seen that Ox, o, are determinate m terms of a», Oi There oan hardly be a ques¬ 
tion that a complete theory will overcome this difficulty by admitting negative 
values of W, but we are evidently in contact with the question raised by Durao 
m his § 1, connected with the jiosBible changes of e mto —e At present this 
IS unsolved, so we must be content to say that we are not entitled to assume 
completely arbitrary initial conditions, but may only take two of the four 
functions arbitrary 

To understand the physical meaning of the equations m free space, we want 
to be able to associate a given solution with the rectilinoar motion of an electron 
with magnetic moment m a given direction As long as wo only deal with 
solutions of type (61) nothing oan be said about the magnetic moment, because 
the waves fill aU space uniformly and there is, therefore, no distant point left 
from which to observe it. In order to get a magnetic moment we must con¬ 
struct a wave packet We may, for instance, assume that uutially ij's <uul 4*4 

oontam a factor exp —These will fix ij/i, 4<», and it is unpor- 
2r 

ianb to observe that m consequence of the differential inter-relation between 
them, the ratio of 4*1 ^ different parts of the paoket^ so that 

the cnrrenty will np longer be everywhere straight along the mam direction of 
wave motion, and a magnetio moment becomes possible The complete solu¬ 
tion oan be set down in Fourier integrals, but it does not seem possible to 
t'Roy.Soo PTOOt’A.ToLin,p.S68(19t7) 
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wortc them out It is therefore simpler to recur to the approximation of { 4, 
which shows that eoefiScieuts A and B for ({ig, <{>4 will be associated with vanous 
moments By oonsidefration of the last term m (4 5), (4 6 ), we see that if A, 
B are lespectiTely proportional to (1 — n) and {—I — m) we shall have 
magnetic moment along the direction I m n For high speeds of motion the 
approxunation would fail, but so would the idea of magnetic moment 

The same approximate method is adequate for the case of motion m a magnetic 
field and for the Stem Qerlach effect For the case of a uniform field it is 
possible to find accurate solutions of the equations, but they correspond to a 
quantised cnoular motion, and are not of much interest, as they need to be 
combined into wave packets if any dose relationship is to be seen with the 
velocity of the electron 

6 We now consider the energy levels for an electron m a central field, and m 
particular for hydrogen Before proceeding to the solution, it will be well to 
discuss the question of the nomenclature of the vanous quantum states Ditao 
pomts out that angular momentum is no longer an mt^ral of the motion, but 
finds a modified integral of a sunilar typo He thus suppresses the use of ifc 
and uses a quantum number j 'V^th the method of solution which we shall 
be using the dynamical meaning of quantum numbers goes very much into the 
backgroimd, and we are left only with int^ers defining the orders of sphencal 
hamomcs and other functioiiB entering the solution. From this pomt of view 
the quantum number is only a convement name associated with those fonctionB 
—for example the quantum number m was adopted as u 1 hhe earher 
theory because a oertam solution mvolved FJ and The fact that there 
exists a dynamical mtegral is then largely urelevaat—under spooud oironm< 
stances it might help in guessing a solution, but usually it merely reduces to 
an identity m the properties of a function found m some other way 

In view of these considerations, I have oonduded, with some heatation, tiiat 
it IS more convenient not to alter the notation m the way done by Dirac The 
quantum numbers k, j, m retain then old olaasificatory, but not their dynamioal 
signifloanoe, in this way any line of a spectrum can be described by the same 
numbers as were used before and doublets are classified like other mnltiplets. 
To define them more precisely we take m as given by Land^’sp-formula, and; 
as the maxunum positive vahie of m. For doublets it is therefore a half-number, 
and h may be eitheir of the ad]acent mt^iers We shall, m fact, see that evocy 
solutum mvolves four different sphencal harmomcs, F|;, FJ'*'*, FII 4 . 1 , FS|i and 
y and m are simply the averages of subscripts and of superscnpti respectively. 
k, which M tiie eubeonpt of <{»,, has not the same symmetnoal p r ope r ty tmj 
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and m, bnt is called a qnantam nmnber because it defines the role of com* 
bination of levels and of the Zeeman effect We adopt for it the niuneration 
0,1,2, , not 1,2,3, , as this has proved most convement m spectroscopy. 

In Dirac’s new notation j can take on negative values, and it is at first sight 
tempting to follow this change It would not be hard to invent negative 
iqihenoal harmomos P!Lj, wbch would make it possible to write all the solu¬ 
tions m a single form, but it would lead to httle simpbfication For his^ values 
do not run right through from positive to negative, they miss the value zero 
and it would be necessary to study combinations of like and of unlike signs 
separately, and this can be done ]ust as well with only positive values and a 
second number h acting as a sort of plus or minus sign. Moreover, as we shall 
see, we can take full advantage of Dirac’s method m discussing the radial func¬ 
tions The following scheme shows the relationship between the values used 
here and by Dirao — 




• 

V 

d 


k 

0 

1 1 

2 2 

Han 

3 


h i 

i 1 

Dino 

J 

-1 

1 -2 

2 -3 


7 In order to solve for the levels in a radial field of force, we putpo = — -f — 

0 0 

where V depends only on the radius, and we omit the vector potentials The 
equations (2 2) now become — 

27W | 

h 


4/4+1 'I's = 0 


+eV 




( 71 ) 


Following previous methods we try to express the four functions as sphenoal 
harmomos multijdied by radial functions. 

We may first conveniently give certain fonnuln for spherical harmonics 

2x2 



that ate easily proved. We abbreviate the notation by vmtmg FS for the 
whole hamonio, thus 

p,„, 

whidi exists for any positive integral value of k and for any integral value of u 
between ± h inclusive Then, if/is any function of the radius we have — 


+(i+»)(i+«-i) 

We may note that these formula automatically look after “ end effects ”, thus, 
if we apply the first or third to the factor (k — u) m the second term outs 
out the terms m FJli, F{''‘S functions which do not exist 
Consider how these relations will work m (7 1) We try to get a solution in 
which at least one of the (];’8 only mvolves a single sphenoal hannomo Suppose 
that ip, 18 proportional to FJ| ^he third equation of (7 1) tells us that 

terms from ^ and must cancel out with this, and any other 

terms they give must cancel out together It follows that <{i| must mvolve 
the name function of r, and must either be of the forms R+i» RtL or PJ-i* 
Pfti. A similar argument then shows that <{(4 must involve r m the same way 
as t{)t and must have sphenoal function F2'*'^ We therefore take as tnal 
solution 


«i/i = «s G(r) 1% 


i}>« «= 04 G(f) 


(the factor — «is introduced m ^ to make V real) We then find that the 
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a’l can be adjusted so that all four equattons are satisfied. For example, the 
first equation gives 


If, then, we take a* (Jfc + u + 1) + a, (i — «) = 0, the terms m PJ_i cancel 
In the second equation, the same ratio makes the coefficient of Ffli disappear 
From the other two equations we find similarly s a,, the ratio * a, is 
immaterial as it may be incorporated in F Q We thus find as the complete 
solution 

+, = (& + « 4- 1)Q*PII. i|.« = (-ifc + M)0»PS+» 

where Ft, Qt satisfy the relations 





(7 5) 


This solution we name (t, j == i + i» *» “ « + i) 

A similar process gives a different solution if we make the first instead of the 
second terms m (7 3) cut out We now have iji, involving PJ-j instead of PS+,. 
F and G must Gien satisfy 

A \ 0 'dr r J 

We can regard these equations as the same as (7 6)byolianguigibmto Jb — 1, 
so we wnte the solution F_t-i, G-t-i we have 

<J»i » - » (ife + «) F_t_tPS-t. « + 1; F_._,P:±i) 

\ (7.7) 

4i, = G_t_iPS iI.*-G_»_tP5+» J 

This solution we name (i, J — i — m « u +1) We see m the subscripts 
of F and G the point of Dirac’s met)^ of allowing y to be negative. The 
equations (7 6) and (7 6) are substantially his equations at the foot of p. 622. 
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We have not justified the nee of Jfe as a qnantnm number, and this eannot 
be done until we study mtercombmations, but anticipating this we may now 
count up the number of solutions and see that it is n^t for doublet spectra. 
In order to do this we must see what end cases are admissible Take the first 
type of solution (7 4) If « = k, = 0 on account of the factor (— Jfc + u), 
and so m substituting m (71) we shall not be led astray by applying (7 2) to 
the impermissible function On the other hand, if we take «>=* A + li 

we get a function ({(„ but none of the others, and so evidently no solution 
Similarly, at the other end we may take a — it — 1 (mvolving <=> 0 ) but 
notttsB — i — 2 In all there will be 2ifc + 2 solutions. In the second type 
(7 7) we see m the same way that we may take u between — k and it — 1 
inclusive and so get 2it solutions In both oases there ate therefore 2^ + 1 
solutions, as there should be In the special case ^ = 0 there are only two 
solutions oi the first type, and none oi the second 

We have thus found by trial a system of solutions of our equations, and the 
important question arises as to whether it is a complete set. Can we simultane¬ 
ously expand four arbitrary functions ij>{ ijii in terms of the solutions (7 4) 
and (7 7) ^ The full consideration would require a discussion of the radial 
functions including the quasi-hyperboho case, which we shall not attempt, 
for even without'it we can see that we have only half as many proper functions 
as are required. Taking an arbitrary radius we may expand the four given 
functions m spherical hanuomcs over the sphere The kth harmonic will 
thus have 4(2it + l) coefficients, all arbitrary, whereas we have seen that 
there are only 2k+ 2+ 2k proper functions with and ^4 of orderf k. The 
incompleteness is evidently the some thing as was pomted out m § 6 . To get 
a oomplete set we must double the number of solutions by admitting native 
values of the energy, and we have at present bttle idea of what this means 

8 . We now discuss the radial functions (7 5) In the case where the radial 
force IS arbitrary we can proceed by approximation based on the fact that F is 
much smaller than G But the process would run very doeely parallel to 
that of Dirac (p 623) and we need not give it. We may only note that the null 
approximation gives Sohrodinger’s equation for G, and the next breaks it into 

t It we start at the sera order and work up, detominiiig each term ts ve go, the oonntiiig 
is a little different. For exampte, say that the expansion of the f’s mily ocotains sen and 
first order hamonios. Then we have 2 + 2 » 4 relations to fit to 4 (1 -(• 8) b 16 arUtraiy 
quantities If theseoond wderisinolndedas well, wehave2 + 2 -f-4 + 4 » 12relatioiu 
for 4 (1 -f- 8 + 5) ■« 86 quantities* In an iefiniU series, of oonise, the axaot oomiting does 
not matter i the two ssguineae i^ptosimate to the ratio 118. 
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two terms depeitdiQg on paxameteom ib and — ib — 1 , m fact, the ordioar 7 doublet 


We shall therefore proceed to find the accurate solution for the case of 
hydrogen. We take Y = e/r and it is convenient to introduce certain auxfliaiy 
symbolB Take 

^(* + l) = A. ?{—?)-B- (81) 

With A and B boA positive, and write as usual for the " fine structure oon- 
stant” 

__o\ 


and the equations (7Ji) become 


(A. + X)F + f-i8 = 0 

(B’-X)o + £+i:^F = 0 


We solve these in senes of the form 

p = + o/-‘ + o.f'-* + }) 

G = s-*'{6of^ 4- + } I* 

Substatnte and equate to aero the various terms We have 


A^4-Y«o^^ + (P-*)6o = 0. +(P +*4-2)0, =0. 


A\i,+,-h».-Xb.+i+(p-*-#) 6 .-0, B^.+,_^,-Xo,+i4(H*+2-*)«. = 0 

The first pair determine X := AB , we must take the positive solution to make 
F, 0 flmte at infimty We ^so have bg/o, = A/B Substituting in the next 
pair, we find that both 04 6 ^ can be ehnunated simultaneously We get the 
indioial equation 

A similar elimination of a«^i, can be earned out and we have 

Ao.(p4-* + 2-*4.yD4-B6,(P-*-»-y|)=-0. 
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from wIiioE we may subststute 

«= fl. [y^ + 2 — «j 1 

y (88) 

ibt~ J 

and can now form a difference equation for c. This rednoea to 
AB (2« 4- 2) C.+1 = - c, {(. - p -1)* - [(ib + !)• - Y*]} 

Writing V(i + 1)* —Y* = (supposed positive) wo liave 

2AB(s + l)o.n = -o.(p + l-8-ifc')(P + l-» + n 

and BO 

. ). (s-y+i)0-y) (?-t’-.+8)(p+y+i)(p+y) (Hy-«+a) pj, 

The senes for F and Q are composed of toms of this type each multiidied by a 
factor given by (8 6) If the solution is to be fimte throughont space it is 
necessary that these aeries should terminate for some value of s such that 
^ > 0 It 18 therefore necessary that 8 3=> ib' + n' —1> where n' is aero or 

a positive int^iec This condition determines the energy levels For we 
have 

„ . , A«-B* W 

2AB * 

and so 

This 18 exactly the onginal Sommerfeld expression for the eneigy levels of 
hydrogen. The only differenoe is that our k may take the value zero, so that 
the formula now mvolvee ^{{k -|- !)■—y*). 

The process of solution has at no stage made use of the fact that ib is posittvo, 
and we conclude that the same solution will hold for (7 6) provided that we 
write — ib — 1 for Jb Inthis case then I'=:\/(ibt—y*), and weaeehowthe 
two ib levels split If we company’s instead of h’s we must take h +1 for the 
second solution, and the levels &11 ejactly t(^[ether. In the case h=*0 then 
u no second solution and no corresponding radial function for h «■ — 1, 
as (8.7) wiH not then factorise mto real factorials, so that the senes cannot 
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We mey now expretf tke proper funotioiu in terms of the qnuitam ntiinbert. 
We mftke use of the anTilmiy quantities 

V - ^/{{k +1)« ~ Y^. N - y/{{W + n? + Y«} 
and 

Snmoy _ 47i*»>ie* _ 1 
h ^ 

Then a is the " radius of the first hydrogen orbit ” and N is approximately tbf 
total quantum number, oounting 1,2,3, for the hydrogen levels We then 
have 

W=c«ie»(Jfe' + »')/N 

Gj = (N + i +1) - f^+*'-*oN (N + k) ^(**1+ 

^+11 *»"(»*-•l)(w' + 2y)(n.^ + 2^ — 11 I 

2 4 f 

( 89 ) 

We may observe that if we approximate by neglecting y, we find that G* and 
Q_i,_r are respectively (N -f ft 4-1) and (N — ft) times the ordinary radial 
function of SohrSdinger 

The solution reveals a small blemish in the equations, for we have to nJinit 
the existence of proper functions whnfii become infimte The last term in the 
senes for G has power and if ft = 0, ft' is very shghtly less than 1, so that 
there will be a term with a s mall negative power of r Of course all mtegrals 
connected with the spectrum are amply convergent We do not perhaps know 
enough about the essen^tJ ruleli for pMper functions to pay much attention to 
this defect, Moreover, it may well be that it would disappear if we could solye 
the problem of two bodies properly instead of treating the nucleus as an abstract 
oentre of force. 

As an example of these apparently oomplicatei functions, we may set down 
the solutions corresponding to K =* 1 (axaiftly). the lowest hydrogen state 



m 


C G. Darwin 


We wluJl lephoe the qphenoal haroomo qrmbols by the coireeponduig wdid 
hamonioe. Then the two solatioiu are (i = 0, n'» 0, N iKl,tt = Oand —1) 
W = -Y*). P = V(I - Y*)-1. 


'Pi 


'P. 


_SC_ 

i+Va-Y*) 

_sc- 

1 + V(1“Y*) 




and 


'P* 

<Pi 


= W e 

""i+va-Y*)^* 


= 0 , 


'P. = - 

tp, = 0, 


i+va-Y*) 

<1;4 = - 


This will suffice as an illustration of the accurate solution. 

9 We now consider the rules of oombmation The emission can be calculated 
from (S.2) by setting down the values of V and A at a distant point They 
depend on the retarded potentials and the work follows that of Elem very 
dosely, so that we need not give details We omit discussion of the very weak 
radiations of quadrupole and higher types In oaloulatiog the chief radiation 
we shall have oontnbulaons from V and also frinn A Taking the tnuuation 
j»-♦•y we wnte W, —W, = Av and find 

VC*-,/.»•)-4. 


where r, r' are the vectors from the ongm to z, y, s and to the distant point of 
observation x', y', z’ respeotavely, and r' is the absolute value of r' Similarly, 

f 


AiC*'. y'. *') = 




V mvolves the electric moment, and it should be noticed that, m spite of its 
different ^ipearanoe, A does so too 7or 

+ ^ + 

smoe on partial integration the last two terms vanish Hence by (3 6) 
jj|yidx(fy(fe an Ijjz^dxdyds = »2irv|||xpd(r<^y(lB 
Thus It will suffice to daouas the electnc momwit. 



When our proper functions are written as the tesseral spherical harmomos, 
the three appropriate types of moment tt[^x + %y,z,z~%y For detenmnmg 
what oombinatiouB occur we require the following easily proved relations — 

smBded^ = -jjpSPS|ii*BinOc‘^ sinBdBd^ 

( 91 ) 

For all other products of these types the integral vanishes We may here note 
also the normalising relalaon 

jfprPS*smeded^=^^{jfe+«+i)'{i--«)! (92) 

With the help of (9 1) we can see what combinations might occur It will 
evidently suffice to treat of only one type of polarisation and we shall take that 
corresponding to t The following scheme then shows the only solutions which 
might, according to (91), combine with the first Wo only mark the harmomc 
coefficients 
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When we examine these, actually putting m the coefficients, we find that the 
last two vanish identically This verifies the j rule, that only j i 1 or 
axe possible oombinationB.t A similar result follows, of course, if we 
examine the other polarisations or the oombinatioDs the second type of 
solution. We shall not give the numencal values here as these are well known, 
but one more pomt deserves remark The radial mtegrations are, speaking 

t Of coarse the fe role is required h well, tot then are lev^ *, fc-iaadi + f, i + f 
which do not oombine with k, k + \ Dirao’s ose of negative j does mske the ifatswsst 
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ftooniately, different for the thieeluee arumg from a gireii !)-*-(& —1). Th^ 
are, miaot, 

j + G*G*,i) t*dr. | + G_,_iG_,)r*dr 

and 

j{F_»„,F»_i + G_»_iQ,_,)r»df 

But to a first approxunation vo saw that F could bo neglected beside G, while 
G_t_i Gt, so that to this approximation the three radial mtegrations are 
the same. This explains why the intensities bear simple numerical ratios to 
one ano&er m doublet spectra 

10. When a uniform magnetic field is imposed on a doublet atom it is not 
possible to get an accurate solution, and we have to fall back on the method of 
perturbations. The simplest way of working out the Zeeman effect is to use 
the approximation of § 4, which reduces it to the work done m my earlier paper 
That this IS a sufficient approximation may be seen from the fact that it gives 
the doublet fine stTucture and treats the magnetic structure as of the same order 
of magnitude, which is just the d^[ree of aocuTBoy required to explain the 
observed effects But a direct attack, starting from the accurate solution of 
(7 1) and superposing on it the magnetic field, is also interestmg, it throws 
the solution mto rather a different form because the levels of the fine structure 
are already separated, whereas m the earlier process they were attributed to a 
perturbation acting together with the magnetic field. 

We must first see how the method of perturbations will go The solutions 
of (2 2), when pg is replaced by W so that they give the levels, obey an ortho¬ 
gonal relation, as is easily proved directly, thus for any two solutions p, q 
either 

W,-W, = 0, or III S = 0 (101) 

In the case of degeneracy, where W, = W^ the partly arbitrary <{»/ can be 
chosen so that (101) will still be true This has already been done m our case 
Let us suppose that on account of small changes m V and A the four equatums 
(2 2) are affected by small extra terms which we may write as Pi()i F 4 <)i, 
each ^bol signifying that any of the i|;’s may enter into each equation. We 
require a solution near W, and assume that it u of the iatm 

i|»* » 
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where the a/s are small for all oases where W, u not nearly equal to Notice 

the alight difference that we must make from the theory of perturbationa of a 
degenerate system, on account of the fact that we have to allow for the mter- 
action of solutions that imtially are not quite coincident Substituting m 
(2 2) we have 

E 1 (W - W.) + 2 = 0, etc 

i 0 a 

We multiply these by etc, add the four equations together and mt^prate 
over space We thus find 

^(W-W.lo,! 2 <l;*%«dxdy(£8 + 2o,j 2 * = 0 

If there are a number of states q near p, even though not coincident with it, the 
associated a/s need not be small and must be retamed. We then form the deter¬ 
minant m the usual way, giving an iJgebraio equation for W, and afterwards 
we can determme the vanous ratios for 
For a magnetic field along t we take k^ —^ A| |Ha; and so must 
add on to (2 2) terms 

P.'l'—•f(*—y)*. P.* = •§(*+«!) 

We hence get 

-(W-W,)(i, f 2 ~Sa,[y, *]=.0, (102) 

e J*.i iSo • 

where 

b;»] = I {- *<K** (® - «y) <1/4*+♦'I'l** (*+»y) <l's* - »<1'8** (» - *y) W 

-j- (x -t- ty) V) dxdydz (10 8) 

This expression detenmnes whether two levels y, s can mterfere with one another 
m producmg the Zeeman effect If we apply the formulte of (91) to any of the 
solutions (7 4) or (7 7), we at once see that unless the number u is the same for 
both y and s, the mtegral must vanish Hence only levels with the same 
quantum number m (=3 u -f i) mterfere Further, we can build a table, 
of the same kmd as was made m { 9 for combinationa, to show what possible 
i, j valuee might give non-vanishing mtegrals, and, just as there, we find that 
some of the possibilities disappear on closer examination. We are left to oon- 
uder mterferences of (jfc, ib §) and {k, h — 1) with themselves and one 
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anotber and also of (h, with (Jfc + 2, b +1) (the ease (k, k~~^) witib 
(k — ifk— which also occurs, is essentially the same as this last) The 

first set are what we are familiar with, but the last is rather unexpected. We 
shall fHove that it is small of an order to be neglected, because it ootresponds 
to the terms we should have by a second approximation 
Substituting out of (7 4), (7 7) and applying (91) we find 

[jfc. Hi, H2, HI] = ^(H«+2)f (H«+l) l|(FA-»+G*F»_,)f»dr 

In order to reduce the radial integration, we proceed as follows Take the 
equations (7 B) and a similar pair in which k is replaced by another number I 
Multiply the first of (7 5) by Q|, the second by F] and add This removes the 
terms m W and sV Then interchange k and I and add the two expressions 
t(^;ether The result is 

^ 2»i«i(FA + m) + |(FiP, + aA)-^^GiG,+^±^P*F,-0 
Hence making a partial mtegrabon we find 

j(P*G, + FA)^«ir = ^j[G,G,(ifc+H3)-F*F,(ifc + Hl)]f*dr (104) 

For the case I =* — i — 3, the term m G therefore vanishes We know that 
F is smaller than G m a ratio of order y 1, hence this mtegral bears to one 
where the coefficient of G does not vanish a ratio y* 1, which is the order of a 
term of the second, not the first approximation 
We are thus left with the result that only the two k levels interfere Let us 
(ii * + |)i P and (i, A — i), g Then our solution may be wntten as 

as 

and we find by the apphcation of (91) and (10 4) that 

tP. }] = {», Pl = -|^2(i+»+l)l(i-«)l 
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We also tequne the nomialisatioiii) Usmg (9 2) these aie 
f S1 1 * (i -f M +1)! (it - a)! j (F*» + G^*) r»dr, 

J S I V 1 • dy (fa = (jfc + «) ' (* - « -1 ) ' J (FLt_i + ,*dr 

Now we have seen that m all these the tenns in F^, F_j are small compared 
to those m G Fuithennore, we know that to the same approximation G_t_i is 
proportional to Qt, and may be taken equal to it by a smtable definition Hence 
all the radial mtegrations are the same, and they may therefore be omitted 
The equation (10 2) thus becomes 


-(W-Wp)-^^ 


«H h 2^ + 2 




L(W-W,)- —- ?*_(2u+1)5-— ■ > (*+«+l)(*-w) o Q 

o' 2o 47Wio2* + r^ 2o W 2ife + l 


To reduce this to the familiar form we write Wq as the mean centre of the two 
lines, BO that 

W,=Wo + *p. W,»Wp-(l + l)^ 
and W = Wp + W Also take (o = ^ Then we have 


+ ‘ {^+ <*+’> P - “2*^ +'>} = *■ 

and from this we denve 

^ + pW - l(t +1) + «(2« + 1)(W + p) + ai?u(« +1) =. 0, 

which 18 the standard equalaon for the Zeeman effect m doublets It will be 
seen that the algebra is a littie more complicated than that whudi comes from 
forming the approximate equations in ^ ^ before We shall not 

work out intensitiea as nothing new would be found 


Svnmiuy 

Dirac’s recent papers on the Quantum Theory of the Electron are discussed 
mating use (ff tiie ordinary methods of differential equaiaons instead of the 
non-oommutatrra algdbra used by him. 
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The equations aie {onned and proved invariant for lelativisbo tpanffonna* 
tions. 

The emission of radiation from an atom containing Diiao’s electron is 
disooBsed 

It IS Aown how SchrOdinger’s equation, and the pair of equations recently 
given by the present writer, are successive approximations to Dirac’s. 

A few pomts in the free motion of an electron are reviewed 
The equations are solved for the motion of an electron m a central field of 
foroe They are shown to be expressible in terms of sphenoal harmomos and 
to lead to a doublet structure for the spectrum 
The discussion of the radial functions in the case of hydrogen is Aown to 
lead exactly to Sommerfeld’s onginal formula for the levels 
The rules of combination are conffldered in outline, and the Zeeman effect is 
worked out 


Fltnd Remtanoe to Moving Spheres. 

ByB G LxnmoK, M A, M So 

(Communicated by T H Havelock, F B S —Beoeived January 31,1928) 

In a previous paper on the resistance of air to falling spheres,* attention was 
drawn to the value of supplementing that work by observations on the fall of 
sohd spheres m liquids, and the present paper gives the results of such expen- 
ments They confirm our previous conclusions as to the increased resistance 
to accelerated motion and they give more precise values for the resistanoe to 
uniform motion, a problem wbch can now be regarded as fairly solved pn its 
experimental side 

In these experiments, spheres of steel, bronse and lead, up to 6 cm. m dia¬ 
meter, vrere allowed to fall freely m water through distances up to 200 om. 
The water vras contained m a special steel tank, with two opposite faces of 
plate glass, its cross section was square, 45 om m breadth Each ball was 
released from supporting rings beneath the surface of the water, and the 
measured fall ceased when it struck a small platform which could be set at any 
deaixed depth. At the instants of release and striking, a phonic oh^mognph 
(aa previously deeonbed) wAa started and stopped by approprute eleotnoa) 
•Laiii>oii.‘Boy See. Free.,' A,^voL ll0.p.tM(lStW>. 
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devices, and the time of fall for a senes of distances was then recorded for each 
baU 

The release apparatus as designed to give the minimum disturbance to the 
liquid, and to avoid any imtial rotation of the falling sphere It consisted, as 
shown in fig 1 (a), of a pair of tongs carrying two wire rings for holding the ball, 
and controlled by two springs and on electromagnet 



fta 1 a Fia 1 b 


When the current through the magnet winding was switched off, the spniigs 
opened the tongs, and the small time-lag between these two events was found 
to be constant for a single value of the current, provided that the ends of the 
magnet and of the soft iron pole-picccs were carefully planed and separated by 
thm paper 

The striking device, shown in fig 1b, was a hinged perforated plate, corned 
on an iron frame A light wire of constant length, held taut by a small weight, 
was fastened to the plate and its upper end was carried by a spnng above the 
water, its sudden movement when the plate was struck, operated through a. 
light lever to break a mercury contact and arrest the chronograph The 
adjustment of this apparatus for each depth of fall was simple, and the action 
was satisfactory Sometimes six similar balls could be dropped in succession 
through the same distance, without the readings of the time interval differing 
by more than 0 002 second. 

VOL oxvni—A. 2 X 




682 


•B. Q Lutmon 


Two independent measurements of the time-lag in the apparatus showed that 
it was a constant, 0 023 second, under the standard conditions In the first, 
the distance of fall of a sphere was reduced m successive readings until it was 
only 5 mm, and a distance-time («, t) graph was drawn This was a smooth 
curve, and could be extrapolated to the s-axis with an error leas than 0 001 
second In the second, the level of the water was lowered down to the plate, 
and the known time of fall m free air was subtracted from the time recorded. 
A possible variation of the lag with the weight of the ball was suspected and 
carefully exammed, but for all spheres heavier than the 0 87 cm steel ball, 
the lag was c instant Ko smaller balls were used m the detailed work, but a few 
readings were taken with very small balls with a stop-watch The watch was 
also used for some readings with a 2-mch ball of phosphor-bronze which was 
too heavy to be held by the tongs 


Smtrees of Error 

The tunes with which we wore concerned were between 0 1 and 1 5 seconds 
and a possible error of d: 0 001 second was imposed by the instruments The 
recorded times differed among themselves by more than this in the long falls 
For instance, the times for four successive falls through 193 3 cm by an “ L ” 
steel ball were registered as 1 273, 1 278, 1 266 and 1 270 seconds An 
obvious reason was that the falls were not straight There is always some 
swerving m the path of falling spheres It is easily visible with a light ball, 
e g , large rubber ball falling 100 metres m aur, or with a stone falling m water 
It was just visible with a steel ball of diameter of 1 27 cm falling in water 
through 150 cm Apart from being visible during the falls, a departure from 
a straight path was usually shown by the sphere striking the plate at some 
distance from the pomt vertically beneath the point of release When this 
distance exceeded 2 cm the reading was rejected, the results were then more 
consistent, and the lowest reading was taken. 

Measurements were made on different days, often at widely separated intervals 
They were compared by plotting graphs of two kinds In the first place, the 
tunes for a smgle fall-distance were plotted against the diameter of the falling 
spheres, usually six or seven sizes, all of steel spheres, would be dropped through 
the same distance, consecutively, at least four spheres of each size being used. 
In the second graphs, the tunes for different distances for a smgle ball were 
oompared On graphs of the first kmd, there were hardly any pomts more 
than 0 003 second off a smooth curve, these graphs were used as a check, to 
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Avoid obvious errors m the readings On those of the second kind (s, t graphs) 
there wore sometunos discrepancies of 0 005 second 



Temperature 

The cSect of temperature was considered Readings were always taken from 
thermometers at the top and the bottom of the tank, and these differed some¬ 
times by more than 0 5° C The temperature of the water was as low as 
8 5° C on certain cold days, and its highest temperature dunng the experiments 
was 18° C This corresponds to a difference of 26 per cent in the viscosity of 
water, but we failed to detect any variation m the speed of a falling sphere 
to within 1 per cent This is in agreement with the known relation between 
resistance and speed For although the graph of <];, the resistance coefficient 
with R, the Reynolds number, is not a horizontal lino (in which case the vis¬ 
cosity would have no effect), yet its gradient is very slight in this range of speeds 
We have calculated the effect for one of the steel balls (d = 1 27 cm ) by taking 
each of a senes of values of the velocity, V, calculating i|/, then using the (J/, R 
graph to find R, and from this calculatuig the kinematic viscosity, v For 
instance, if V is 166 cm per second, 4' iQUst be 0 169, R is then 1 24 X 10*, 
and hence v »= 0 17 (The density of water enters into R, and its variation is 
inappreciable) When the velocity is 161, 163, or 166 cm per second, the 

2 V 2 
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value of V IS 0 10, 0 13, 0 17 For the range of temperature durmg our experi¬ 
ments (8° to IS** C), the varution in v is less than this, and the change in 
velocity should therefore bo mappreciable, as we found it to be No observa¬ 
tion of a decrease of resistance with an increase of viscosity has yet been made, 
it should be possible to observe it by finding that a ^inch steel ball in water at 
2® C falls at 166 cm per second, whereas the same ball finds greater resistance 
in very much less viscous water at 20“ C, and falls at 161 cm per second 


Remits 

The final results for steel spheres of 12 different sizes, and for bronze and lead 
spheres of five and two sizes respectively, are shown in Table I The times 
given have been corrected for lag and for chronoscope rating error in the manner 
already described Some of the displacement curves are shown in fag 2 The 
final velocities, c, range from 135 to 280 cm per second, and they are attained 
m the first 80 tm of fall The values can be obtamed accurately from the 
curves (drawn on a large scale), for the many points for « > 80 ho very closely 
on straight lines Further, by ilrawmg these lines backwards to cut the axis 
« = 0, the intercepts can be measured These are of value because the 
mitial parts of the curves can be fairly well fitted by an equation of the form 
qs=:c log cosh qt, and for large values of s, this equation is equivalent to 
qs — e{qt — log 2) This is the equation of the straight hncs, and the intercept 
Iq IB evidently related to y by the formula — log 2 


Table I —Times of Fall (m seconds) through Heights s (m centimetres) 
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(a) Resistance to Accelerated Motion —^The extent to which the formula u in 
agreement with the experimental results, may be first shown by reference to the 
^inch steel ball ((2 = 1 27 cm) The values of c and q, as given by the graph, 
are 162 and 4 33 respectively, and Table II shows the times calculated from the 


Table II Test of Formula for Acceleration Penod for S Ball 



formula qa = 0 log cosh qt There is a small regular discrepancy between these 
and the oxpenmental values, so that the resistance is first a httle greater than 
the formula implies, and afterward a httle 
less In the experiments on air resistance, 
a similar effect was noticed In that case, 
we were able to deduce the actual resist¬ 
ance from the displacement curves, but m 
the present measurements the tunes are 
smaller and the experimental errors of 
0 001 second are too large m comparison 
for this deduction to be made We can 
be sure, however, that the general shape of 
the acceleration-velocity curve is that of 
fig 3 resembling the curves of fig 6 in our 
previous paper The broken straight lino 
corresponds to the equation given above The discrepancies for other spheres 
are all similar in their variation Table III gives their values m thousandths 
of a second at four different distances 


Table III —^Test of Formula for Acceleration Penod for 7 Balia 


Distance 

1 Vsloes of ((obeenod) — * (oalcnUted) i 

n thouwmdias of a seoond 

, 1 

H 

K 

S 

P 

L 

1 BS 

LS 

9 8 

2 

4 

2 

a 

1 

0 

6 

30 2 

8 

0 

« 


9 

7 1 

n 

34 6 

8 

7 

4 

4 

6 

8 1 

7 

SI 1 

6 

4 

0 

3 

-3 

9 

-1 
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If these small amounts are neglected, the motion can be desonbed m terms of 
a constant “ earned mass ” For a resistance formula which leads to the above 
displacement equation is 

F = ot)* + 6{<fc/d0 (1) 

where b is the earned mass Here b is connected with q by the relation 

cq (»» + 5) = n^(l — ff/p), (2) 

where m is the mass of the sphere, p its density and o the density of the liquid 
The calculated values of b are given in Table IV 


Table IV —Acceleration Constants 


Kphora 

It 

9 


Sphere 

It 


h 

Steel H 

Micand 

0 143 

4 86 

gramme 

0 86 

Hronstc BS 

Tif 

4 08 

gramme 

2 0 

.. K 

0 16 

4 A2 

1 2 

BU 

U 20 

3 46 

4 1 

.. b 

0 le 

4 33 

1 4 

BV 

0 21 

3 30 1 

6 6 

.. P 

0 166 

4 20 

2 2 

„ BW 

0 23 

3 01 

S 2 

.. L 

0 17 

4 08 

2 0 

.. B\ 

0 24 

2 83 

12 2 

u 

0 1»6 

3 66 

4 3 

LeadLS 

0 18 

3 86 

2 6 

» V 

0 20 

3 46 


LU 

0 21 

3 30 

5 4 


It appears that h is larger for the larger spheres, but it does not bear a con> 
stant ratio to the mass of water displaced For small spheres, 6 is twice the 
displaced mass, and for l^-mch spheres, the ratio is one-half There is a close 
proportionahty for all three kinds of spheres between b and the square of the 
sphere diameter, with a factor of about one , the same proportional relation 
held for motion m air, with a factor of one-half, but the ratio of the carried 
mass to the displaced mass of air was very large Cook* noticed that for a very 
large sphere, the earned mass appeared to be about one-half of the displaced 
mass of water, and the corresponding fraction was 0 83 m some ezpenments 
by Belf and Jone8,t using the sphencal bob of a pendulum No other estimates 
of its value have been made A similar ratio is commonly used m the calcula¬ 
tion of the resistance of ships, the earned mass being taken as one-fifth of the 
weight of the ship The extent to which this ratio affects the motion may be 
illustrated by the fact that if the ratio were also one-fifth m our own case, the 
values of would range from 0 11 to 0 15 second for the steel balls, where¬ 
as the actual values are from 0 14 to 0 18 second, with an error less than 
0 006 second 

*'Pldl Mag,’voLS9.p 380(1920) 

t Quoted by Covl^ and Levy, " Adv Ctee Aero, B A MNo 612 (1018) 
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[Adiei February 29,1928 — The carried mass can be expressed m terms of non- 
dimensional quantities For the case of a falling sphere, it is easily shown by 
the method of dimensions that (t e , the ratio of the earned mass of fluid 

to the displaced mass) is a function of cdjv {i e , the Re}mold8 numbez for the 
final speed) and ydje Values of these quantities can be calculated from the 
results of this paper, and also from those of the earlier measurements in atr 
We find that the mass-ratio decreases when either cd/v or jd/c increases, and 
that the data for water and for air expenments are m accord with each other, 
although they relate to widely separated ranges of gd/c They are too few for 
accurate general conclusions to lie drawn, but their variation can be shown by 
the following approximate figures 

10‘ I 0 3 1 4 SC 45 

2 ] 1200 '500 lOO 1 0 SO 

t) I (M)O 100 95 0 OO 0 25 

10 j llHI 250 05 — 0 18 

Values of the (Jarned-mass Ratio 

When these values arc plotted on a loganthmic scale, against gd/c, fox 
constant values of R, the air and water figures give points lying on the same 
curves The only other figure available for comparison is deduced from Cook’s 
readings , for od/v = 14 X 10^ gd/c = 1560 X 10~^, the earned mass ratio 
may be 0 46, with a large possible error This is outside the range of 
values given above ] 

It may be remarked that the approximate law of resistance (1) is analytically 
equivalent for a falling sphere to a law containing only the velocity, namely, 
F = A + Bv», 

the connection between these constants and the previous ones being 
A = p6to (1 — <T/p)/(»n + 6), B = a»»/(m + b) 

Although this simpler hypothesis affords an equal fit with the expenmental 
results, it has two senous disadvantages, it suggests a definite resistance when 
both velocity and acceleration are zero, and its constants, A, B, are found to 
depend upon the mass or density of the sphere On the other hand, our previous 
results with falls in air, using spheres of widely diffenng densities, are in agree¬ 
ment with the present ones in showing that the new factor b is nearly inde¬ 
pendent of the density This su^^ests that the form (1) may have a wider 



0 20 
0 18 
0 11 
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application as an approximate formula than merely to the case of spheres 
falling m a fluid 

(6) Reatatanoe to Umform Motvm —^The resistance to uniform motion is best 
expressed in terms of the resistance coefiBicient (<1< = F/piAi*) and the Reynolds 
number, and their values m out expenments are given in Table Y In this list 

Table V 


Sphere 

d 


f 


<k 1 

R + 100 

Steel A 

(om) 

0 238 

(gnn) 

0 064 

(grm /o 0) 
7 76 

(om^/MO) 

0 176 

14 1 

.. B 

0 317 

0 120 

7 76 

82 

0 169 

23 1 

.1 c 

0 470 

0 432 

7 76 

104 

0 160 

U 2 

.. V 

0 030 

1 030 

7 76 

120 

0 160 

67 6 

0 

0 870 

2 086 

7 76 

140 

0 166 1 

109 

>. H 

0 952 

3 48 

7 69 

144 

0 104 

120 

.. K 

1 111 

6 67 

7 76 

163 

0 166 

162 

.. 8 

1 270 

8 27 

7 69 

102 

0 167 

184 

.. P 

1 420 

11 86 

7 76 

171 

0 170 

219 

„ L 

1 660 

18 26 

7 76 

180 

0 174 

266 

u 

2 640 

66 12 

7 09 

214 

0 191 

486 

, V 

3 176 

129 14 

7 60 

233 

0 202 

601 

Bronze BS 

1 27 

9 60 

8 90 

177 

0 106 

109 

BU 

2 64 

70 60 

H 90 

239 

0 194 

642 

BV 

3 17 

149 2 

8 90 

263 

0 201 

717 

BW 

3 81 

268 4 

8 90 

278 

0 201 

940 

„ BX 

6 08 

012 0 

8 90 

(302) 

(0 197) 

(1370) 

LeadtS 

1 27 

11 28 

10 60 

102 

0 171 

217 

liU 

2 64 

90 48 

10 60 

204 

0 197 
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there are included the figures of several very small spheres, and for one large one, 
which depend upon stop-watch observations and are less accurate The i|>, R 
graph IS given in fig 4 The pomts for the three different metals he on a single 
smooth curve, which supports their value They are m almost complete accord 
with the points recorded by Wicselsberger,* whose results obtained from the 
Qdttingen wmd tunnel are the most extensive set of sphere resistance measure¬ 
ments This agreement between air and water results extends over a hundred¬ 
fold range of velocities (from R = 10® to R = 10®), and thus verifies the 
principle of dynamical simihtude for turbulent fluid motion Liebster’st low 
speed results are in similar agreement, but Allen's^ figures m the region of 
R ^ 3 X 10®, give lower values of (|;, probably because the wall effects could 

* ' Phyi Z ,* voL 22, p 322, and vol 23, p 222 (1922) 
t ‘ Ann d. Phyrik,’ voL 28, p 670 (1924), and vol 82, p 541 (1927) 
i ‘ Phil Hag vol 60, pp 323, 519 (1900) 
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not bo allowed for m hu small vessel Shakespear’s* resolts are also low, in 
comparison, by about 6 per cent, and our own experiments in mines gave still 



lower values These difierences must bo attributed to different degrees of 
imtial turbulence in the fluid The water in our tank was quite still, the air 
in Shakespear’s tower was only comparatively quiet, and the air in mine-shafts 
was probably least quiet (although the vane anemometer registered no currents), 
because of the gradient of temperature within it, and the presence of inlet 
passages near the base of the shafts 

The course of the (J», R curve being now well determined, emphasis may be 
given to the fact that the resistance is never proportional to a simple power of 
the velocity over any extended range of speed In illustration of this, we have 
calculated the constants m a simple power law for the case of a sphere of 2 cm 
diameter, in water at 12® C, and the following formulae are the result They 
are based on the expenmental <{i, R curve 


‘ PhiL Mag,’ vd 28, p 728 (1914; 
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V = 0 005 cm per second F = 0 24 V 


v = 

0 008 

v = 

0 014 

v = 

0 042 

v = 

0 18 

v = 

0 74 

v = 

3 8 

v = 

21 

v = 

89 

v = 

400 


F = o 47 yi'* 
F = 0 66V“» 
F = 0 91 
F-= 1 12 VI** 
F = 1 26 Y“* 
F = 115 yi ” 
K = 0 73 V^'** 
F=:0 62 V*** 
F = 0 72 V* 


The first and last of these correspond to the laws of Stokes and Newton, for 
higher speeds, the resistance changes rapidly, and in a more complex manner 

Our previous note on Sir Isaac Newton’s results, with spheres falling m air and 
water, can now be extended A complete analysis of them shows that his good 
agreement between experiment and theory, in the case of spheres falling m air, 
IS mainly a result of the cancelling of two opposite errors 

He over-estimated the resistance coeihcient, and omitted the “ earned mass ” 
effect for the acceleration penod In the water expenments, where the range 
of R was different, his value of the resistance coefficient was nearly correct, 
but by omitting the acceleration term he failed to show so good an accord between 
theory and experiment Also, his weighted wax spheres fell in the water with 
considerable swerving, and the expenmental results are not m good agreement 
with each other It is no mean tnbute to bs care and skill as an expenmenter 
that most of the results should still be worthy of tbs complete analysis 

Wdl Effect 

The well-known Ladenburg correction for the influence of oylindncsl walla 
upon the resistance, is not apphoablo if the Reynolds number exceeds 10(K) 
We have performed some expenments to examine this influence at higher 
speeds Spheres were allowed to fall freely in the tank already desenbed, and 
glass tubes of different diameters and lengths were held vertically in the water 
in turn, so that the spheres fell centrally though them By timing the fall 
of the same sphere through tubes of equal diameters and different lengths, the 
terminal velocity for each sphere was deduced The results for a senes of 
steel balls, and for four sixes of tube, are shown m fig 5, the temperature of the 
water was 13 5° C The reduction in velocity becomes very marked as the 
ratio of the diameters of sphere and tube increases It is to be remembered 
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that for all these speeds, the resistance is roughly proportional to the square 
of the speed, and the uppermost curve would be a parabola if this proportionality 
were exact 



Fio 6—BstojgfFaJlforStedBidlsiDWstwrinTubr* 

Iiud —Rate of Fall for Balia in Glycerine m Tube 

It IS of interest to contrast the shape of these curves with those which descnbe 
the smiilarefEeot in a more viscous Itqmd, where the velocities are small Fig 5h 
(inset) shows the velocities obtamed by dropping steel balls through glycerme 
m a tube of 2 26 cm diameter 

In Ladenburg's formula, the ratio of the reduced velocity to the velocity m 
imbounded fluid, is expressed as a Imear function of the ratio of the sphere and 
tube diameters, for small spheres The corresponding function for the present 
results 18 less simple, and is shown by the curve of fig 6 The reduction in 
velocity IS proportionately less than would be given by the earlier formula A 
linear relation may be given for the range 0<d<0 3D, vu5,V = Vo (1—0 23 
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Character of the Fluid Motion 

The explanation of the resistance law must be based upon a knowledge of the 
lines of flow in the fluid Although little progress has been made m t.Tiia 
direction, it may be convement to summanso such observations as have been 
made 

The regular stream-hne pattern of the Stokes solution becomes deformed 
at moderate speeds, and at the first critical speed a vortex ring is formed close 
behmd the sphere, appeanng as two eddies when cut by a plane through the 
axis of motion 

In air, this appears at the velocity corresponding to R = 8, and it has been 
carefully studied by Nisi and Porter* for speeds up to R = BO, and for >n gb"’‘ 
values in narrow channels (Reference has already been made to the expen- 
ments of WiUiams.t where wo eddies appeared behmd the sphere even up to 
R = 720, in water m a vessel whose breadth was more than eight times the 
diameter of the sphere) The nng becomes larger and moves further from the 
sphere as the velocity increases, and it is eventually thrown off from the sphere 
altogether This was observed by SchmidtJ behind a wax ball dropping m 

• ‘ PhiL Magvol 48. p 764 (1928) 
t' Phil Mag,’ voL 29, p 626 (1916) 

} ‘ Ann. d Phyaik,’ vol 61, p 688 (1920) 
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water, at a velocity corresponding to R > 1000, The change is accompanied 
by a change in the resistance A sphere m falhng first gathers speed, then 
travels more slowly as the vortex ring grows m strength, and then gams speed 
agam immediately the nng has shpped away These changes have been noticed 
also m the rising of a balloon soon after it has been loosed 
It IS probable that a succession of rings form and slip away behind a sphere 
in this way, and that they do so with a dcfimto periodicity which depends upon 
the velocity They have not been observed, though Schmidt records a case 
when a second nng appeared to form It is well known that when a fluid flows 
past a cylmder, eddies are formed regularly to them is due the note produced 
when a thin stick is moved quickly through the air No similar periodicity has 
been measured m the vortex rings behmd a sphere, though it might be sought 
by a modification of Relf’s method for a cylinder, using a circular wire 
The only direct record of the motion behind the sphere for higher values of 
R IS one made by Ermisch * His photographs appear to confirm a suggestion 
of V Karman’s, that two eddies form with their axes parallel to the line of 
relative motion of the sphere and fluid, and equidistant from the central line 
These two eddies trail behmd the sphere as two vortex hncs, wbch are not 
parallel, but twist round each other as mterlaced spirals This is for R — 8400 
when a sphere is held m flowing water If a periodicity exists in this motion, it 
iviU be difficult to detect It is to be noted that if two such spiral threads are 
formed, and the sphere is free to move, their reaction on the sphere must tend 
to displace it, and this may be the cause of the sbgbtly curved and spiral path 
which IS always followed by a sphere falling through liquid The lateral move¬ 
ments of the sphere are accompanied by periodic changes m the vortical 
velocity, as is shown by Liebster’s measurements from cmematograph records 
If, however, this second kmd of vortex motion behind the sphere is possible, 
the transition to it from the first kind, as speed increased, would be abrupt, 
for the two are quite different This transition would almost certainly be 
accompamed by a change of resistance Yet the resistance curve is actually 
a smooth one Moreover, it does not seem possible that these are two alterna¬ 
tive stable types of wake structure, for there is no evidence of two different values 
of the resistance for the same speed (In the case of a cylinder, evidence of 
this kmd has been recorded by Relf f) 

The width of the disturbed wake behmd the sphere, and the position, on the 
sphere, of the cirole at which the wake envelope leaves it, are factors which 

* * Abh. Aato, Inst Aaohes,’ vol 6, p 49 (1927) 
f‘Adv Ctee Awo.R &M,”Nq 102(1914) 
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determine the resistance at higher speeds Enmsoh has measured the pressure 
at points on the surface of the sphere, and we deduce from his measurements 
that this circle moves forward on the sphere as R rises from 800 to 26,000 
This IS accompanied by a broadening of the wake, and the rising portion of the 

R curve may here find its explanation At speeds just beyond those reached 
m our experiments, the circle moves suddenly behmd the sphere, and the wake 
is much reduced m width, the resistance coefficient here falls very suddenly 
and remains low until speeds are attained which approach the velocity of sound 
in the finid 

My thanks are due to the Armstrong College Research Committee for a grant 
towards the cost of the apparatus used 

Summary 

By tuning the falls of metal spheres in water, through distances up to 2 metres, 
the resistance of a fluid at high speeds has been measured both for accelerated 
and for uniform motion 

(1) The variation of resistance with speed is shown on a graph of the resistance 
coefficient (<}» = F/piA?) with the Reynolds number (R = ixl/v) The results 
are m good agreement with previous measurements m which air was the flmd 
concerned 

(2) Durmg accelerated motion, the resistance is increased in a regular way, 
which can be described approximately m terms of a earned mass, varying from 
one-half to twice the mass of the displaced fluid 

(3) The effect of cylmdncal walls has been measured 

^4) The motion of the fluid behind the sphere is described 
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Studies in the Behanour of Hydrogen and Mercury at the 
Electrode Sui faces of Spectrum Tubes 
By M C J0HNS0^, M A , M Sc, liCcturer m Physics, Birmingham University 
(Communicated by S W J Smitli, F R S —Received Fcbniar) 1928 ) 

Introduction —The apparently capricious control exercised over the spectrum 
of one gas by the presence of small quantities of another gas is knmvn to involve 
a great many different processes The rate at which ions of the one gas are 
neutralised may be profoundly modified if the other gas has a very different 
ionisation potential both mtensitics of lines and their broademng m mtcriomc 
fields will be altered in this viay 

The work of Merton and his followers on changes in intensity grouping of 
Imea m mixed gases, and of Fulcher, Dempster, Hulburt and others on changes 
m fine broadening in mixed gases, suggests that in most experiments the 
combination of the above processes is too complex for quantitative measure¬ 
ment of any one variable to be isolated 

We can, however, select particular pairs of gases and exanune details of their 
behaviour with respect to any one known spectral mechanism The mechanism 
selected in the present paper is the emission of a Balmcr fine by neutrahsation 
of positive rays m hydrogen The foreign gas is mercury These two sub¬ 
stances are among the commonest intruders in spectroscopic apparatus, and 
all workers m high vacua are familiar with some of the electrode phenomena 
of the adsorption of the one and the amalgamation by the other In order to 
form hypotheses connecting the effect of Hg on the positive rays of H with 
previously known facts, a senes of experiments is designed, on Doppler effects, 
on current and potential relations, and on cathode disintegration 

Past I —ExrBWMBNTAL 

1 Effea of Mercury on ike Doppler Spectrum of Hydrogen PosUtve Bays — 
A Balmer spectral hne photographed longitudinally through a perforated 
cathode supplies information which is absent from capillary spectrograms 
The photometry of the " moving ” and “ testing ” components of the hne 
enables ns to observe changes m the proportion of the spectrum which is earned 
by moving protons on neutralisation, and the proportion which is excited m 
stationary gas by positive ion bombardment In a tube designed after Wien’s 
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manner for the extension of some work previously pubbshed,* it was noticed 
that considerable change m the H spectrum came about after an accidental 
admission of Hg vapour from a large diffusion pump through inefficient trappmg 
The precise nature of the change was elucidated by the following experiments 

The pumping system was changed from diffusion to an ordinary Gaede rotary 
pump and an efficient trap inserted to avoid future contamination After 
preliminary experiments on the efficiency of various traps m removing Hg 
from a Qeissler tube, an absorption tube bned with sodium film was found to 
bo capable of removing Hg bnes entirely from a tube which had moderate glass 
and metal surface areas The positive ray tube was connected to a system 
previously described,f whereby large quantities of H could be pumped through 
without air contamination 

After about fifty hours* discharge and constant refilling and pumping without 
any further contamination by Hg, the amount of free Hg vapour relative to 
the amount of H must have been neghgible from the point of view of partial 
pressures 

The H(j spectral region was then photographed at an inclination of about 
6* to the axis of flight of the positive ra)r8, to avoid illumination from the anode 
end of the tube Exposures up to 11^ hours were given on Impenal Eclipse 
plates through a Merton photometnc wedge Two successful exposures were 
secured and the tube then collapsed from the increased sputtering which 
resulted from the original contamination During these experiments the 
spectroscopic appearance was as follows — 


Anode 

Before contamination H, stronger than 
Hi 

After contamination Hg strongest H, 
strong 
Hj absent 


Cathode face 
Hi stronger than 

H. 

H, faint 

Hj nearly equal 
toHg 


Behind cathode 
H, invisible 

H, mvisible. 

Hi stronger 
than Hg 


The plates were compared with similar plates taken before contamination by 
the Hg These had been obtamed using the same source of potential, cathode, 
dispersion system, and source of B, and had shown no trace of impurity among 
a large group of bnes measured m the “ many-bned ” or Hj spectrum near H^. 
Both sets of images were enlarged together through a process screen by Merton’s 

• Johnson, * Roy Boo Proo,’ A, vol 114, p 697 (1927) 
t Johnson, * Proo Phys Soo ,* voL 88. p 325 (1926) 



697 


Electrode Surjaces of Spectrum Tubes 

well-known method, but after vanoos experiments with pnnting it was found 
more aocnrate to measure the onginal negatives on a Hilger oomparator This 
18 due to the different degrees of faintnes of different parts of the moving and 
resting Imes, which made magnifications suitable to one region of each image 
impracticable for other regions 

IiUmsUm of renting component (Hr) and moving component (H^) of spectral line 
Hf, tn terms of heights of Merton wedge images measured in arbitrary units 
Plate 1 2100 volts Before contamination. Hr = 246, 259, 267 

Hj,= 203, 201, 206 

Mean intensity ratio Hr/Hh =1 26 d: 0 04 
Plate 2 2400 volts Before contamination Hr= 159, 166,* 166 

Hm^ 123, 136,* 127 

Mean intensity ratio Hr/Hr — I 25 ± 0 04 
Plate 3 2600 volts After contaminMion Hr= 115, 130,* 112, 116, 118 

Hm= 67, 81,* 66, 68, 67 
Mean intensity ratio Hr/Hr - 1 69 J; 0 12 
Plate 4 2200 volts After contamination Hr = 138,137, 169,* 140,119t 

Hm= 80, 78, 90,* 80, 64t 
Mean intensity ratio Hr/Hr = 1 77 ± 0 08 

All positive ray illumination is faint compared with most sources used m 
spedaroscopy, and with the contaminated tube the length of exposure had to 
be limited only by the length of life of the tube Hence the error is greater than 
with the denser images for which Merton’s method of spectrophotometry was 
originally dengned The conclusion, however, is established beyond the 
margin of error indicated, that Hg at a partial pressure of the order implied 
by several days of washing with H, increases to the above recorded extent the 
ratio Hr/Hr This measures—as discussed in the papers quoted above—the 
decrease m the proportion of the H spectrum excited by neutralisation of 
protons at the cathode, relative to the proportion excited by impact 
2 Effect of Cathode Material on the Behaviour of Mercury —With any other 
metal than alumimum as electrode material, the life of i^ho positive ray tube 
would have been less than the required duration of a photographic exposure 
Accordinj^y, in testing the connection of cathode material with the facts of 
the preceding paragraph, the Doppler effect could not be employed, and was 

* These images estimated to extreme ot Tisibibtjr 
t These images estimated to end of apparent sharp boundary 
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leplsoed by the aooompanying phenomenon, namely, the dominatioa •£ the 
ipactrum by mercury at a low partial pressure 
Comparison experiments were made between tubes with eleoteodM of 
aluoumnm and of nickel, fed with hydrogen from palladium valves and 
evacuated over silver film for absorbing Hg vapour The silver tubes could 
be replaced by reservoirs of Hg without admitting air to the 83 mtem For all 
expenments the spectra were produced m the “black” stage, m order to 
facihtate reoogmtion of any impurity linen, and of the first appearance of Hg 
lines on admitting Hg vapour Current and potential relations were observed 
to be constant for several days preceding each experiment, so that changes due 
to the admission of vapour could be isolated when they occurred 
It was found that with A1 electrodes the Hg spectrum appears mstantaoeouidy 
with Hg contamination, and persists at great strength, while the partial pressure 
of free Hg vapour is reduced to negligible amount, as m the positive ray case 
With Ni electrodes a partial presnure of Hg vapour larger by 100 per cent la 
required before Hg Imes appear, comparatively faintly and after a lapse of the 
order of ten mmntes after admission 

3 Curreni and Potential RekUtom mth Rledrodes of Different SensitivUiea to 
Mercury — It is necessary to know whether the different behaviour of Hg ID 
A1 and Ni tubes mvolves a corresponding difference in the ease of mamtauung a 
discharge between pure and contaminated electrodes of these metals Accord¬ 
ingly, two Geissler tubes were constructed with electrodes of A1 and Ni rod 
respectively In all other ways they were made closely alike, e g, the glasa 
shields against sputtenng required for the Ni tube were also provided m the 
A1 tube The tubes were connected together in parallel, both with respect to 
the dividing of the high-tension current and to the gas connections These 
latter included the Hg reservoir and Ag absorber used in the previous 
expenments 

A pressure range was selected for observation, over which an appceoiablo 
current flowed through both parallel tubes simultaneously Curves of fall of 
potential acroos the system plotted against current m each tube were oonstruoted 
for the following oonditioiis of ezpenment, and were found to be repeatable 
to the accuracy of reading the instruments — 

Curve 1 —Air poressure deoreasmg by absorption at sohd surfaces within tube, 
te, when outgassuig was complete and the subsequent prooem of 
hardening had set in 

Curve 2 —An pressure decreasing by pumping out 
Curve 3 —Bepetiticni of 2 for check 
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Com 4 —Hydrogea pressure deoressiug by pumping out. 

Curve 6 —Repetition of 4 for check 
Curve 6 —Repetition of 4 after prolonged washing with H 
Curve 7 —Repetition of 4 in reverse order, t e , readings taken during increase 
of pressure by admission of H from Pd valve, instead of during decrease 
of pressure 

Curve 8 —Gas pressure increasing by evaporation of Hg from reservoir 
Curve 9 —Repetition of 4 after the Ug admitted m 8 had been pumped off 
and the system washed with H 

Dunng 1,2, 3 both tubes showed the nitrogen bands of air Dunng 4,6, 6, 7 
a pure H spectrum was shown In the course of 8 Hg hnes appeued in both 
tubes In 9 the Hg spectrum was stronger than that of H 



Ikom the graphs it is clear Giat tiie meUiod is sufiScienUy sensitive to detect 
obeogee in the ratio of resistances of the tubes due to different behavioiir of 
gases at the sohd surfaces. These solid surfaces only differed in the two tubes 
at the deotiodes of Ni in the one and A1 in the other. For instance, separate 

2 z 2 
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auves with an agree fairly well among themselvee when the air u being pumped 
out, but are distinot from a curve in which air la being lost to the discharge by 
abaorption within the tube All the curves m air are agam distinct from the 
remarkably constant curves in H which agree among themselves whether the 
tubes are new to H or have been much washed out, and whether the readings 
are taken on decreasing or increasing the pressure 

For the interpretation of the previous experiments on the spectroscopic 
effects of Hg on H, it is important to note that both the relative and total 
changes in resistance of the Ni and A1 tubes are still the same as for pure H, 
both when Hg is being admitted and when H is bemg pumped over surfaces 
contaminated enough to show the Hg spectrum dominant 

4 Spectra tn the ParaUd Nickel and Alumnium Tubes and tn the Isolated 
Nickel Tube —There is a difference between the development of the Hg spectrum 
m the parallel tubes during the process represented m graph 8 and its develop¬ 
ment with the Ni tube alone in the previous expenments. In the present case 
the Hg lines appeared in the Ni tube within half a minute of then instantaneous 
appearance m the A1 tube Thus, when the Ni tube is in gaseous conuectioii 
with Al, its spectrum becomes contaminated almost as rapidly as that of the 
A1 tube, but if no Al is m the coimected system, the tune taken for even a weaker 
Hg spectrum to be excited by the same expenmental procedure is multiplied 
twenty-fold 

6 Differences between Thermal and Electrical DisDOegration of Mercury and 
Alumnium Cathodes —The greatly increased sputtenng from the positive ray 
cathode after contamination by Hg might simply be duo to the very much 
greater vapoiu pressure of Hg compared with that of Al at the same 
temperature,»e, to a purely thermal evaporation of the Hg attached to the 
Al surface 

Again, it nught be a true electneal sputtenng, due to positive ion bombard¬ 
ment rather than thermal evaporation, but in composition a sputtenng of Hg, 
not of Al. 

To distinguish between these a discharge was passed through a hydrogen 
tube with a cathode of Hg frozen in liquid air Simultaneously, in a tube in 
gaseous connection with this, a thermal deposit of Hg was produced by heating 
in an asbestos jacket The texture of the thermal deposit was coarse and 
structureless, while the deposit from the solid Hg was fine and arranged m rings 
similar to the suooession seen along the glass near the cathode of the positive 
ray tube 

The fibn due to thermal evaporation of Hg was seen at once to have nothing 
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m common with the dismt^ntion product of the A1 cathode mthe positively 
tube after contamination by Hg 

But the film on the cold tube, distinguished by its banded structure and fine 
gram from the thermal deposit, had to be compannl carefully with the film 'fronft 
the contaminated At The tubes were accordingly cut up and specimens taken 
of glass covered with (a) the true electrically sputtered layer from solid Hg, 
(6) the sputtered layer of an old positive ray tube with Al electrodes which 
had never been contaminated with (c) the layer of increased sputtering 
of the positive ray tube after its Al had been contaminated with Hg 
In spite of the sunilanty of the sequence in the banded structures common to 
(a) and (e) and even faintly discernible in (6), it became clear for the following 
reasons that the increased sputtering from Al after contamination is not an 
eleotncal sputtering of Hg, but of Al itself 
Firstly, comparing regions of sumlar density on each specimen, the dull 
whitish colour of (c) alone betrayed the Al oxide, and had the same appearance 
as the face of the cathode from this tube itself This oxide is well known to 
appear on an Al surface when exposed to air after contamination by Hg 
Secondly, when the three specimens were heated in a sand bath, the Hg from 
(a) evaporated, leaving clear glass at quite a low temperature, while the pure Al 
of (b) remained unchanged The unknown film (o) from the contaminated 
tube remamed with (b), indicating that it is momly of Al, not of Hg 
6 Summary of Expenmenlal Results —^The facts ehcitcd by the above expen- 
ments may be classified as follows for the purpose of relation to what is otherwise 
known of the behaviour of H, Hg, and Al 
PosUweRay Phenomena—Qoae an Al cathode has been exposed to Hg 
vapour, and thereafter washed for a long time m streams of H without farther 
admission of Hg, the resulting domination of Hg hnes over the H spectra, and 
the increase m rate of cathode dismtegration, is accompamed by a decrease in 
the proportion of the spectrum of H due to neutralisation of protons, as deduced 
from the Doppler effect 

Speolroseopie Phenomena —The domination by the Hg spectrum is instan¬ 
taneous with an Al cathode It is almost instantaneous with an Ni cathode so 
long os there is gas connection with another tube containing Al But with an 
isolated Ni cathode the Hg spectrum is weaker and requires greater pressure of 
Hg and longer tune to make it appear 
Reststanoe Phenomena —^The admissiQn of Hg to H tubes with Ni and Al 
electrodes, and the above subsequent spectroscopio behaviour of the tubes, is 
accompamed by no alteration of the relative resstances at Ni and Al electrodes. 
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akhoof^ with atr instead of H the relative resutanoe changea are 
meanirable 

il\me Phenomena —In badly contaminated tabes the gradual satniation of 
the absorbing Na or Ag, and the gradual weakening of the Hg spectrum at the 
electrodes, were found to be functions of the time during discharge, not of the 
intervals of tune between Admusion of Hg to all tubes contmues to decrease 
the resistance of the tube after admission has ceased, for as long as ten mmutes 
Dmntegrat%on Phenomena—-yflien solid, an Hg cathode can be made to 
dismtegrate electrically in a way distinct from its thermal evaporation. But 
the disintegration layer from the A1 cathode after Hg contamination is of A1 
and 18 neither due to thermal nor electncal disintegration of Hg 

Pam II - Thbobetical 

1 The result of the positive ray experiments, namely, the decrease in the 
proportion of the spectrum excited by proton neutralisation, at an A1 cathode 
after contamination by Hg, would find a ready explanation in any tendency 
of the Hg to decrease the liberation of electrons from the A1 surface 
Satner* has shown that liberation of electrons by positive ion bombardment 
of a cathode can no longer be regarded as the principal means by which a dis¬ 
charge 18 maintained. Photo-electric liberation from the cathode is the alter¬ 
native pointed to by J J Thomson’s studies of the frequency of radiations m 
the neighbourhood of electrodes This mechanism is now accepted as controUing 
the normal working of discharge -f Now, it is well known that some gas films 
do alter photo-electnc emission profoundly, but there is no direct evidence 
that an Hg surfai c on A1 hinders emission, as would be required for an explana- 
iaoti of the present phenomena on these lines The existing data mainly concern 
photo-electnc fatigue, e g , Allen^ stat^ that the fatigue of zinc is much the 
same whether its surface is polished or amalgamated Millikan and Wnght} 
state that the increase of photo-electnc sensitivity with tune of illumination 
IS the same for many metals, including Al, whether they have or have not been 
exposed to Hg vapour That surface conditions at a cathode may entudy 
altet the photo-electnc control of a discharge is, however, put forward 1^ 
Batnerll on expenmental evidence, from the study of the gradual polansation 
of an X-ray bulb at constant gas pressure 

* ‘ Phil Mag vol 40, p 792 (1920) 
t Taylor, ‘ Roy Soo Proo A, vol 114. p 73 (1927) 

% ‘ Roy Soo Proc A, vol 78, p 48S (1907) 
s ‘ Phys Rev vol 34, p 68 (1912) 

II ‘Phil Mag .’vol 43, p 193(1922) 
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Bnl if we consider the poutiTe ray ezpenment m the light of the snbseqiteiit 
mearamnents of the constant resistance of tubes with different c^iaoitiea fw 
abaorfamg Hg, we have to abandon any such explanation mvcdviiig inhibttaon 
of photo-eleotno hberation at the contaminated surface For such inhibition 
would show itself m an increase of electrode resistance such as found by Ratner 
m X-ray tubes Not only does the emeigence of the Bg spectrum take place 
witiiont altenng the relative resistance at A1 and Ni cathodes, but the total 
resistance of the whole system remains unaltered bv Hg, m spite of the sensitivity 
of the method of measurement to the change from air to hydri^n Hence, the 
decrease of electron capture by protons does not mean that fewer electrons are 
available by photo-electno Lberation at the place where the decrease is seen 

2 Since the action of Hg at the A1 cathode cannot be regarded as altenng its 
power of emitting electrons, the explanation of the decrease of electron capture 
by protons can be connected with the phenomenon of the domination of the 
spectrum by Hg Imes This occurs, as was shown, at a partial pressure of free 
Hg vapour which is extremely small, and is typical of a large class of phenomena 
m the spectroscopy of mixed gases, when often the spectrum of the component 
greatiy in excess is the weaker In the present case Hg atoms are numenoally 
rare compared with H atoms and H molecules, but the resonance and ionisation 
potentials of Hg are 4 8, 6 5 and 10 2 volts respectively Those of the H 
atoms are 10 2 and 13 5 volts The ionisation potential of the H molecule is 
not agreed upon. Horton and Davies* suggest 22 8 volts It is probable, 
therefore, that ease of ionisation and excitation to some extent tends to make 
up for the numencal inferiority of Hg Further, the slower motion of the 
massive singly charged Hg ions compared with Hi'*' and H,'*' allows readier 
re-oombination with free electrons met It is reasonable to expect that this 
easier ionisation and re-combination would allow to the few Hg atoms the 
abnormally large share they seem to take m the spectroscopic phenomena of 
the tube The same properties will ensure that, for the same total cunent 
density of the tube, Hg ions can seiro the electrons which in the pure tube 
would, after longer free path, fall to the faster H ions This would decrease, 
as observed, the part of the positive ray hydrogen spectrum denoting the 
neutraliBation of protons 

3 The long pumping and washing with H, which was unable to destroy the 
above phenomena, together with the fact that Hg is only freed during discharge, 
shows that the Hg is derived from the A1 cathode surface But it is able to 
migrate, probably through its frequent exchange of charge, this is shown by 

• ‘PhiLMag,’voL46,p 896(19SS). 
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itii rapd appearance in the connected Ni tube which, when isolated from Al, 
could onl 7 make use of Hg much more slowly It is important to enquire 
whether the present experiments make any discrimination between the sereral 
prooesses covered by the term “ occlusion " of vapour at the solid surface 
Porter* has classified several of these, of which the most important are adsorp¬ 
tion, formation of charged double layers, solution, formation of definite chemical 
compounds The evidence from the chemical point of view is not agreed as to 
the prpcise nature of the relation of Hg to Al Though some suggestf a com¬ 
pound Al^Elg, but an amalgam of varying composition for Ni, a recent refer- 
encej states that the constitution of the Al-Hg system is unknown, but results 
in a Bohd brittle amalgam 

The study of cathode disintegration alloua us, independently of any decision 
as to the chemical constitution of the amalgam, to form a hypothesis as to 
some physical aspects of the behaviour of the Hg, H and Al The experimental 
facte show thut the much-increased disintegration product after contamination 
of the Al cathode by Hg was neither due to thermal evaporation of Hg nor to 
true electrical sputtering of Hg, theories of the action of the Hg on the Al 
must accordingly assume that it famlitatoa the detachment of the Al itself 

It 18 well known§ that the sputtering m tubes with Al electrodes, usually very 
slight, IS increased if the atmosphere of the tube is of one of the mart gases 
He, Xe, Kr, and Hg has already been classed with these, both as to its increase 
m sputtenngll and m the fact that it behaves as a monatomic gas Eohl- 
sohiitter has shown^ that sputtenng of any metal increases with increase in 
atomic weight of the gas in the tube Assuming that these two groups of 
phenomena are of one ongin, J J Thomson points out that the rare gases and 
a fortton Bg vapour show peculiar liability to multiple ionisation ** Accord¬ 
ingly, he suggestett that it is the increased energy in the dark space of mtiltiply 
charged particles which leads to the encouragement that these elements give 
to the break-up of Al cathodes 

Bat m the present case the cathode dismtegration goes on when all the Ug 
free vapour has been pumped off, and is mainly a delayed effect of the tempotary 

• ‘Tnuu Fandsy Soo,’vol 14, p 192(1919) 
t Friend, ‘ Inorganio Chemietry,’ vol 3, part 2, pp 218,221 
$ Andereon, ‘ MetsUorgy of Alominlum,’ p 728 (1926) 
i OampbeU, * FhlL Mag, vol 28. p 347 (19U) 

II Kaye, ‘ PKoo Phya Soovol 26, p 199 (1918) 

H ‘ Z Kleotroohemvd 16, p. 816 (1900) 

** ‘ Poaitive Bays,' 2 im 1 ed, p 88 
tt JW,p 174 
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mt^unon of Hg The Hg present dunog the greater part of the cbuntegration 
If only that derived from the cathode itself, and in that exteemely small partial 
presatire the occurrence of multiple ionisation must be of a very small order of 
probabihty compared with the main bombardment by protons and H molecules 
We cannot here invoke the ionisation properties which allow the Hg atoms to 
contribute abnormally to the spectrum and electron capture, since those only 
conoem the first ionisation potential compared with that of H Accordingly, 
the explanation which would fit the facts when the monatomic gases are the 
main constituent of the tube is not to be relied upon when, as at present, the 
dismtegration outlasts their introduction as temporary impurity 
4 Hence it is probable that the action of Hg in loosening the Al is not the 
primary result of bombardment but a secondary result, the primary result 
ceasing when the partial pressure of Hg vapour is reduced very low We are 
led to a hypothesis of the nature of the primary effect of the bombardment by 
multiply charged ions, from the well known phenomena of the oxidation of Al 
Pure Al 18 very readily oxidised, but m practice most Al appears to resist 
ooiroaon because of a protecting layer on the surface, wbch, when once formed, 
prevents gas from passing from outside to the layers of Al beneath According 
as we try to explain this layer chemically or physically it can be looked upon 
as an Al oxide or as a layer of oxygen behaving m the manner studied by 
Langmuir In either case it probably inhibits the passage of gas from inside 
to outside as it does from outside to inside, as m the phenomenon of the “ pas¬ 
sivity ” of metals due to a film mechanically hindering metallic ions from 
entering solution Under certain circumstances Al can hberate much of the 
gaS, mostly H, which it contains m its bulk, and it is natural to suppose that 
liberation as a diffusion process would in a vacuum discharge be greatly facih- 
tated if the protecting layer were removed But if the gases m the structure 
of the Al wore thus allowed to diffuse out, their removal from whatever place 
their atoms occupied in the Al structure, or between the Crystal ''ells of Al, 
would leave some interstices unoccupied and the Al permanently more open to 
penetration by the further bombardment by protons A similar case is the 
opening of a metallic lattice by oxidation and reduction * 

Aooordingly, we suppose that when a monatomic gas is ruddenly let mto the 
tube, the mcreksed energy of its multiply charged ions effects what the steady 
proton bombardment had not been able to, namely, some break-up of the 
pcotootiye film over the Al cathode Thu allows the gases m the Al struotuie 
to diffuse out, wbch they would have done before if not looked m by the oxygen, 
* Ridesl, ‘ Stufsoe Oiemistiy,* p ISO 
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•or oxide film For under the conditions of the discharge in the saztoniidng 
vaounm, the metal is supersaturated with gas which, when the film was fomied 
in air, had been its normal complement. This breaking of the films will occur 
^hen the first rush of multiple ions of Hg occurs, but the consequent slow 
diffusion outwards of the gaa will leave a permanently and increasingly weakened 
A1 structure This will hence contmue an increasing sputtemig now that 
the protecting layer has gone, even though all possible efforts are made to remove 
the Hg, which has fulfilled its function | 

5 The above hypothesis would account for the continued sputtenng m the 
above expenmenta, but for confidence it would require some evidence of the 
intermediate link in the sequence, % e, the liberation of gas from inside the A1 

The existence of this link is suggested by Baly’s observation* that the 
admission of a trace of Ne, Kr, Xe into a discharge tube whose outgassing of 
A1 electrodes was apparently complete causes a further evolution of H In 
the present expenmonts it is also supported by the following interpretation of 
the time phenomena observed Consider the possible meaning of the increase 
of gas pressure m the tubes after flooding by Hg vapour had been oomifleted 
In other experiments, in addition to the above, the admission of Hg contmued 
to lower the tube resistance after the Hg reservoir had cooled Now, after 
flooding from the hot reservoir, the re^xindensation of what does not cling to 
the electrodes takes the form of a multitude of very small drops, over wkoee 
curved surfaces the vapour pressure will be greater than over the imtud suij^e 
pool This IS, however, not enough to account for the 100 per cent increase m 
total gas pressure after cooling, in a system whose history was a guarantee 
against leak and normal degassing It is, moreover, partly counteracted by 
the fact that Hg vapour pressure over amalgams is less than over pure Hg at 
the same temperature f Since the heating of the Hg reservoir was so localised 
as not to liberate gas from the glass walls, and since the hberation was mam- 
tamed, it seems probable that the increase m gas pressure after cooling of the 
Hg represents a liberation from the electrodes, as would be expected on our 
hypothesis of the preceding paragraph In the present case no spectral trace 
■of anything but H and Hg were seen, so the liberated gas is probably H. 

6 The protectiye layer on the AI, the H m the A1 structure, and the final 
nmalgam of the Hg on the Al after the {uoteoting layer is broken and the H 
bberated, could all be described m chemical or in purdy physical terms according 

we regarded the several surface phenomena as chemical or physKud We 

* ' PIiiL Truis,’ vol 902, p. 186 (1904) 
t Foster and Beebe,' J Am. Obem, SocroL 42, p 646 (1020) 
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hsve Moordinf^y puis of alternatives snoh as true oxide or Langmuir layer of 
•oneotated oxygen molecules, the trapping of mdeoulea between lattioe cells 
■or the existence of unstable hydrides, the formation of Al,Hg, or solid solution. 
But between such pairs of terms it is nowadays recognised to be hard to dis¬ 
tinguish in a border region where even m adsorbed layers of monomoleoular 
tbokness chemical bonds may have to be assumed * 

The Langmuir type of layer is suggested for the present case rather than an 
oxide, because of its stability under a proton bombardment which dismt^ates 
metals and most compounds -f Mechamcal trapping rather than a chemical 
-composition is more probable as the behaviour of H, smce it diffuses out tn 
vacuo Solid solution, or at least a senes of varying composition rather than 
Al|Hgg, IS suggested for the amalgam for the following reason Metallic 
Hpnttenng is known to be of particles of colloidal sue.l: and the Hg and not the 
A1 18 shown by the spectra to be atomic m the present experiments Hence, 
some system of Hg and A1 allowmg differential evaporation is required, such 
as Crookes§ found in the sputtenng of gold-aluminium The latter is now 
known II to cover a varying composition AlgHgj, on the other hand, would 
probably dissociate and show an A1 as well as an Hg spectrum at the cathode 
7 Comparison may be made between the foregoing theory of the rupture of 
a surface layer by bombardment and the well-known phenomenon of the 
-oxidation of aluminium when amalgamated m air In the latter case it is 
-open to chemistry to suggest that the mercury removes the surface film of 
oxygen by entenng with it into some transitory combination Such an 
explanation would be difficult to trace because of the several variables involved 
by the presence of air Actually, however, the wnter has, after wide enquuy, 
failed to hear of any case where the amalgamation took place without (a) 
scouring the aluminium or (6) rubbing in the mercury, either of these would 
destroy the surface film mechanically, as it is here suggested that the Mercury 
bombardment does m vacuo If it were shown that the opemng of the mner 
surface to oxidation could occur without (o) or (5), it would be necessary to 
invoke the more complex chemical explanation When found, that explanation 
would also serve as alternative to the present physical explanation of the 
phenomena tn vacuo 

* Iredale, ‘ Fhil Hag,’ vol 4», p 627 (1926) 
t Wtea, ‘ Kanalitrahlen,’ p 26 (1923) 
t Kaye, ‘ Proc Phya. 8ocvol 26. p 198 (1913) 
i * Boy Soo Proo ,' A. vol 60. p 88(1891) 

II Whetham, * Theoiy of Sdution,’ p 62 
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8 Conelutton —The expenmenta descnbed m Part I, together tnth certain 
prevunuly known facts, would be accounted for on the following hypothesis — 

The admission of a gas known to be liable to multiple ionisation leads to » 
mote violent bombardment of the cathode This, however, causes an luoreasedi 
cathode disintegration lon^ after the gas is pumped off, which cannot, thereforCr 
be the direct result of the bombardment as on Thomson’s theory It would be 
m accord with the other phenomena here descnbed that the direct effect should 
be to break the protective layer of oxygen on the AI and thus allow diffusion of 
gas out from the metal structure Such diffusion out is observed m the present 
experiment The resultant weakening of the AI structure is tlie actual cause of 
the increased sputtering The Hg in combmation or in solution on the cathode 
IS evaporated and contributes to the spectrum, but not to sputtering Thie 
contribution, owing to its favourable ionisation potential, is much greater than 
expected from the very low partial pressure compared with H Its abiUty to 
capture electrons, due to its mass and critical potentials, results m the deoreaae 
of the H Doppler effect observed in the positive ray experiments The expen- 
mente on the resistance of the tubes show that an alternative explanation in 
terms of inhibition of photo-electric liberation at the cathode is both unnecessary 
and unlikely 

I owe my best thanks to Prof S W J Smith, V R S, for generously giving 
me both time and equipment for these experiments To Mr G 0 Harrison, 
of the Physics Workshop, I owe not only the instrument construction acknow¬ 
ledged in previous papers, but in several instances the carrying out of tests and 
experiments suggested by his long experience in vacuum and surface research 
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An X-Ray Investtgatton of tht Structure of some Ncvphtliolene 
Derwalxves 

J Montkath Robebtson, M A , B Sc , Ph D , Carnegie ReBeatoh Fellow 
(Communicated by Sir William Bragg, F R 8 -Received March B, 1928 ) 
(Flat* 17 ] 

The crystal struotaie of naphthalene tetrachloride has been investigated 
by Sir William Bragg,* who finds it to consist of a monoclinic body-centred 
lattice containing four molecules of CioHbCU per unit cell, the space group 
being apparently C/ The orientation and the structure of the molecules 
suggested (loc otf) is in harmony with the dimensions of the umt oell, and 
ezidains the chief features of the intensities in the most promment spectra 
In the present paper this stnicture is further examined by the rotating crystal 
method and, by means of a comparison with 12 3 4 6 8 -hexachlomaph- 
thaIene-1 2 3 4 -tetrahydride (referred to hereafter as dichlomaphthalenp 
tetrachloride), an attempt is made to locate the halogen atoms. Several 
naphthalene derivatives were mvestigated, and the dichlor-tetraohlonde was 
finally selected for a detailed examination because the crystal structure is vcr\ 
closely similar to that of naphthalene tetrachloride, and hence a direct com 
panson of mtensities, etc, becomes possible 
The dimensions of the umt cells of these chlorides compared with naphthalene 
are given below — 


Compound 


b 

* 

P 

Space 

group 

Mob per 
unit oell 

Deneity 

Najditlialene 

8 34 

6 0 

8 7 

122’ 49 

1 <v 1 

2 

1 152 

naphthalene tetrachloride 

7 0 

10 3 

U 2 

112” 40' 

C,‘( 

IP CjA* 

4 

1 67 

ZMehlonMphthaleno tetra 
ehlonde 

7 8 

12 3 

13 0 

116" 11' j 

_ 

C,*i 

or C^* 

4 

1 87 


These data agree reasonably well with the anal ratios recorded in Groth.f 
except that m the case of naphthalene tetrachloride the length of the o axis is 
now found to be doubled, and m the case of the dichlor-tetraohlonde we have 
interchanged the a and the c of Groth 
• ‘ X-Rays and Cryrtal Straotuw,’ p 8M (1925), ‘ Z fUr Kri«t,’ vol 66, p 22 (1927) 
t * CHwitt. KristallograiAie,’ vol A pp 368, 360 
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The X-ray reenlta (see below) show that in the case of these two chlorides the 
general plane {A Jb {} is halved when h + k + l is odd, and that all the {A 01} 
planes are halved The lattice is therefore body centred (F') and the space 
group must bo either €»* (monocbmo prismatic) or C/ (monocbmc domatio) * 
It IS not possible to distinguish between these two cases by any known X*ray 
method There is, however, certain other evidence which is strongly m favour 
of the latter space group, and which therefore leads us to infer, as Bragg has 
pointed out (loo cti), a hitherto unsuspected polarity in the crystal First let 
us consider the requirements of the monocbmo prismatic group The 
elements of symmetry are a glide plane and a dyad rotation axis, and eight 
asymmetric molecules are required to form the unit cell As only four molecules 
are actually present in these crystals, each molecule must possess either a centre 
or a dyad axis of symmetry along the b axis of the crjrstal It is certam that 
if the crystal molecule bears any resemblance to the structural formula advanced 
from chemical considerations, then a centre of symmetry is impossible, and a 
dyad axis could only be along the long axis of the molecule as indicated below 



Ni^phtlialMie tetraohlondr Dichlonaphthsleiw tetrachloride 


In other words, we must place this axis of the molecule along the b axis of the 
crystsl We cannot disprove this possibihty directly, but we shall see that all 
the evidence points to the axis of the molecule being nearly coincident with the 
e axis of the crystal, as in the case of naphthalene and anthracene It is m view 
of this evidence that we are led to reject the monocbmc prismatic space group 
and adopt the lower symmetry of the domatio class The space group C/, 
containing only a gbde plane of symmetry, requires only four asymmetno 
molecules per umt oeU No molecular symmetry is possible It will be 
adopted m the following discussion as being the most reasonable working 
hypotheais 

In this space group we now reqmre to determme as far as possible the relative 
position of the original and the reflected molecule Bragg has made use of 
the fact (loe eU) that if this approxiinates to certain valuea, then certam seta 
* Cf. Aetbuy end Twnlley, ‘I%U Ttus ,’ A, vol S84, p (1014), 
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ol planes tend to give weak reflections, and lienoe from a study of these the- 
iqi>I»oxunste position of the reflected molecule may be determined, provided 
that the molecules (the standard molecule and the reflected molecule) present 
approximately the same appearance when viewed from all points 

In his mvestigation of the tervalent metallic aoetylaoetonea W T Astbuiy* 
has discussed this method of locating the position of molecules, and has pointed 
out that, for example, when the odd hyperbolte are almost completely obliterated 
in a rotation photograph, then the molecule which subdivides the pnnutive- 
translabon paraUel to the rotation axis must possess " appronmatdy that 
dement of symmetry which ts involved tn denving it from the tnoleeules at the ends 
of the ‘primitive franslation ” 

This method of locating molecules therefore appears to have a wide application, 
and if applied carefully it may in certain cases give information regarding the 
position of important groups of atoms, leading to the correct onentation of the 
molecule The effects, however, may be small, and we may not be able to 
distinguish them by simple inspection of a rotation photograph, because the 
operataon of the space group halvings will in general cause the absence of many 
strong reflections from certain layer hues, and this effect may lie mistaken for a 
weakemng of the reflections from the general plane 

We can proceed by making a classification of all the reflections m such a way 
that the different effects can be clearly distinguished By means of Bernal’s 
method of interpretation,t which has been followed m all the work described 
here, indices can be assigned with certainty to all the reflections In arranging 
the results so as to obtain the information reqoireil, several points must be 
noted 

(1) We must interpret all the reflections occurring in rotations about any 
axis within a certain range In the present example, all reflections up to 5 = 1 60 
have been interpreted on five layer lines m photographs taken about the 
b was With the Ka rays from a copper antioathode this gives about three 
hundred |flanes in each crystal, which is enough to give good averages of 
mtansities for certain sets In more complicated crystals with larger umt 
fmllf a inwalW ^ value would doubtless give sufficient planes for olassifioation 
But it is important to classify all planes up to a selected ^ value 

(2) Before recording a plane absent we must make sure that it has been m a 
refiflotug position. In other words, the instrumental hmits must be clearly 
indicated m the classification 

• ‘Boy Soo Proc,’A,vol 112,p 467(1926) 
t ‘ Roy Spo Froc,’ A, voL 113, p 117 (1926). 
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(3) Planes absent owing to the operation of space group halvings most be 
distinguuhed from those whose absence is due to other causes, and allowanoe 
made m comparing the mtensities of certam sets 
These pomts can be most clearly set forth by arranging the results m the 
form of a senes of tables based on the reciprocal lattice of the crystal Each 
table contains an account of the reflections observed along one layer Ime m 
the crystals The limits of the region interpreted = 1 30 for naphthalene 
tetrachlonde) and the mstrumental limits are indicated by a full hne across the 

column —-Planes which have been m a reflecting position and 

found to be absent are marked Abs Reflections which are absent on account 
of space group halvings are simply omitted The regularity of the resulting 
]pattem on the tables at once mdicates the type of lattice The body-oenfred 
lattice m these crystals is the cause of the staggered effect, analogous to the 
appearance of an oscillation photograph taken about the 6 axis 
The intensities of reflection have in most cases been estimated by eye from 
overlapping oscillation photographs No great accuracy is claimed for the 
results, but by companng the Ka (copper) reflections with the Kp reflections, 
an approxunate idea of the intensities is obtamed The following table indicates 
the standard adopted — 


— 

Intensity, 1 

n 

V B =» vflry strong 

UK) 

7 

B »strong 

42 

« 

mi — medium strong ->= j9 of r s 

IS 

8 

m medium of * 


4 

w m we*k medium of mu 

t 

3 

w == week — of m 

1 3 

3 

T w = very ueak -= fl of w ni 

0 5 

1 


The ratio of the intensity of the Ka to the line of copper is about 6 7 to 1 
on the photographic plate, t e, after passing through the alunumum window 
(1/1000 in) of the X-ray tube,* so that, putting v s = 100 we find the approxi¬ 
mate values of the other standards as given above If, however, the crystal 
absorbs the X-ray beam considerably, as is the case with these chlondes, it is 
bkely that the observed ratio of «to p will be still further reduced by differential 
absorption The number n, which simply mdicates the order of mtensity, has 
been used m companng the mtensities of sets of planes The number n is not 
proportional to the intensity I, but is a linear function of the logarithm of the 
mtensity, 

* ‘ Roy Soo PtooA, vol 118, p 645 (19S7) 
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Taking the ratio of the mtciiBity of the a to the [5 n*flretion an o 7 and using 
common logarithms, 

a = A log I -f B, 

where A = i 64 and B — 1 71 

Tables I-V show the reflections observed m photographs taken about the 6 
axis of the two crystals investigated Other important planes like the (010) senes, 
which require to be measured in photographs about other axes, are given later 
Figs 1-6 show the distribution of mtensitics m naphthalene tetrachloride 
plotted as 2n against the I index (honzoutal columns in the tables) The 
corresponding diagrams for the dichlor-tetrachlonde (not shown) are very 
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Similar, though somewhat more confused The general weakness of the reflec¬ 
tions from planes with the 2 index odd is at once obvious There is, however, 
another effect Wo see that the diagrams for i = 1, 3 and 6 arc much more 
confused, especially at the ends, than the A! = 0, 2 and 4 dunams The 
explanation of this is to bo found m another tendency for weak planes when h 
18 odd Beanng in mind the general halving when A -f * -f- 2 is odd, wc have 


h odd 

k = 0 

1 odd 

Space group halvings 

h even 

k = l 

1 odd 

Opposing effects 

h odd 

)fc = 2 

1 odd 

Double wcakenmg effect 

h even 

k = i 

1 odd 

Opposing effects 

h odd 

k = i 

I odd 

Double weakening effects 

h even 

Ai = 5 

{ odd 

Opposing effects. 
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Table III —Planes {* 2 1} 

Indices {Ail} B = Intennty of reflection in naphthalene tetrachloride 

C = Intensity of reflection in dichlomaphthalene tetrachloride 
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Tabls IV —^Planes {A 3 /} 

Indices {All} B = Intensity of reflection in naphthalene tetrachloride 

C = Intensity of reflection in dichlCmaphthalenc tetrachloride 
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Table V —Planes {hit) 

= Indices {Ail} B = Intensity of reflection m napht 

C = Intensity of reflection in dichlomaphthalene tet 
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AVe may sumnurifle tht'ae effects by adding up the lutensity numbers for all 
the planes Fig. 7 shows these numbers plotted against the index h (vertical 
ixiluinns m the tables) 



Figs 7, 8 —N^ihthalane Tetraohlondo iTios 9,10 —Dithlomaphthaleoe Tetrachloride 

Vh lummed from li ^ 1 to ib = 4 only 2b Bumined from 1 ^ 1 to 1; ae 4 only 


The intensity numbers are summed from i ^ 1 to Z = 1 <mlv m order to 
eliinmate the effect due to the general halving of the {A 0 1} planes when A is odd 
A — 3 IB not mcluded because we must have an equal number of k fald planes 
and k even pianos in order to ehnunato the alternating effect due to the tendem y 
for weak planes when I is odd The tendency for weak plain s when h is odd is 
now obvious Fig 8 summansos in the name way the tendency for weak planes 
when I IB odd 

Figs 9 and 10 are prepared m exactly the same way from the data for dichlor- 
luiphthalcne tetrachloride, and show that the same effects to a less extent are 
operating We may note that in this case the tendency foi weak planes when 
A IS odd IS at least as strong as the tendency when I is odd Heference to this 
fact will be made later 

The weakening effects which are most pronounced, vis, when I is odd m 
naphthalene tetrachloride, and when A is odd in dichlomaphthalene 
tetrachloride, aro readily seen on the rotation photographs about the c and the 
a axes respectively m these crystals (Plate 17) In naphthalene tetrachloride 
the intermediate hyperbol®, which contam all the reflections when I is odd, 
are very famt The great strength of the fourth hyperbola is interesting 
{cf fig 8) This photograph was taken with a very minute crystal, measunng 
about half a cubic mm With larger crystals the absorption is very 
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groat, and the intensity of the resulting broken refledaona u hard to esbmate 
In diohlornaphthalene tetraohlonde the intermediate hyperbolss oontam all 
the h odd reflections, which are seen to be relatively weak The crystal m this 
case was a small needle whose axis was the a axis This form is typical of 
diohlornaphthalene tetrachloride One advantage of the diagrams over the 
photographs is shown m the much la^er range recorded For instance, in 
fig 3 we can compare the intensities of planes up to 1 = 13, whereas in the 
photograph about the o axis only about five h 3 rperbol» (1 = 5) are visible 
The planes with higher indices are recorded m ueoillation photographs about 
the h axis (using a circular camera) 

Tn seeking an explanation for the above facts we must consider the position 
of the reflected molecule in the imit cell If A represents a standard molecule, 
then an exactly similar molecule A' is situated at the centre of the cell The 
reflected molecule B is denved from A by a reflection in the ac plane plus a 
trandation of |c along the o axis and maybe anywhere sdong (fig. 11 (a)) 
Vfe have to determme a parameter which as far as possible expresses its position 
along this bne * The molecule B' is derived from A'm the same way as B is 
denved from A Suppose that the reflected molecule bears some resemblance 
to the onginal molecule from all pomts of view and that we can therefore place 
it at a more or less defimte position with respect to the onginal molecule 
Consider first the arrangement shown m fig 11 (a), where tiie reflected molecule 
Bi subdivides the primitive translation A^Ag The length of the c axis is approxi¬ 
mately halved and we shall get weak planes when the corresponding mdex I is 
odd, because all such planes are interleaved with reflected molecules If the 
reflected molecule were exactly like the standard molecule, and were situated 
exactly at Bi, then BiBtBgBgAgAgArAg would become the umt oell,t and the 
I odd planes would entirely disappear We see that, generally, given the neoes- 
saty similanty between the standard molecule and the one denved from it by 
a symmetry operation (^ p 711, and Astbury, loo eU), then those planes 

* If A is a point lepiesenting the position of a standard moteoule, vm cannot in general 
define the position of the tefieoted mcleonle by another point anoh as B Let the oo- 
ordinatee of A be r, y, i, with the a, (, and c direotions as axes Then the oo-ordinatea of 
the equivalent point on the reflected molecule are«, —y + + where has to be 

determined If, however, we can inter an approximate ^ane of symmetry in the mcdecnle, 
aa it probaUe in this oaa^ than any point aitnated on this plane can be thought cf aa 
lepceamiting approximately the position of the moteonle in queation. 

t It is convenient in thla work to refer the Indicet to the body-centred cell containiii; 
fotir moleoulee The true unit odl, of oouree, ie only halt this siae and containe two mole- 
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will tend to be weak wbioh bave the index ooirresponding to the dueotiOQ 
which u subdivided by the qmunetry molecule as an odd number The 
extension to more than one subdividing molecule is obvious 
For example, in fig 11 (a) the second r^eoted molecule B' subdivides the 
primitive translation A|A| Change the nmt cell so that this direction o' is 
the new a direcfaon Then the indices A'jfeT referred to the new cell are given 
by A' =3 h + 1:, V = 1c, I' *= 1, and we get weak planes when V is odd, » e , 
when A -}- A IS odd, and therefore when I is odd, because ta even 

Hence the effect of both reflected molecules is to give weak planes when I is 
odd and there is no other effect 

It can be seen in the same way that m the structure shown in fig 11 (A) the 
effect of both reflected molecules is to produce weak planes when A is odd 
But the results show that in the case of naphthalene tetrachloride and dichlor* 
naphthalene tetrachlonde both these effects are present, the I odd effect being 
predominant in the former crystal and the A odd effect m the latter 
If the reflection molecule were m some mtermediate position between that 
shown in fig 11 (a) and fig 11 (A), there would be no tendency to either effect 



A structure such as that shown m fig. 11 (c), where the lattice is no longec body 
centred, would give nse to both effects, the umt cell being effectively quaztebed, 
but such a structure is impossible withm the space group we are oonsidenng 
<C/) Under these mrounlstanoes we can only conclude that the molecule 
functions as if it were effectively m both the positions required by figs 11 (a) 
and 11 (A) A sunple ex^anaiaon of thu anomaly presents itself when we 
consider the probaUe structure of the molecule as built mto the crystaL The 
chemical structure indicates that the four ohlonne atoms were attached to one 
carbon nng, and the approximate plane of ^mmetry which is required m the 
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molecule to account for the tendency to give sets of weak planes indicates that 
the chlorine atoms must be approximately symmetrically placed on either side 
of the nng If now we place the molecule along the c axis of the crystal, the 
appearance when viewed along that axis can bo roughly indicated by fig 12, 
where the ovale are taken to represent an end-on view of the region occupied 


N. 


CD 

X.-X X 

c&fe 


X/X i X 


Fio 12 —Projection of Unit Coll on ab plane (001) 


by the carbon rings, and the crosses indicate the approximate location of the 
halogen atoms on either side of the molecule We do not require at present to 
discuss the exact position of these atoms We now see that whereas the molecule 
as a whole, and the carbon nngs considered by themselves, conform to the 
structure of fig 11 (a), yet the groups of halogen atoms, considered bv them¬ 
selves, conform to the other type of structure shown in fig 11 (c) We may 
therefore conclude that the tendency for weak planes when h is odd is due to 
the effect of these groups of atoms which virtually lie on a different type of 
lattice Confirmation is obtamed from dichlomsphthalene tetraohlonde 
We have now six ohlonne atoms instead of four, and the latter effect pre¬ 
dominates In the case of this crystal, however, the increase m the length of 
the b axis (12 3 instead of 10 3) must affect the structure shown in hg 12, 
probably in disturbing the aligmncnt of the halogen atoms It is not suipnsmg, ‘ 

therefore, that we get more confusing relations in the diagrams (figs 0, 10) 
Having found the most probable arrangement and onentation of the molecules 
in these crystals, we can now proceed to a quahtative examination and com- 
panson of the intensities of the most important reflections, as prehnunary to 
the development of an exact structure factor Take first the case of the {OlO}, 
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planes The observed results are as follow, measured on rotations and osoilla- 
tions about the a and c axis — 



J>ichlonmpli(lia]ono 
If hlorlde 


The almost exact quartering m the case of naphthalene tetrachloride is 
explained by fig 12 Summing atomic numbers, 68 and CI 4 = 68 , 

so that the chlorine atoms should be equal m reflecting power to the carbon 
rings The distance from the centres of the chlorme atoms to the centres of 
the carbon atoms must be almost exactly J 6 == 2 68 We may note here 
that, in order to explain the very perfect quartering observed in the higher 
orders, calculation shows that we require to assume almost fiat carbon rings m 
the naphthalene tetrachloride molecules If the rings were like those lu the 
diamond structure, built m stnctly tetrahedral manner, then the tenth order 
should be stronger than the twelfth, whereas we hnd a ibstinct twelfth order 
and no trace of the tenth It is hoped to discuss this point m more detail later 
In the case of dichlornaphthalene tetrachloride we have C|oHe = 66 and CU — 
102 , so that we should now expect the 020 , 060, to appear, which is m 
agreement with the facts These orders, however, are somewhat stronger than 
we should expect by simply increasing the weight of the halogens The increase 
in the length of the b axis mdicatos, as we have seen, that some displacement 
across the plane has most likely occurred as well Although this must have a 
very marked effect on the mtensities of all the higher orders, we can neglect it 
m the general discussion of the simple planes given below 
Consider next the following planes — 
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Reference to fig 12 will show that in these sets of planes we should not ezpeet 
much change m the relative intensities of the reflections between the two com¬ 
pounds provided that the two additional substituted ohionne atoms in dichlor- 
naphthalene tetrachlonde are sitoated somewhere beneath the other halogens 
Such a substitution would increase the weight of some of the scattermg centres 
without matenally affecting then distribution across the plane This inference 
IS agam m accordance with the results 

Let us now make a projection on the be plane (parallel to the a axis) of the 
structure thus far obtained The appearance is shown in fig 13, where the 
crosses as before mdicate the region occupied by the halogen atoms, and the 



Fiu 13 —Projeotion Unit Cell on be plnoe (lOU) 

oblongs a side view of the carbon rings The dotted crosses represent the 
region of the substituted chlonne atoms, situated beneath the others We now 
see that these substituted atoms will greatly alter the distribution of the scatter¬ 
ing centres across the (Oil) and the (002) planes, and hence we should expect 
pronounced changes in the relative intensities of the orders of these planes when 
the two compounds are compared, and the following observed results show that 
this 18 the case — 
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N»pl>tlutlenQ Diohlom»^tli*lene 

tetrachloride tetrachloride 



We cau si'(‘ at once from fig 13 why the strong (002) of the naphthalene 
tetrachloride nearly disappears m dichlornaphthalene tetrachlonde, and is 
replaced by a strong (004) 

Other striking confirmations of this view of these structures arc obtamed 
from a study of some (A 0 1} planes As all these planes arc halved by space- 
group considerations, we now only require to take aci-ount of the configuration 
of one molecule Fig 14 shows the projection of one quarter of the unit cell 
on the oc plane The molecule now lies in the plane of the paper If we adopt 



Fio 14 —Projection of Qnsrter of a Unit Cell on oc plane (010) 

the fiat nng m graphite, the distance from centre to centre of the carbon atoms 
1 41 A U , and this is the radius of the atom centres which he on the large 
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rings in the diagram If we adopt the tetrahedral ring, as m the diamond,* and 
place it as is required to account for the position of the chlorine atoms, » e , 
with a minimum extension along the b axis, then it will project into exactly 
the same diagram on this plane, when r the radius of the atom centres, and the 
distance from centre to centre m the projection, is given by 
r = J V2D = 1 41 AU, 

when D the diameter of the carbon atom is now taken as 1 50 A U It is 
therefore obvious that the {A 01} planes oontam no information as to whether 
the graphite or diamond structure is present in this case 
The positions of the centres of the ohlorme atoms to be expected from chemical 
considerations are mdicated by small rings, the two substituted atoms being 
shown by a broken line The carbon atoms are not shown 
(’onsider the following {AO/} planes - - 


Kaphtholeut Diehlornai^thaU iip 

tetracUorid< 1 t«trachli)ndt 
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The diagram shows the effect of the chlorine atoms m making the (202) strong 
in naphthalene tetrachloride and absent in dichlornaphthalenc tetrachlonde 
Based upon the dimensions and onentation discussed above, an exact structure 
factor can be developed which explains most of the promment features m the 
intensities of the {AO/} planes Its discussion, however, is postponed for the 
present, owing to some uncertainties which enter into the exact treatment of so 
compheated a molecule. 

8umnvary 

The structures of naphthalene tetrachloride and 1 2 3 4 5 8-hexuchlor- 
uaphthalenc-1 2 3 4-tetr8hydnde have been examined by the rotating crystal 
method, and are found to be closely similar The lattices are body centred, 
and the most probable space group is C/, with four asymmetne molecules 
per nmt coll This mvolves a polar crystal 
The parameter of the reflected molecule is determined by a statistical in¬ 
vestigation of the intensities of the general plane, based upon Bernal’s method 


Cf Bragg, ‘ X-rays and Giyatal Straotnie,' p 237 (1923) 
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of interpretation This also leads to an approximate location of the halogen 
atoms, which are found to lie on what is virtually a different type of lattice 

A comparison of the intensities of the simple axial planes, and some others, 
in the two crystals shows that the two additional substituted chlorine atoms m 
dichlomaphthalene tetrachloride must he somewhere beneath the added 
chlonno atoms when we view the structure along the c axis In view of the 
chemical structure this can only mean that the long axis of the molecule is 
approximately oomcident with the e of the crystal, with the chlorine atoms 
on either side of the molecule interleaving the carbon rings The mtensity 
distribution in the higher orders of certain pianos requires an almost flat 
carbon ring as in the graphite structure 

In conclusion, I wish to express my smeere thanks to Sir Wilham Bragg for 
his invaluable suggestions and encouragement throughout the course of this 
work To Dr Muller, Mr Astbury and other workers m the Davy Faraday 
Laboratory, and to Mr Bernal I am also indebted for much valuable advice 
The diohlornaphthalene tetrachloride was synthesised and prepared as single 
crystals by Dr Gilchrist in this laboratory To the Carnegie Trust I am 
indebted for a Research Fellowship, and to the Chemical Society for a grant 
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ALBIN HALLER—184&-1926 


Thk earker years of Albin Halibb were spent m his native villago of Peller- 
ingen, not to from Mulhoiuc, where ho was born on March 7th, 1849 He 
was the eldest son of a family of eleven, and at the age of 14, after ho had attended 
the primary school at Wesserhng, he was apprenticed as a carpenter in his 
father’s workshop However, by a lucky chance, ho happened, two years later, 
to make the acquamtanoe of a pharmacist, M Achillc Gault, who took him into 
bis laboratory and gave him his first lessons m chemistry For three years 
M Gault, who was quick to recognise the marked abihty of his pupd, devoid his 
leisure time to the traming of Haller, and ultunately sent him to his brother 
M Leon Chiult, of Colmar, to whom he became assistant 

Early in the Franco-Prusaian war Haller volunteered for service, joining at 
Belfort m 1870, but after the disastrous year of 1871 ho elected to remain in 
France and rojomed M Gault at Nancy, whore he assistcil in the establishment 
of a pharmacy, and continued to study for his pharmaceutical exammations 
under the direction of his master In 1872 the University of Strasbourg was 
established at Nancy, and Haller became m rapid succession “ aide-prdparateur,” 
“ prdparateur ” and “ chef do travaux ” in the Ecolc Sujidrieure de Fharmacie 
In 1879 ho obtamed the “ doctorat ds sciences,” and m ISbT) was appomted a 
professor in the Faculty of Science of the University By this time his keen 
insight and great mampiilative skill as a research worker, and his marked 
abihty as an adminurtarator and inspiring lecturer, had become generally reoog' 
msed, so that in 1899 he was called to Paris as successor to Friedel and Worta 
at the Sorbonne From this tame onward, up to within a very short penod of 
hw death, at the age of 7b, Haller continued to publish at frequent intervalB a 
great number of original memoirs, omoiintmg m all to 260, covering a wide 
range of chemical research His great organumg abihty enabled him to establish 
the Institut Chmuque of the Umversity of Nancy m 1890, and sabsequentdy a 
similar organization devoted to the study of physical aud electro chemistry 
He was chiefly responsible for the development of the teaching of applied 
ohemistiy m France, and m 1908 succeeded Berthelot as President of the 
OommisBion on Explosives 

The scientiflc work of Albm Haller was chiefly on the orgamc side of < hcnustry, 
and was earned out during a penod of more than fifty years of a long and active 
life Perhaps his most striking work is embodied in his contributions to the 
chemistry of camphor, that elusive ketone which baffled the efforts of several 
of the leading orgamc chemists of the world to determine its structure for 
upwards of thuty years A snhstance of obvious homogeneity, markedly 
orystalhne, and of simple molecular complexity, camphor possesses that 
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peculiar form of rtructure, of which we stiU know so little, which oaoMl it to 
yield, in aooordanoe with the ohaisoter of the reagent used, denvativei and 
degradation prodncts which may belong edhet to the aromatio or alijihatio 
aenea It u, m &ot, an aioma^aliphabo oompoond, and although, at the 
pieaent tune, we know its structure, we are, neverthelesa, able to appreouite the 
great difficult which confronted the poneen in this field, and to sympathise 
with those who made false deductions from the experimental facts they 
obtained It is a remarkable tribute to the intuition possessed by Haller that 
amid the mass of confliotuig and apparently unrelated facts, and the persistence 
of many coutendiug hypotheses, he was able to steer the right course and to 
jdaoe the chemistry of camphor on a basis which ultuuately led to the elaboration 
of its true formula by Bredt and to its final preparation by synthesis Haller 
showed, for example, that camphoric amd was a dibasio (dioarboxylio) acid, 
and he was able to r^nerate camphor from it by working through camphoric 
anhydnde and oamj^ohde, a process used later by Komppa m his olassioal 
synthesis of the ketone Hoteoyer, Hallei showed oonolnsiTely that camphor 
CHs 

I a fact which he established by prepanng 
CO 

arybdene and allqrhdene camphors and by the production of qyanooamphor 
/CH CN 

C|Hi 4 ^ I from sodio-oamphor and cyanogen ohlonde In his expen- 
^00 

mMits with sodio-oamphoi he noticed that the hydrogen generated m the 
reaction between sodium and the tetone led to a partial reduction of the produota 
formed, and he therefore introduced the use of sodamide, a substaiice which 
yidds the sodio denvative smoothly and without the formsiaon of a deletenous 
by-product 


^MBsessed the formula CgHu 


- CH* - 00 - 4-NH,Na- CHNa - 00 - + NHi 

If It be true that the defimtion of a great (fiiemist is one who introduces a new 
reagent, then undoubtedly Haller Mis withm the defimtum, for aodamide 
proved to be a substance d very considerable value fm research puipoaea, not 
(mly m his hands, but also to many other organic ohemista who have had to 
deal with the formatson of denvativee throuj^ the sodio derivotiVM of ketones 
and ketomo eaten 

Haller used the reagent m a vanety of ways with vary inutfol lesnlte, and 
technically it haa been applied m the Heumaim synthesis of indigo, thus 
enahlmg this method to beoome a real eoonmmo competitor with oth«r qrn> 
thetacsl proo e ee e s. It is imponUem a memoir such as this to give more than a 
very bnef aoooant of tiie matten dealt with in Haller’i many publioatiime 
Bis reaeardiM on peeado*aoid8f on akoholyiu, on optioal rotatory power are 
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all deserving of detailed treatment, as are also his many disoovenes in branches 
of oiganio ohemistry other than those mentioned above 
It u saffiment to say that all the sections of orgamo diemical science m 
wbch he worked he ennohed by his discovenes, and the hteratore he created 
stands as a permanent record to his memory Many students passed through 
his hands, and many still hve to bear witness to his inspiniig personahty and 
lumd power as a teacher 

He was elected a Foreign Member of the Society m 1921, and was awarded 
the Davy Medal m 1917 

J. F T. 


FRANCIS ROBERT JAPP 1848 1926 

Frakcis Robbrt Jai>p, who died on August 1,1926, at the advanced age of 
77, was bom at Dundee on February 8,1848 He was the youngest son of James 
Japp, minister of the Cathoho Apoetoho Church m that city, and received his 
eailier education m the High School there At the age of sixteen he went to 
the Madras Collie at St Andrews, and three years later entered the Umversity 
as an Arts Student Japp graduated M.A at St Andrews m 1868, and then 
went to the Umversity of Edmburgh to study law, but had to rehnquish his 
studies m the summer of 1869 on account of f^ing health Without questaon, 
had Japp been able to oontmue his studies at Edmburgh he would have become 
a distinguished lawyer and would have been lost to chemistry, because the 
state of his health rendered it necessary for him to reside abroad, during 
1871-1873 he spent his tune at Gottuigen, Berlin and Heidelberg, places which 
wore centres of chemical activity m those days as they are now The record of 
the following two years may be tdd m Japp’s ovm words, commumcated ta 
Dr Alexander Findlay, au^or of the obituary notice in the Journal of the 
Ohemical Society, which he has been good enough to allow the vmter to use for 
the purposes of this memoir. 

“ In the spring of 1873 I returned to England and spent the tune partly m 
London, partly m Scotland I had by this time taken up the subjeot of chemis¬ 
try, m which 1 had always been mterested. In the autumn of 18731 returned 
to Heidelberg and began the study of that subject under Bniueii. I was then 
twwity-five yean of age, and my friends, who had long despaired of my ever 
takhig up anything seriously, regsrded this last step as the crowning folly al a 
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hopeleM career ” In 1876 Japp graduated Ph D at Heidelberg, and then went 
to Bonn to woric in the laboratory of August Keknl4 Here he remained for 
three years, and the admiration and afiection he felt for his great teacher is clearly 
expressed m the Memorial Lecture he gave before the Chemical Society in 1897 
(“ J Chem. Socvol 73, p 97,1898) 

Japp returned to Scotland m 1878 and contmued his research work in the 
laboratory of Professor Crum Brown at Edinburgh, but was appomted m the 
same year by Professor (later Sir) Edward Frankland to take charge of the 
research laboratory which hod been established at the Normal School of Science, 
South Kensington When the Science and Art Department took over the 
Science Schools m 1881, Japp was appomted Assistant-Professor m the reorga¬ 
nised Normal School of Science and Royal School of Mmes, working, first, 
under E Frankland, and subsequenHy, under T E Thorpe, who succeeded 
Frankland m the Chair of Chemistry m 1886 It is evident that at this penod 
Japp’s power and ability as a research worker was generally recognised, for in 
this year he was elected a Fellow of the Society at the age of 37 In 1889 
Japp was appomted to the Chair of Chemistry in the Umversity of Aberdeen, in 
succession to Thomas Camelley, a post which he held until his returement m 1914 
Dunng the twelve years Japp remamed m London, he took an active part 
in all chemical matters which centred m the activities of the Chemical Society, 
and was a prominent member of Council and of the PubUcation Comimttee 
He attended most of the scientific meetings and joined m the discussions on 
the papers read On these occasions it is said that “ opportumty arose for bs 
revealing, not only his dry humour, but also his profound knowledge of chenucal 
hterature and a width of classical and philosopbcal reading altogether beyond 
the range of the attainments of the great majority of his contemporary chemical 
colleagues ” After his departure, Japp seldom revisited London, and but few of 
the rising generations of chemists, from 1890 onward, ever saw him About half 
of bs published papers appeared during the London penod, and the number 
of bs collaborators shows that he was always able to gather round him a 
large and enthusiastic band of workers Dunng tbs period ho also published 
(with E Frankland) a text-book on Inorgamo Chemistry, and later he collaborated 
with the same author in the preparation of a new edition of Frankland's 
“ Lecture Notes on Orgamo Chemistry ” 

The Ghemistry Department of the Umversity of Aberdeen was, when Japp 
took over the duties of Professor, housed in a senes of four or five rooms, 
badly ht and ventilated, and it was clear to him that he could not build up 
a school of research under the conditions that existed He therefore set 
to work to arouse pubho opimon, and suooeeded so well that when the new 
buildings were erected m 1896 Japp found himself m possession of new 
laboratones, wbch at that tune must have been regarded as ample At the 
same penod developments took place m the Umversity onmoultuu, and it 
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fell to Japp’s lot to establish a school of adTanoed chemical study This he 
did BO efiBmently that he was able to raise the Umversity standard m ohemistrv 
from one which dealt mamly with the requirements of medical and elementary 
students, to one which embodied a school of advanced study and research, 
from which emerged a steady succession of able chemists, many of whom 
occupy at the present tune important academical and mdustnal posts in 
various parts of the world 

Durmg the tenure of the chair at Aberdeen Japp published some 40 papers, 
mamly with the help of his research assistants and his graduate pupils His 
last paper—that is to say, the last to which he put his name—appeared in 
1905, but for the ensuing 19 years, until his retirement, many important 
communications issued from his laboratory, and although his name does not 
appear on them, they were nevertheless mostly inspired and directed by him 
It was charactenstio of his self-effacing modesty that he should wish to let 
his younger co-workers have all the credit for the work they carried out with 

him 

Although a man of wide knowledge and broad views, Japp’s actual research 
work was restneted to a comparatively narrow field, and practically the whole 
of it was conducted with phenanthraqumone, bensil and bensoin as raw 
materials His object, as he himself has stated, was the synthesis of cycloids 
containing not only carbon but also oxygen and nitrogen as members of the 
nng By doing this he hoped not only to throw hght on the ease of formation 
and reactions of such cyclic compounds, but also by comparing like with like 
to gain some insight regarding the structure of benzene and aUied substances 
With those objects m view he prepared a number of ozazoles, iimnazoles, 
furfnrans, mdoles, azmes, pyrrolones and pyrroles, and in the homocychc 
senes, anhydracetone benzil and its carboxylic acid, usmg, for the most part, 
a new reaction he had discovered, namely, the condensation of ketones with 
(ddehydes m the presence of ammonia or caustic potash Indeed, he apphed 
this reaction m many directions, and was able to prepare a number of com¬ 
pounds which served to elucidate the structures of several orgamc substances 
prepared by others, the constitutions of which were in doubt 

Japp was Foreign Secretary of the Chemical Society from 1886 to 1891, 
and Vice-President from 1895 to 1899 In 1891 he was awarded the Longstaff 
Medal of the Society, the highest nnark of appreciation which Bntish chemists 
can show In 1898 he was President of Section B of the Bntish Association, 
and dehvered a striking address which was an argument, based on the results 
of stereochemical investigation, m favour of the dodnne of vitalism Apart 
from hu distinction as a chemist Japp was a Imgmst of considerable attainments, 
and the hteratures of Germany, France and Italy were open to him m the 
languages of their authors He was, moreover, a musician of no mean skill. 
After his retirement from the chair at Aberdeen m 1914, he resided first at 
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Acton and later at Biohmond, where he died The closing years of his life 
were saddened by the death of his only son, who died in 1920 from an lUneen 
contracted while on nuhtary service In 1921 Japp had to undergo an 
operation from the effect of which he never completely recovered In his 
last years failure of eyesight deprived him of the compamonship of books 
In 1879 he mamed Ebzabeth Tegetmeyer, of Kelbra-Eyffhsuser, a small town 
near Nordhausen, by whom and by two daughters he is survived 

J P T 
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